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1
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1
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• ❞✉❡ #$✉❞❡♥$✐ ❞✐ ❊❝♦♥♦♠✐❛ ❡ ❞✉❡ ❞✐ ▼❡❞✐❝✐♥❛❀

• #♦❧♦ #$✉❞❡♥$✐ ❞✐ ❊❝♦♥♦♠✐❛ ♦ #♦❧♦ #$✉❞❡♥$✐ ❞✐ ▼❡❞✐❝✐♥❛✳

❊!❡#❝✐③✐♦ ✸✳ ❙✐❛ ❞❛$❛ ❧❛ ❢✉♥③✐♦♥❡

f(x) =











1− x, #❡ 0 ≤ x < 1

x− 1, #❡ 1 ≤ x ≤ a

0, ❛❧$3✐♠❡♥$✐

• ❉❡$❡3♠✐♥❛3❡ ❧❛ ❝♦#$❛♥$❡ a ❝❤❡ 3❡♥❞❡ f(x) ✉♥❛ ❞❡♥#✐$6 ❞✐ ♣3♦❜❛✲

❜✐❧✐$6 ❞✐ ✉♥❛ ✈✳❛✳ X.

• ❈❛❧❝♦❧❛3❡ ✐❧ ✈❛❧♦3❡ ❛$$❡#♦ ❞❡❧❧❛ ✈✳❛✳ X.

❊!❡#❝✐③✐♦ ✹✳ ❉❛3❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ✐♥❞✐❝❡ ❞✐ ♣♦'✐③✐♦♥❡✱ ❡❧❡♥❝❛3❡ ❛❧♠❡♥♦ ❞✉❡

❡#❡♠♣✐ ❡ ❞❡#❝3✐✈❡3♥❡ ❧❡ ♣3✐♥❝✐♣❛❧✐ ♣3♦♣3✐❡$6✳

✷
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❖❝❝♦""❡ ❢♦"♠❛"❡ ✉♥❛ ❈♦♠♠✐**✐♦♥❡ ❞✐ 5 ♣❡"*♦♥❡ ❝❤❡ ✐♥❝♦♥("✐ ✐❧ ❘❡((♦"❡✱
♣❡" ❞✐*❝✉(❡"❡ ❞✐ ❛❧❝✉♥❡ ♣"♦❜❧❡♠❛(✐❝❤❡✳ ❉❡(❡"♠✐♥❛"❡ ❧❛ ♣"♦❜❛❜✐❧✐(> ❝❤❡

✐♥ ❈♦♠♠✐**✐♦♥❡ ❝✐ *✐❛♥♦

• ❞✉❡ *(✉❞❡♥(✐ ❞✐ ■♥❢♦"♠❛(✐❝❛✱ ✉♥♦ ❞✐ ❊❝♦♥♦♠✐❛✱ ✉♥♦ ❞✐ ▼❡❞✐❝✐♥❛

❡❞ ✉♥♦ ❞✐ ●✐✉"✐*♣"✉❞❡♥③❛❀

• ("❡ *(✉❞❡♥(✐ ❞✐ ❊❝♦♥♦♠✐❛ ❡ ❞✉❡ ❞✐ ■♥❢♦"♠❛(✐❝❛❀

• ✉♥♦ *(✉❞❡♥(❡ ❞✐ ■♥❢♦"♠❛(✐❝❛✱ ❞✉❡ ❞✐ ❊❝♦♥♦♠✐❛ ❡ ❞✉❡ ❞✐ ▼❡❞✐❝✐♥❛✳
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❊!❡#❝✐③✐♦ ✸✳ ❙✐❛ ❞❛$❛ ❧❛ ❢✉♥③✐♦♥❡

f(x) =











Kx, ,❡ − 1 ≤ x < 0

−Kx, ,❡ 0 ≤ x < 3

0, ❛❧$-✐♠❡♥$✐

• ❉❡$❡-♠✐♥❛-❡ ❧❛ ❝♦,$❛♥$❡ K ❝❤❡ -❡♥❞❡ f(x) ✉♥❛ ❞❡♥,✐$2 ❞✐ ♣-♦❜❛✲

❜✐❧✐$2 ❞✐ ✉♥❛ ✈✳❛✳ X.

• ❈❛❧❝♦❧❛-❡ ❧❛ ❢✉♥③✐♦♥❡ ❞✐ -✐♣❛-$✐③✐♦♥❡ ❞❡❧❧❛ ✈✳❛✳ X ♥❡❧❧✬✐♥$❡-✈❛❧❧♦

−1 ≤ x < 0.

❊!❡#❝✐③✐♦ ✹✳ ❉❛-❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ✐♥❞✐❝❡ ❞✐ ❢♦'♠❛ ❡ ❞❡,❝-✐✈❡-♥❡ ❧❡ ♣-✐♥❝✐♣❛❧✐

♣-♦♣-✐❡$2✳

✷
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♦**❡"✈❛ ❝❤❡ ❛❧❝✉♥❡ ♣❡"*♦♥❡ *♦♥♦ (✐❢♦*❡ ❞❡❧❧❛ ❏✉✈❡♥(✉*✱ ✐♥ =✉❛♥(♦ ✐♥❞♦*✲

*❛♥♦ ♠❛❣❧✐❡((❡ ♦ *❝✐❛"♣❡((❡ ❝♦♥ ✐ ❝♦❧♦"✐ ❞❡❧❧❛ *=✉❛❞"❛ (♦"✐♥❡*❡✳

❙✉♣♣♦♥❡♥❞♦ ❝❤❡

• ❧❛ ♣"♦❜❛❜✐❧✐(? ❝❤❡ ✉♥❛ ♣❡"*♦♥❛✱ *❝❡❧(❛ ❛ ❝❛*♦✱ *✐❛ ♥❛(❛ ❛ ❚♦"✐♥♦ @

1

10
;

