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Pb 1. Prove that C!([a, b]) endowed with the norm

1£ller = [1£lloo + 11 lloe

is a real Banach space. Furthermore, show that its unit ball is not compact.

Pb 2. Let X be a linear space and || - ||; and || - ||2 two norms on X. Assuming that they are
equivalent, prove that (X, || - |[1) is a Banach space if and only if (X, || - [|2) is a Banach space.
Give an example of X, || - ||1 and || - ||2 such that (X, ]| -||1) is @ Banach space but (X, || - [|2) is
not. Prove that the function || - || : X — R is continuous on (X, || - ||1). Must it be continuous
also on (X, - ||l2)?

Pb 3. Prove that the functional T": C(]0,b]) — C(]0, b]) defined by
w0 = [ ¢ siorio
is continuous. Prove also that for suitable b > 0, the norm ||T|z(c((0,5)),c((0,4))) 1S less than 1.
Pb 4. If z€ X and ¢ € X*, show that T': X — X defined by Tz := (p, z)z is compact.
Pb 5. Show that T": ¢/ — (P defined by

(Tx)j::ﬁ, j>1, 1<p<oo,

J

is a bounded linear operator. Furthermore, show that it can be approximated in the norm of
L(¢P ¢P) by a sequence of linear operators with finite dimensional image.

Pb 6. Prove that the set
A= {f e L2(0,1) : /le2(:v)dx < 1}
0
is open, convex and not bounded in L?(0,1) when endowed with the canonical norm.
Pb 7. Prove that the set
B= {f e L2(0,1) : /1(1 +2)f2(x)dx < 1}
0
is bounded in L?(0,1) when endowed with the canonical norm.
Pb 8. Consider the vector space

+oo
X = {f : (0,400) — R measurable such that / xf?(z)dz < +oo}.
0



Prove that X \ L?(0,+00) # () as well as L?(0,+00) \ X # 0.

Pb 9. Consider, for any f € L?(0, +c0), the sequence of reals
Jj+1 '
T = [ f@ds, jeN
j
Prove that T : L?(0, 4+00) — ¢2(N) such that (T'(f)); = Tj(f) defines a bounded linear operator
which is surjective but not injective.

Pb 10. For 1 < p < oo consider the set
X={feC(-1,1): f e LP(-1,1)},

and define the operator ¢ : X — R by setting ¢(f) = f(0), for every f € X. Prove that ¢ is
discontinuous for every p < oo while it is continuous for p = oo, in which case there exists a
bounded linear operator ® : L?(—1,1) — R having the same norm of ¢ and with ®|x = ¢.
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