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Pb 1. Prove that the subset of L2(0, 1) defined by

M = {u c L*(0,1) : /01 u(z)dr = 1}

is closed, convex and nonempty. Then, prove that if w € M, then ||u||;2 > 1 and determine the
orthogonal projection of 0 on M. Finally, prove that the set S = {\u: A € R, u € M} is dense
in L2(0,1) and deduce from this that M+ = {0}.

Pb 2. Let (a;j) be a real positive sequence and let
C = {x € A(N): |z;| < a;, for all j € N}.

Prove that C' is nonempty, convex and closed in £2(N). Moreover, determine for every z € ¢2(N)
the projection Pcx and prove that C*+ = {0}.

Pb 3. Let X be a Hilbert space, let (C) be a nonincreasing sequence of closed and convex
subspaces of X with nonempty intersection and let C' denote the intersection. Prove that C'is
convex and closed in X and that for all z € X and h € N

lz = Pe,z|| < llz = Poyyyzl| < [l — Pox|.

Finally, for every € X determine the limit of the sequence (FP¢, x) in X.

Pb 4. Let « € R and f, : R? = R defined by

falz,y) = ST,

For all k € NU {co}, let us set 4, = {a € R : f, € LF(R?)}. Prove that (4;) is strictly
increasing, namely Ay C Agy1, and that

L 4k € A
k=1
Pb 5. Let ¢ : (0,1) = R me a measurable function and let
C ={ue L*0,1):u(z) >¥(z) for ae. z € (0,1)}.

Prove that C is closed, convex, nonempty if and only if ¥t € L?(0,1). In the latter case
determine the function Po : L%(0,1) — C.

Pb 6. Let Y be the set

Y = {ue L*R?: u(z,y) = u(y,z) for ae. (z,y) € R*}.



Prove that Y is a close subspace of L?(R?) and that, for every u € L?(R?) the function

u(z,y) + u(y, )
5 ,

belongs to Y. Furthermore, determine Y+

Pb 7. Let X be a real Hilbert space and {ej : h € N} be a complete orthonormal system in X.
Define, for every k > 1, the operator Ly : X — X by setting

k
Lz = Z(w, en)en, forall z € X.
h=0

Prove that each Ly is linear and continuous and that

liin |Lyx — x| =0, forallze X.

Furthermore, prove that each Ly : X — X is a compact operator and that the sequence (L)
cannot be convergent in the operator norm £(X, X).

Pb 8. Let E C R™ be a measurable set and ¢ : E — [0, +00) me a measurable function and let
C={ueL*E):|u(z)| <¢() for ae. v € E}.

Prove that C' C L?(E) is closed, convex, nonempty. Determine the projection Pg : L?(E) — C.

Pb 9. Let E C R" be a measurable set, 1 < p < 400 and

Y = {u € LP(E) : /EmB(O,l) u(z)dr = 0}.

Say when Y # (). Prove that Y is a vectorial subspace of LP(E). When Y # (), determine an
element v € LP(E)\ 'Y and ¢ € (LP(E))’ such that v =1 and pu =0 for any u € Y.

Pb 10. Consider the subspace Y of even functions of L?(—, 7). Prove that Y is closed and
describe the orthogonal decomposition L?(—m,7) =Y @ Y.

Pb 11. In L?(0,00) consider the elements e;, = XJhh+1] With b € N. Prove that {en}nen is an
orthogonal system but that it cannot be a complete system in L?(0, c0).
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