• ❧❛ ♣"♦❜❛❜✐❧✐(? ❝❤❡ ✉♥ (♦"✐♥❡*❡ *✐❛ (✐❢♦*♦ ❞❡❧❧❛ ❏✉✈❡♥(✉* @

9

15
;

• ❧❛ ♣"♦❜❛❜✐❧✐(? ❝❤❡ ✉♥ ♥♦♥ (♦"✐♥❡*❡ *✐❛ (✐❢♦*♦ ❞❡❧❧❛ ❏✉✈❡♥(✉* @

4

15
;

❞❡(❡"♠✐♥❛"❡ ❧❛ ♣"♦❜❛❜✐❧✐(? ❝❤❡ ✉♥♦ ❞❡✐ (✐❢♦*✐ ✈✐*(✐ ❞❛ ❚✐③✐♦ ♥❡❧ ♣✉❜ ❝♦♥

❧❛ ♠❛❣❧✐❡((❛ ❞❡❧❧❛ ❏✉✈❡♥(✉* *✐❛ ❡✛❡((✐✈❛♠❡♥(❡ (♦"✐♥❡*❡✳

❊!❡#❝✐③✐♦ ✷✳ ■❧ ❣"✉♣♣♦ ❞❡✐ "❛♣♣"❡*❡♥(❛♥(✐ ❞❡❣❧✐ *(✉❞❡♥(✐ ❞❡❧❧✬❯♥✐✈❡"*✐(? @

❝♦*(✐(✉✐(♦ ❞❛ 5 *(✉❞❡♥(✐ ❞✐ ■♥❢♦"♠❛(✐❝❛✱ 2 ❞✐ ❊❝♦♥♦♠✐❛✱ 4 ❞✐ ▼❡❞✐❝✐♥❛

❡ 4 ❞✐ ●✐✉"✐*♣"✉❞❡♥③❛✳

❖❝❝♦""❡ ❢♦"♠❛"❡ ✉♥❛ ❈♦♠♠✐**✐♦♥❡ ❞✐ 6 ♣❡"*♦♥❡ ❝❤❡ ✐♥❝♦♥("✐ ✐❧ ❘❡((♦"❡✱
♣❡" ❞✐*❝✉(❡"❡ ❞✐ ❛❧❝✉♥❡ ♣"♦❜❧❡♠❛(✐❝❤❡✳ ❉❡(❡"♠✐♥❛"❡ ❧❛ ♣"♦❜❛❜✐❧✐(? ❝❤❡

✐♥ ❈♦♠♠✐**✐♦♥❡ ❝✐ *✐❛♥♦

• ✉♥♦ *(✉❞❡♥(❡ ❞✐ ■♥❢♦"♠❛(✐❝❛✱ ✉♥♦ ❞✐ ❊❝♦♥♦♠✐❛✱ ❞✉❡ ❞✐ ▼❡❞✐❝✐♥❛ ❡

❞✉❡ ❞✐ ●✐✉"✐*♣"✉❞❡♥③❛❀

• ("❡ *(✉❞❡♥(✐ ❞✐ ●✐✉"✐*♣"✉❞❡♥③❛ ❡ ("❡ ❞✐ ▼❡❞✐❝✐♥❛❀

✶



• ❞✉❡ ❞✐ ●✐✉%✐&♣%✉❞❡♥③❛ ❡ +✉❛,,%♦ ❞✐ ■♥❢♦%♠❛,✐❝❛✳

❊!❡#❝✐③✐♦ ✸✳ ❙✐❛ ❞❛,❛ ❧❛ ❢✉♥③✐♦♥❡

p(x) =











K

3
, &❡ x = 1, 2, 3

K, &❡ 0 ≤ x = 4
K

3
, &❡ x = 5, 6, 7

• ❉❡,❡%♠✐♥❛%❡ ❧❛ ❝♦&,❛♥,❡ K ❝❤❡ %❡♥❞❡ f(x) ✉♥❛ ❢✉♥③✐♦♥❡ ❞✐ ♣%♦❜❛✲
❜✐❧✐,9 ❞✐ ✉♥❛ ✈✳❛✳ X ❞✐&❝%❡,❛✳

