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language of propositional logic
alphabet:
(i) proposition symbols : po, p1, P2, - - -,
(i) connectives : A, v, =, 1, &, 1,

(ifi) auxiliary symbols : (, ).

AT={po, P1, P2 - - - /}U{J—}'

A and

v or

— if ..., then ...
-1 not

o iff

1 falsity

The set PROP of propositions is the smallest set X with
the properties
(1) pi eX(ieN), LeX,

(i) d,peX= (dAY), (PVY), (¢ Y), (PYP)eX,
(iii)peX =(~d)eX.

PROP is well defined? (PROP %2 ?)



The set PROP of propositions is the
smallest set X with the properties

-—1 ¢ PROP | (1) pi eX(ieN), LeX,
(i) d,WeX= (dAY), (dVY), (W),
(PpoP)eX,

(ifi)peX =(p)eX.
Suppose -—1 € PROP.

Y = PROP - {-— 1} also satisfies (i), (ii) and
(iii).

.J_,pi eY.

Bo,ueY=0,0cPROP =(doW)cPROP.
(Ppog)z —L = (poyP) e Y.

B oeY=9pcPROP =(-¢p)ePROP.
(~P)z~—L = (-d)e Y.

B PRORP is not the smallest set satisfying (i), (ii)
and (ii)!!'! impossible




Theorem
Let h: N X A = A and ceA.

There exist one and only one function
f:N —At.c.:

1. f(0)=cC

2. VneN, f(n+1)=h(n,f(n))

the proof is difficult

‘De{/\,v,—>}'

Theorem 1.1.6 (Definition by Recursion) Let mappings Hp : A* — A
and H- : A — A be given and let H,; be a mapping from the set of atoms
into A, then there exists exactly one mapping F': PROP — A such that

= H,:(p) for ¢ atomic,
= Ho(F(p), F(1)),

)
plhp)) =




Theorem 1.1.3 (Induction Principle) exercise

Let A be a property, then A(¢) holds for all $ € PROP if
(i) A(pi), for all i,and A(L),

),
(i) A(d), A() = A((d—Y)),
(i) A(®), A(p) = A( (1Y),
(iv) A(®),

(

Iv) A(Y) = A((PvY)),
V) A(®) = A( (=9)).



N for atomic ¢

~N




Examples.

T((p1 — (L V(—p3)));

/

T (—=(=(p1 A (=p1))))




Examples. T((p1 — (L \/(ﬂpg))); T(_'(ﬁ(pl A (ﬂ]h))))

(p1 — (L V (=ps3))) o (=(=(p1 A (=p1))))
(LV (—ps)) s (=(p1 A (—=p1)))
. (—ps) (p1 A (—p1))
1
(—p1)
D3 P1

P1




SEMANTICS

truth table

V(P A ) = min(v(9), v(P)),
V(¢ v ) = max(v(), v(p)),

A

0

1

0

0

0

1

0

1

Definition 1
A mapping v : PROP — {0, 1} is a valuation if

V(¢—y)=0 < v(¢)=1 and v(y)=0,

V(¢ep)=1 & v(d)=v(Y),

V() =1 - v(0)
v(L) =0.

v(o v ) =1 & v(¢p)=1 or v(y)=1
V(o Y)=1 & v($)=0 or v()=1,

V(ooyP)=1 & v(p)=v(y),
V(=9) = 1 ¢ V(9)=0
v(L) =0.

Definition 2
A mapping v : PROP - {0, 1} is a valuation if
v(d A P) =1 & v(¢)=1 and v(y)=1

the two
definitions are
equivalent



Theorem

v: AT— {0, 1} s.t. v(L) = 0 (assignment for atoms)
=

there exists a unique valuation [-],:PROP—{0,1}
such that [®], = v(¢) for each ¢eAT

Lemma If v, w are two assignments for atoms s.t. for all p;
occurring in ¢, v(pi) = w(pi), then [®]y = [D]w .




Definition
= ¢ is a tautology if [p], = 1 for all valuations v,
= = ¢ stands for ‘¢ is a tautology’,
= |et I be a set of propositions,

[ = ¢ iff for all v: ([Q]v = 1 for all pel)=[p], =1.

SUBSTITUTION

f

QlY/pl = {LIJifCP=P
- if ¢ =/=p if @ atomic

(P10 P2)[W/p] = (P1[W/p] O P2[Y/p])
(=) [W/p] = (=d[W/p])

Substitution Theorem

=|f = d1 < Po, then = Y[P1/p] < Y[Po/p], where p is an atom.

=[P1 < ¢2]v = [Y[P1/p] « W[P2/p]lv
(1 «P2) = (Y[P1/pleoW[d2/p])




tautologies

= (Pvy)voeodv(Pvo) (PAP)AC=DA(PAO)
associativity

- dvyeeyPvo PAY=YPAD
commutativity

=PV (PAro)=(dVvy)a(dvo) PA(Wvo)e (@AY v(Pao)

distributivity
- (¢ v P) o =p A (¢ A P) o p vy
De Morgan’s laws
= Pvpod PrP=P
idempotency
) —|—|q) > (I)

double negation law

De Morgan’s law: [-(dvy)]=1=[dpvy]=0e[0]=[p]=0=[-¢]=[-Y]=1& [~ A -] = 1.
So [~(d v Y)] = [P A =] for all valuations, i.e = (P v P) & b A .




(o) (@2 P)AP—o)
=@ = ) < (me v )
=V P« (mp = Y)

=@ v P o a(m@ A Y)
P AP o 2(m@ v Y)
=@ < (p — 1),

FL < @ A Q.

~ ¢ PROPXPROP : & = Y iff = & < .

exercise = is an equivalence relation on PROP