• ❈❛❧❝♦❧❛%❡ ✐❧ ✈❛❧♦%❡ ❛,,❡&♦ ❞❡❧❧❛ ✈✳❛✳ X ❡❞ ✐❧ &✉♦ ♠♦♠❡♥,♦ &❡❝♦♥❞♦✳

❊!❡#❝✐③✐♦ ✹✳ ❉✐%❡ ❜%❡✈❡♠❡♥,❡ ✐♥ ❝♦&❛ ❝♦♥&✐&,❡ ❧❛ &,✐♠❛ ♣✉♥,✉❛❧❡ ❡ ❞❡&❝%✐✈❡%❡

♥❡❧ ❞❡,,❛❣❧✐♦ ❧❡ ♣%♦♣%✐❡,9 ❞❡❣❧✐ &,✐♠❛,♦%✐✳

✷



 !♦✈❛ %❝!✐((❛ ❞✐  !♦❜❛❜✐❧✐(, ❡ ❙(❛(✐%(✐❝❛ ✕

(!❛❝❝✐❛ ❉

✶✼ ▲✉❣❧✐♦ ✷✵✶✺

❙❛"❛♥♥♦ ✈❛❧✉(❛(❡ *♦❧♦ ❧❡ "✐*♣♦*(❡ ❝♦♥ ❧❛ ❣✐✉*(✐✜❝❛③✐♦♥❡ ❞❡❧ "✐*✉❧(❛(♦✳

❊!❡#❝✐③✐♦ ✶✳ ▼❡♥("❡ ❣✉❛"❞❛ ❧❛ ✜♥❛❧❡ ❞✐ ❊✉"♦♣❛ ▲❡❛❣✉❡ ✐♥ ✉♥ ♣✉❜✱ ❚✐③✐♦

♦**❡"✈❛ ❝❤❡ ❛❧❝✉♥❡ ♣❡"*♦♥❡ *♦♥♦ (✐❢♦*❡ ❞❡❧ ❙✐✈✐❣❧✐❛✱ ✐♥ ;✉❛♥(♦ ✐♥❞♦**❛♥♦

♠❛❣❧✐❡((❡ ♦ *❝✐❛"♣❡((❡ ❝♦♥ ✐ ❝♦❧♦"✐ ❞❡❧❧❛ *;✉❛❞"❛ ❛♥❞❛❧✉*❛✳

❙✉♣♣♦♥❡♥❞♦ ❝❤❡

• ❧❛ ♣"♦❜❛❜✐❧✐(= ❝❤❡ ✉♥❛ ♣❡"*♦♥❛✱ *❝❡❧(❛ ❛ ❝❛*♦✱ *✐❛ ❛♥❞❛❧✉*❛ >

5

8
;

• ❧❛ ♣"♦❜❛❜✐❧✐(= ❝❤❡ ✉♥ ❛♥❞❛❧✉*♦ *✐❛ (✐❢♦*♦ ❞❡❧ ❙✐✈✐❣❧✐❛ >

7

10
;

• ❧❛ ♣"♦❜❛❜✐❧✐(= ❝❤❡ ✉♥ ♥♦♥ ❛♥❞❛❧✉*♦ *✐❛ (✐❢♦*♦ ❞❡❧ ❙✐✈✐❣❧✐❛ >

3

10
;

❞❡(❡"♠✐♥❛"❡ ❧❛ ♣"♦❜❛❜✐❧✐(= ❝❤❡ ✉♥♦ ❞❡✐ (✐❢♦*✐ ✈✐*(✐ ❞❛ ❚✐③✐♦ ♥❡❧ ♣✉❜ ❝♦♥

❧❛ ♠❛❣❧✐❡((❛ ❞❡❧ ❙✐✈✐❣❧✐❛ *✐❛ ❡✛❡((✐✈❛♠❡♥(❡ ❛♥❞❛❧✉*♦✳

❊!❡#❝✐③✐♦ ✷✳ ■❧ ❣"✉♣♣♦ ❞❡✐ "❛♣♣"❡*❡♥(❛♥(✐ ❞❡❣❧✐ *(✉❞❡♥(✐ ❞❡❧❧✬❯♥✐✈❡"*✐(= >

❝♦*(✐(✉✐(♦ ❞❛ 5 *(✉❞❡♥(✐ ❞✐ ■♥❢♦"♠❛(✐❝❛✱ 2 ❞✐ ❊❝♦♥♦♠✐❛✱ 3 ❞✐ ▼❡❞✐❝✐♥❛

❡ 5 ❞✐ ●✐✉"✐*♣"✉❞❡♥③❛✳

❖❝❝♦""❡ ❢♦"♠❛"❡ ✉♥❛ ❈♦♠♠✐**✐♦♥❡ ❞✐ 5 ♣❡"*♦♥❡ ❝❤❡ ✐♥❝♦♥("✐ ✐❧ ❘❡((♦"❡✱
♣❡" ❞✐*❝✉(❡"❡ ❞✐ ❛❧❝✉♥❡ ♣"♦❜❧❡♠❛(✐❝❤❡✳ ❉❡(❡"♠✐♥❛"❡ ❧❛ ♣"♦❜❛❜✐❧✐(= ❝❤❡

✐♥ ❈♦♠♠✐**✐♦♥❡ ❝✐ *✐❛♥♦

• ✉♥♦ *(✉❞❡♥(❡ ❞✐ ■♥❢♦"♠❛(✐❝❛✱ ✉♥♦ ❞✐ ❊❝♦♥♦♠✐❛✱ ✉♥♦ ❞✐ ▼❡❞✐❝✐♥❛

❡ ❞✉❡ ❞✐ ●✐✉"✐*♣"✉❞❡♥③❛❀

• ("❡ *(✉❞❡♥(✐ ❞✐ ■♥❢♦"♠❛(✐❝❛ ❡ ❞✉❡ ❞✐ ▼❡❞✐❝✐♥❛❀

• *♦❧♦ *(✉❞❡♥(✐ ❞✐ ●✐✉"✐*♣"✉❞❡♥③❛ ♦ *♦❧♦ *(✉❞❡♥(✐ ❞✐ ■♥❢♦"♠❛(✐❝❛✳

✶



❊!❡#❝✐③✐♦ ✸✳ ❙✐❛ ❞❛$❛ ❧❛ ❢✉♥③✐♦♥❡

p(x) =

{

x
2

K
, ,❡ x = 1, 2, 3

0, ❛❧$-✐♠❡♥$✐

• ❉❡$❡-♠✐♥❛-❡ ❧❛ ❝♦,$❛♥$❡ K ❝❤❡ -❡♥❞❡ f(x) ✉♥❛ ❢✉♥③✐♦♥❡ ❞✐ ♣-♦❜✲

❛❜✐❧✐$5 ❞✐ ✉♥❛ ✈✳❛✳ X ❞✐,❝-❡$❛✳

• ❈❛❧❝♦❧❛-❡ ✐❧ ✈❛❧♦-❡ ❛$$❡,♦ ❡ ❧❛ ✈❛-✐❛♥③❛ ❞❡❧❧❛ ✈✳❛✳ X.

❊!❡#❝✐③✐♦ ✹✳ ❉❡,❝-✐✈❡-❡ ❧❡ ❝❛-❛$$❡-✐,$✐❝❤❡ ❞✐ ✉♥❛ ✈✳❛✳ ❣❛✉,,✐❛♥❛ ,$❛♥❞❛-❞✳

✷



 !♦✈❛ %❝!✐((❛ ❞✐  !♦❜❛❜✐❧✐(, ❡ ❙(❛(✐%(✐❝❛ ✕

(!❛❝❝✐❛ ❊

✶✼ ▲✉❣❧✐♦ ✷✵✶✺

❙❛"❛♥♥♦ ✈❛❧✉(❛(❡ *♦❧♦ ❧❡ "✐*♣♦*(❡ ❝♦♥ ❧❛ ❣✐✉*(✐✜❝❛③✐♦♥❡ ❞❡❧ "✐*✉❧(❛(♦✳

❊!❡#❝✐③✐♦ ✶✳ ■♥ ✉♥ ♣❛❧❛③③♦ ✐♥ ❝❡♥("♦ ❝✐((4 ✈✐✈♦♥♦ ❞✐✈❡"*❡ ♣❡"*♦♥❡✳ ■♥ ♣❛"✲

(✐❝♦❧❛"❡✱ ❝✐ *♦♥♦✿

• ("❡ ❢❛♠✐❣❧✐❡ ❢♦"♠❛(❡ ❞❛ ✉♥ ❣❡♥✐(♦"❡ *✐♥❣❧❡ ❡❞ ✉♥ ✜❣❧✐♦ ✉♥✐❝♦❀

• ("❡ ❢❛♠✐❣❧✐❡ ❝♦*(✐(✉✐(❡ ❞❛ ✉♥ ❣❡♥✐(♦"❡ *✐♥❣❧❡ ❡ ❞✉❡ ✜❣❧✐❀

• ❝✐♥;✉❡ ❢❛♠✐❣❧✐❡ ❝♦♥ ❞✉❡ ❣❡♥✐(♦"✐ ❡❞ ✉♥ ✜❣❧✐♦ ✉♥✐❝♦❀

• *❡((❡ ❢❛♠✐❣❧✐❡ ❝♦♥ ❞✉❡ ❣❡♥✐(♦"✐ ❡ ❞✉❡ ✜❣❧✐❀

• *❡✐ ❢❛♠✐❣❧✐❡ ❢♦"♠❛(❡ ❞❛ ❞✉❡ ❣❡♥✐(♦"✐ ❡ ("❡ ✜❣❧✐✳

■♥ ;✉❛♥(✐ ♠♦❞✐ ♣♦**✐❛♠♦ *❝❡❣❧✐❡"❡ ✉♥ ❣❡♥✐(♦"❡ ❡❞ ✉♥ ✜❣❧✐♦✱ ♣"♦✈❡♥✐❡♥(✐

❞❛❧❧♦ *(❡**♦ ♥✉❝❧❡♦ ❢❛♠✐❧✐❛"❡❄

❊!❡#❝✐③✐♦ ✷✳ ❙❡♠♣"♦♥✐♦ ❧❛✈♦"❛ ✐♥ ✉♥❛ ✜❧✐❛❧❡ ❞✐ ❜❛♥❝❛ ❝❤❡ *✐ ("♦✈❛ ✐♥ ❝❡♥("♦

❝✐((4✱ ♠❛ ✈✐✈❡ ❝♦♥ ❧❛ *✉❛ ❢❛♠✐❣❧✐❛ ✐♥ ✉♥ ♣❛❡*✐♥♦ ♣♦❝♦ ❞✐*(❛♥(❡✳ ?❡"

"❡❝❛"*✐ ❛❧ ❧❛✈♦"♦✱ ✉(✐❧✐③③❛ ❧✬❛✉(♦❜✉* ✐❧ 65% ❞❡❧❧❡ ✈♦❧(❡✱ ❧❛ ♣"♦♣"✐❛ ❛✉(♦

✐❧ 20% ❞❡❧❧❡ ✈♦❧(❡ ❡❞ ✐❧ ("❡♥♦ ♥❡❣❧✐ ❛❧("✐ ❝❛*✐✳

❙❡♠♣"♦♥✐♦ ❛""✐✈❛ ♣✉♥(✉❛❧❡ ❛ ❧❛✈♦"♦ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 35% ;✉❛♥❞♦ *✐

*❡"✈❡ ❞❡❧❧✬❛✉(♦❜✉*✱ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 75% ;✉❛♥❞♦ ❣✉✐❞❛ ❧❛ ♣"♦♣"✐❛ ❛✉(♦

❡ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 55% ;✉❛♥❞♦ ♣"❡♥❞❡ ✐❧ ("❡♥♦✳

• ❈❛❧❝♦❧❛"❡ ❧❛ ♣"♦❜❛❜✐❧✐(4 ❝❤❡ ❙❡♠♣"♦♥✐♦ ❛""✐✈✐ ♣✉♥(✉❛❧❡ ✐♥ ❜❛♥❝❛✳

• ❈❛❧❝♦❧❛"❡ ❧❛ ♣"♦❜❛❜✐❧✐(4 ❝❤❡ ❙❡♠♣"♦♥✐♦ ♥♦♥ ❛❜❜✐❛ ✉*❛(♦ ❧❛ ♣"♦♣"✐❛

❛✉(♦✱ *❛♣❡♥❞♦ ❝❤❡ B ❛""✐✈❛(♦ ✐♥ ♦"❛"✐♦ *✉❧ ♣♦*(♦ ❞✐ ❧❛✈♦"♦✳ ◗✉❛❧❡

❢♦"♠✉❧❛ *✐ ✉*❛❄

✶



❊!❡#❝✐③✐♦ ✸✳  ✐❛ {X1, . . . , Xn} ✉♥ ❝❛♠♣✐♦♥❡ ❝❛ ✉❛❧❡  ❡♠♣❧✐❝❡ ❡ +,❛++♦ ❞❛

✉♥❛ ♣♦♣♦❧❛③✐♦♥❡ ❜❡,♥♦✉❧❧✐❛♥❛ ❞✐ ♣❛,❛♠❡+,♦ p ∈ (0, 1) ❡  ✐❛

T (X1, X2, X3) =
X1 +X2 +X3

5

✉♥♦  +✐♠❛+♦,❡ ❞❡❧ ♣❛,❛♠❡+,♦ p.

❉❡+❡,♠✐♥❛,❡  ❡ ❧♦  +✐♠❛+♦,❡ ❚ 2 ❝♦,,❡++♦ ❡ ❝❛❧❝♦❧❛,❡ ❧✬❡,,♦,❡ 4✉❛❞,❛+✐❝♦

♠❡❞✐♦✳

❊!❡#❝✐③✐♦ ✹✳ ❊♥✉♥❝✐❛,❡ ✭❢❛❝♦❧+❛+✐✈♦✿ ❞✐♠♦ +,❛,❡✮ ❧❛ ❞✐"✉❣✉❛❣❧✐❛♥③❛ ❞✐ ▼❛*❦♦✈✳

❆ ❝♦ ❛  ❡,✈❡ +❛❧❡  +,✉♠❡♥+♦ ♠❛+❡♠❛+✐❝♦❄

✷



 !♦✈❛ %❝!✐((❛ ❞✐  !♦❜❛❜✐❧✐(, ❡ ❙(❛(✐%(✐❝❛ ✕

(!❛❝❝✐❛ ❋

✶✼ ▲✉❣❧✐♦ ✷✵✶✺

❙❛"❛♥♥♦ ✈❛❧✉(❛(❡ *♦❧♦ ❧❡ "✐*♣♦*(❡ ❝♦♥ ❧❛ ❣✐✉*(✐✜❝❛③✐♦♥❡ ❞❡❧ "✐*✉❧(❛(♦✳

❊!❡#❝✐③✐♦ ✶✳ ■♥ ✉♥ ♣❛❧❛③③♦ ✐♥ ❝❡♥("♦ ❝✐((4 ✈✐✈♦♥♦ ❞✐✈❡"*❡ ♣❡"*♦♥❡✳ ■♥ ♣❛"✲

(✐❝♦❧❛"❡✱ ❝✐ *♦♥♦✿

• ❞✉❡ ❢❛♠✐❣❧✐❡ ❢♦"♠❛(❡ ❞❛ ✉♥ ❣❡♥✐(♦"❡ *✐♥❣❧❡ ❡❞ ✉♥ ✜❣❧✐♦ ✉♥✐❝♦❀

• ❞✉❡ ❢❛♠✐❣❧✐❡ ❝♦*(✐(✉✐(❡ ❞❛ ✉♥ ❣❡♥✐(♦"❡ *✐♥❣❧❡ ❡ ❞✉❡ ✜❣❧✐❀

• ("❡ ❢❛♠✐❣❧✐❡ ❝♦♥ ❞✉❡ ❣❡♥✐(♦"✐ ❡❞ ✉♥ ✜❣❧✐♦ ✉♥✐❝♦❀

• ❝✐♥;✉❡ ❢❛♠✐❣❧✐❡ ❝♦♥ ❞✉❡ ❣❡♥✐(♦"✐ ❡ ❞✉❡ ✜❣❧✐❀

• ❝✐♥;✉❡ ❢❛♠✐❣❧✐❡ ❢♦"♠❛(❡ ❞❛ ❞✉❡ ❣❡♥✐(♦"✐ ❡ ("❡ ✜❣❧✐✳

■♥ ;✉❛♥(✐ ♠♦❞✐ ♣♦**✐❛♠♦ *❝❡❣❧✐❡"❡ ✉♥ ❣❡♥✐(♦"❡ ❡❞ ✉♥ ✜❣❧✐♦✱ ♣"♦✈❡♥✐❡♥(✐

❞❛❧❧♦ *(❡**♦ ♥✉❝❧❡♦ ❢❛♠✐❧✐❛"❡❄

❊!❡#❝✐③✐♦ ✷✳ ❙❡♠♣"♦♥✐♦ ❧❛✈♦"❛ ✐♥ ✉♥❛ ✜❧✐❛❧❡ ❞✐ ❜❛♥❝❛ ❝❤❡ *✐ ("♦✈❛ ✐♥ ❝❡♥("♦

❝✐((4✱ ♠❛ ✈✐✈❡ ❝♦♥ ❧❛ *✉❛ ❢❛♠✐❣❧✐❛ ✐♥ ✉♥ ♣❛❡*✐♥♦ ♣♦❝♦ ❞✐*(❛♥(❡✳ ?❡"

"❡❝❛"*✐ ❛❧ ❧❛✈♦"♦✱ ✉(✐❧✐③③❛ ❧✬❛✉(♦❜✉* ✐❧ 15% ❞❡❧❧❡ ✈♦❧(❡✱ ❧❛ ♣"♦♣"✐❛ ❛✉(♦

✐❧ 20% ❞❡❧❧❡ ✈♦❧(❡ ❡❞ ✐❧ ("❡♥♦ ♥❡❣❧✐ ❛❧("✐ ❝❛*✐✳

❙❡♠♣"♦♥✐♦ ❛""✐✈❛ ♣✉♥(✉❛❧❡ ❛ ❧❛✈♦"♦ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 35% ;✉❛♥❞♦ *✐

*❡"✈❡ ❞❡❧❧✬❛✉(♦❜✉*✱ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 55% ;✉❛♥❞♦ ❣✉✐❞❛ ❧❛ ♣"♦♣"✐❛ ❛✉(♦

❡ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 80% ;✉❛♥❞♦ ♣"❡♥❞❡ ✐❧ ("❡♥♦✳

• ❈❛❧❝♦❧❛"❡ ❧❛ ♣"♦❜❛❜✐❧✐(4 ❝❤❡ ❙❡♠♣"♦♥✐♦ ❛""✐✈✐ ♣✉♥(✉❛❧❡ ✐♥ ❜❛♥❝❛✳

◗✉❛❧❡ ❢♦"♠✉❧❛ *✐ ✉*❛❄

✶



• ❈❛❧❝♦❧❛%❡ ❧❛ ♣%♦❜❛❜✐❧✐*+ ❝❤❡ ❙❡♠♣%♦♥✐♦ ♥♦♥ ❛❜❜✐❛ ✉1❛*♦ ❧❛ ♣%♦♣%✐❛
❛✉*♦✱ 1❛♣❡♥❞♦ ❝❤❡ 4 ❛%%✐✈❛*♦ ✐♥ ♦%❛%✐♦ 1✉❧ ♣♦1*♦ ❞✐ ❧❛✈♦%♦✳ ◗✉❛❧❡

❢♦%♠✉❧❛ 1✐ ✉1❛❄

❊!❡#❝✐③✐♦ ✸✳ 1✐❛ {X1, . . . , Xn} ✉♥ ❝❛♠♣✐♦♥❡ ❝❛1✉❛❧❡ 1❡♠♣❧✐❝❡ ❡1*%❛**♦ ❞❛
✉♥❛ ♣♦♣♦❧❛③✐♦♥❡ ❜❡%♥♦✉❧❧✐❛♥❛ ❞✐ ♣❛%❛♠❡*%♦ p ∈ (0, 1) ❡ 1✐❛

T (X1, X2, X3) =
X1 + 2X2 − 3X3

5

✉♥♦ 1*✐♠❛*♦%❡ ❞❡❧ ♣❛%❛♠❡*%♦ p.

❉❡*❡%♠✐♥❛%❡ 1❡ ❧♦ 1*✐♠❛*♦%❡ ❚ 4 ❝♦%%❡**♦ ❡ ❝❛❧❝♦❧❛%❡ ❧✬❡%%♦%❡ >✉❛❞%❛*✐❝♦

♠❡❞✐♦✳

❊!❡#❝✐③✐♦ ✹✳ ❊♥✉♥❝✐❛%❡ ✭❢❛❝♦❧*❛*✐✈♦✿ ❞✐♠♦1*%❛%❡✮ ❧❛ ❞✐"✉❣✉❛❣❧✐❛♥③❛ ❞✐ ❈❤❡❜②✲

"❤❡✈✳ ❆ ❝♦1❛ 1❡%✈❡ *❛❧❡ 1*%✉♠❡♥*♦ ♠❛*❡♠❛*✐❝♦❄

✷



 !♦✈❛ %❝!✐((❛ ❞✐  !♦❜❛❜✐❧✐(, ❡ ❙(❛(✐%(✐❝❛ ✕

(!❛❝❝✐❛ ●

✶✼ ▲✉❣❧✐♦ ✷✵✶✺

❙❛"❛♥♥♦ ✈❛❧✉(❛(❡ *♦❧♦ ❧❡ "✐*♣♦*(❡ ❝♦♥ ❧❛ ❣✐✉*(✐✜❝❛③✐♦♥❡ ❞❡❧ "✐*✉❧(❛(♦✳

❊!❡#❝✐③✐♦ ✶✳ ■♥ ✉♥ ♣❛❧❛③③♦ ✐♥ ❝❡♥("♦ ❝✐((4 ✈✐✈♦♥♦ ❞✐✈❡"*❡ ♣❡"*♦♥❡✳ ■♥ ♣❛"✲

(✐❝♦❧❛"❡✱ ❝✐ *♦♥♦✿

• ("❡ ❢❛♠✐❣❧✐❡ ❢♦"♠❛(❡ ❞❛ ✉♥ ❣❡♥✐(♦"❡ *✐♥❣❧❡ ❡❞ ✉♥ ✜❣❧✐♦ ✉♥✐❝♦❀

• ✉♥❛ ❢❛♠✐❣❧✐❛ ❝♦*(✐(✉✐(❛ ❞❛ ✉♥ ❣❡♥✐(♦"❡ *✐♥❣❧❡ ❡ ❞✉❡ ✜❣❧✐❀

• ("❡ ❢❛♠✐❣❧✐❡ ❝♦♥ ❞✉❡ ❣❡♥✐(♦"✐ ❡❞ ✉♥ ✜❣❧✐♦ ✉♥✐❝♦❀

• ❝✐♥;✉❡ ❢❛♠✐❣❧✐❡ ❝♦♥ ❞✉❡ ❣❡♥✐(♦"✐ ❡ ❞✉❡ ✜❣❧✐❀

• ;✉❛(("♦ ❢❛♠✐❣❧✐❡ ❢♦"♠❛(❡ ❞❛ ❞✉❡ ❣❡♥✐(♦"✐ ❡ ("❡ ✜❣❧✐✳

■♥ ;✉❛♥(✐ ♠♦❞✐ ♣♦**✐❛♠♦ *❝❡❣❧✐❡"❡ ✉♥ ❣❡♥✐(♦"❡ ❡❞ ✉♥ ✜❣❧✐♦✱ ♣"♦✈❡♥✐❡♥(✐

❞❛❧❧♦ *(❡**♦ ♥✉❝❧❡♦ ❢❛♠✐❧✐❛"❡❄

❊!❡#❝✐③✐♦ ✷✳ ❙❡♠♣"♦♥✐♦ ❧❛✈♦"❛ ✐♥ ✉♥❛ ✜❧✐❛❧❡ ❞✐ ❜❛♥❝❛ ❝❤❡ *✐ ("♦✈❛ ✐♥ ❝❡♥("♦

❝✐((4✱ ♠❛ ✈✐✈❡ ❝♦♥ ❧❛ *✉❛ ❢❛♠✐❣❧✐❛ ✐♥ ✉♥ ♣❛❡*✐♥♦ ♣♦❝♦ ❞✐*(❛♥(❡✳ ?❡"

"❡❝❛"*✐ ❛❧ ❧❛✈♦"♦✱ ✉(✐❧✐③③❛ ❧✬❛✉(♦❜✉* ✐❧ 25% ❞❡❧❧❡ ✈♦❧(❡✱ ❧❛ ♣"♦♣"✐❛ ❛✉(♦

✐❧ 30% ❞❡❧❧❡ ✈♦❧(❡ ❡❞ ✐❧ ("❡♥♦ ♥❡❣❧✐ ❛❧("✐ ❝❛*✐✳

❙❡♠♣"♦♥✐♦ ❛""✐✈❛ ♣✉♥(✉❛❧❡ ❛ ❧❛✈♦"♦ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 15% ;✉❛♥❞♦ *✐

*❡"✈❡ ❞❡❧❧✬❛✉(♦❜✉*✱ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 35% ;✉❛♥❞♦ ❣✉✐❞❛ ❧❛ ♣"♦♣"✐❛ ❛✉(♦

❡ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 65% ;✉❛♥❞♦ ♣"❡♥❞❡ ✐❧ ("❡♥♦✳

• ❈❛❧❝♦❧❛"❡ ❧❛ ♣"♦❜❛❜✐❧✐(4 ❝❤❡ ❙❡♠♣"♦♥✐♦ ❛""✐✈✐ ♣✉♥(✉❛❧❡ ✐♥ ❜❛♥❝❛✳

◗✉❛❧❡ ❢♦"♠✉❧❛ *✐ ✉*❛❄

✶



• ❈❛❧❝♦❧❛%❡ ❧❛ ♣%♦❜❛❜✐❧✐*+ ❝❤❡ ❙❡♠♣%♦♥✐♦ ♥♦♥ ❛❜❜✐❛ ✉1❛*♦ ❧❛ ♣%♦♣%✐❛
❛✉*♦✱ 1❛♣❡♥❞♦ ❝❤❡ 4 ❛%%✐✈❛*♦ ✐♥ ♦%❛%✐♦ 1✉❧ ♣♦1*♦ ❞✐ ❧❛✈♦%♦✳ ◗✉❛❧❡

❢♦%♠✉❧❛ 1✐ ✉1❛❄

❊!❡#❝✐③✐♦ ✸✳ 1✐❛ {X1, . . . , Xn} ✉♥ ❝❛♠♣✐♦♥❡ ❝❛1✉❛❧❡ 1❡♠♣❧✐❝❡ ❡1*%❛**♦ ❞❛
✉♥❛ ♣♦♣♦❧❛③✐♦♥❡ ❜❡%♥♦✉❧❧✐❛♥❛ ❞✐ ♣❛%❛♠❡*%♦ p ∈ (0, 1) ❡ 1✐❛

T (X1, X2, X3, X4) =
X1 +X2 +X3 +X4

5

✉♥♦ 1*✐♠❛*♦%❡ ❞❡❧ ♣❛%❛♠❡*%♦ p.

❉❡*❡%♠✐♥❛%❡ 1❡ ❧♦ 1*✐♠❛*♦%❡ ❚ 4 ❝♦%%❡**♦ ❡ ❝❛❧❝♦❧❛%❡ ❧✬❡%%♦%❡ >✉❛❞%❛*✐❝♦

♠❡❞✐♦✳

❊!❡#❝✐③✐♦ ✹✳ ❊♥✉♥❝✐❛%❡ ✭❢❛❝♦❧*❛*✐✈♦✿ ❞✐♠♦1*%❛%❡✮ ❧❛ ▲❡❣❣❡ ❞❡✐ ●&❛♥❞✐ ◆✉✲

♠❡&✐✳ ❆ ❝♦1❛ 1❡%✈❡ *❛❧❡ 1*%✉♠❡♥*♦ ♠❛*❡♠❛*✐❝♦❄

✷



 !♦✈❛ %❝!✐((❛ ❞✐  !♦❜❛❜✐❧✐(, ❡ ❙(❛(✐%(✐❝❛ ✕

(!❛❝❝✐❛ ❍

✶✼ ▲✉❣❧✐♦ ✷✵✶✺

❙❛"❛♥♥♦ ✈❛❧✉(❛(❡ *♦❧♦ ❧❡ "✐*♣♦*(❡ ❝♦♥ ❧❛ ❣✐✉*(✐✜❝❛③✐♦♥❡ ❞❡❧ "✐*✉❧(❛(♦✳

❊!❡#❝✐③✐♦ ✶✳ ■♥ ✉♥ ♣❛❧❛③③♦ ✐♥ ❝❡♥("♦ ❝✐((4 ✈✐✈♦♥♦ ❞✐✈❡"*❡ ♣❡"*♦♥❡✳ ■♥ ♣❛"✲

(✐❝♦❧❛"❡✱ ❝✐ *♦♥♦✿

• ("❡ ❢❛♠✐❣❧✐❡ ❢♦"♠❛(❡ ❞❛ ✉♥ ❣❡♥✐(♦"❡ *✐♥❣❧❡ ❡❞ ✉♥ ✜❣❧✐♦ ✉♥✐❝♦❀

• ❞✉❡ ❢❛♠✐❣❧✐❡ ❝♦*(✐(✉✐(❡ ❞❛ ✉♥ ❣❡♥✐(♦"❡ *✐♥❣❧❡ ❡ ❞✉❡ ✜❣❧✐❀

• ("❡ ❢❛♠✐❣❧✐❡ ❝♦♥ ❞✉❡ ❣❡♥✐(♦"✐ ❡❞ ✉♥ ✜❣❧✐♦ ✉♥✐❝♦❀

• *❡✐ ❢❛♠✐❣❧✐❡ ❝♦♥ ❞✉❡ ❣❡♥✐(♦"✐ ❡ ❞✉❡ ✜❣❧✐❀

• ❞✉❡ ❢❛♠✐❣❧✐❡ ❢♦"♠❛(❡ ❞❛ ❞✉❡ ❣❡♥✐(♦"✐ ❡ ("❡ ✜❣❧✐✳

■♥ ;✉❛♥(✐ ♠♦❞✐ ♣♦**✐❛♠♦ *❝❡❣❧✐❡"❡ ✉♥ ❣❡♥✐(♦"❡ ❡❞ ✉♥ ✜❣❧✐♦✱ ♣"♦✈❡♥✐❡♥(✐

❞❛❧❧♦ *(❡**♦ ♥✉❝❧❡♦ ❢❛♠✐❧✐❛"❡❄

❊!❡#❝✐③✐♦ ✷✳ ❙❡♠♣"♦♥✐♦ ❧❛✈♦"❛ ✐♥ ✉♥❛ ✜❧✐❛❧❡ ❞✐ ❜❛♥❝❛ ❝❤❡ *✐ ("♦✈❛ ✐♥ ❝❡♥("♦

❝✐((4✱ ♠❛ ✈✐✈❡ ❝♦♥ ❧❛ *✉❛ ❢❛♠✐❣❧✐❛ ✐♥ ✉♥ ♣❛❡*✐♥♦ ♣♦❝♦ ❞✐*(❛♥(❡✳ ?❡"

"❡❝❛"*✐ ❛❧ ❧❛✈♦"♦✱ ✉(✐❧✐③③❛ ❧✬❛✉(♦❜✉* ✐❧ 30% ❞❡❧❧❡ ✈♦❧(❡✱ ❧❛ ♣"♦♣"✐❛ ❛✉(♦

✐❧ 15% ❞❡❧❧❡ ✈♦❧(❡ ❡❞ ✐❧ ("❡♥♦ ♥❡❣❧✐ ❛❧("✐ ❝❛*✐✳

❙❡♠♣"♦♥✐♦ ❛""✐✈❛ ♣✉♥(✉❛❧❡ ❛ ❧❛✈♦"♦ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 45% ;✉❛♥❞♦ *✐

*❡"✈❡ ❞❡❧❧✬❛✉(♦❜✉*✱ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 65% ;✉❛♥❞♦ ❣✉✐❞❛ ❧❛ ♣"♦♣"✐❛ ❛✉(♦

❡ ❝♦♥ ♣"♦❜❛❜✐❧✐(4 70% ;✉❛♥❞♦ ♣"❡♥❞❡ ✐❧ ("❡♥♦✳

• ❈❛❧❝♦❧❛"❡ ❧❛ ♣"♦❜❛❜✐❧✐(4 ❝❤❡ ❙❡♠♣"♦♥✐♦ ❛""✐✈✐ ♣✉♥(✉❛❧❡ ✐♥ ❜❛♥❝❛✳

◗✉❛❧❡ ❢♦"♠✉❧❛ *✐ ✉*❛❄

✶



• ❈❛❧❝♦❧❛%❡ ❧❛ ♣%♦❜❛❜✐❧✐*+ ❝❤❡ ❙❡♠♣%♦♥✐♦ ♥♦♥ ❛❜❜✐❛ ✉1❛*♦ ❧❛ ♣%♦♣%✐❛
❛✉*♦✱ 1❛♣❡♥❞♦ ❝❤❡ 4 ❛%%✐✈❛*♦ ✐♥ ♦%❛%✐♦ 1✉❧ ♣♦1*♦ ❞✐ ❧❛✈♦%♦✳ ◗✉❛❧❡

❢♦%♠✉❧❛ 1✐ ✉1❛❄

❊!❡#❝✐③✐♦ ✸✳ 1✐❛ {X1, . . . , Xn} ✉♥ ❝❛♠♣✐♦♥❡ ❝❛1✉❛❧❡ 1❡♠♣❧✐❝❡ ❡1*%❛**♦ ❞❛
✉♥❛ ♣♦♣♦❧❛③✐♦♥❡ ❜❡%♥♦✉❧❧✐❛♥❛ ❞✐ ♣❛%❛♠❡*%♦ p ∈ (0, 1) ❡ 1✐❛

T (X1, X2, X3, X4) =
2X1 + 2X2 +X3 +X4

5

✉♥♦ 1*✐♠❛*♦%❡ ❞❡❧ ♣❛%❛♠❡*%♦ p.

❉❡*❡%♠✐♥❛%❡ 1❡ ❧♦ 1*✐♠❛*♦%❡ ❚ 4 ❝♦%%❡**♦ ❡ ❝❛❧❝♦❧❛%❡ ❧✬❡%%♦%❡ >✉❛❞%❛*✐❝♦

♠❡❞✐♦✳

❊!❡#❝✐③✐♦ ✹✳ ❊♥✉♥❝✐❛%❡ ✭❢❛❝♦❧*❛*✐✈♦✿ ❞✐♠♦1*%❛%❡✮ ❧❛ ❢♦"♠✉❧❛ ❞✐ ❇❛②❡,✳ ❆

❝♦1❛ 1❡%✈❡ *❛❧❡ 1*%✉♠❡♥*♦ ♠❛*❡♠❛*✐❝♦❄

✷


