Fourier analysis of discrete-time signals

(Lathi Chapt. 10 and these slides)




Towards the discrete-time Fourier transform

- How we will get there?

- Periodic discrete-time signal representation by Discrete-time Fourier
series

- Extension to non-periodic DT signals using the “periodization trick”
- Derivation of the Discrete Time Fourier Transform (DTFT)
- Discrete Fourier Transform




Discrete-time periodic signals

- A periodic DT signal of period N, is called N,-periodic signal

fln+ kNo| = fln] fm

NO
- For the frequency it is customary to use a different notation:
the frequency of a DT sinusoid with period N, is




Fourier series representation of DT periodic signals

- DT Ny-periodic signals can be represented by DTFS with

fundamental frequency O, = ]2V—7T and its multiples

0

- The exponential DT exponential basis functions are
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- Important difference with respect to the continuous case: only
a finite number of exponentials are different!
- This is because the DT exponential series is periodic of period 27
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Increasing the frequency: continuous time

- Consider a continuous time sinusoid with increasing
frequency: the number of oscillations per unit time increases
with frequency

cos(f4t)
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Increasing the frequency: discrete time

- Discrete-time sinusoid
s|n| = sin(Qgn)

- Changing the frequency by 2pi leaves the signal unchanged
s|n] = sin((Qo + 27)n) = sin(Qon + 27n) = sin(Qpn)
- Thus when the frequency increases from zero, the number of

oscillations per unit time increase until the frequency reaches
pi, then decreases again towards the value that it had in zero.

- The values of the signal are the same, for each time index n,
as those for frequencies differing of 2pi




Discrete time sinusoids

Changing Omega0 by 2pi
N=128, sinusoid with or, equivalently, FO by 1
minimum frequency

Fo-tn ‘ FO=1/N
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Discrete time sinusoids: conjugate symmetry
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Discrete time sinusoids: maximum frequency

F0=1/2 for a cosine function

Fmax=1/2
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DT cosine

(a)

wy=m8 or wg = 157/8
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wg = /4 Of wy = T4

(c)

W=

0 " Figure 2.5 Cc0Swqn for several
different values of wq. AS wq increases
from zero toward xr (parts a~d), the

sequence oscillates more rapidly. As wq
increases from x to 2x (parts d-a), the
(d) oscillations become slower.




Warning

- Discrete time sinusoids are periodic only if

2
ON =27k — %N = 21k — k integer

- That is the period is a fraction of the number of samples

- Not all discrete sinusoids are periodic




Periodicity of the DT FS

- The r-th harmonic is IDENTICAL to the (r+N;)-th harmonic
- Let the r-th harmonic be

n| = ejm@
TN

Index of the Independent variable

harmonic
\g@t) = ¢J W@/
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- Thus

9r+Np




e
Periodicity of the DT FS

- Follows

Gr = Gr+No = Gr+2No = '~ = Gr4+mN, m, integer

- Thus, the first harmonic is identical to the Ny+1 harmonic, the
second to the N,+2 etc

- There are only N, distinct harmonics ranging on the period 0O-
2 pi
27

- Since they are separated by (), = A
0

- If the signal is real, Hermitian symmetry holds and only N,/2
different sinusoids are possible




I
Periodicity of the DT FS

Thus, the first harmonic is identical to the (Ng+1)st harmonic, the second harmonic
is identical to the (Ng+ 2)nd harmonic, and so on. In other words, there are only Ny
independent harmonics, and they range over an interval 27 (because the harmonics

are separated by {p = ?27‘; We may choose these Ny independent harmonics as

eI bk guer 0 < r < Ng—1,0r over —1 <r < Ng— 2, or over 1 < r < Ny, or over
any other suitable choice for that matter. Every one of these sets will have the same
harmonics, although in different order. Let us take the first choice (0 < r < Np—1).

. Let us Eake the first choice (0 < r < Np—1).

Fourier series for an Ng-periodic signal f[k] consists of only these Ny harmonics,
and can be expressed as

= , 2n
flk] = Z Dyed™ Wk Q= —

r=0




e
Periodicity of the DTFS coefficients

To compute coefficients D, in the Fourier series (10.4), we multiply both sides of
(10.4) by e~ ™%k and sum over k from k = 0 to (No — 1).

No-1 Ng—1 Np~—1

E flk]e ok — Z E D, (T ok (10.5)
The right-hand sum, after interchanging the order of summation, results in

Np—-1
Z e’('-'")“o"] (10.6)

Np~—1

LS

The inner sum, according to Eq. (5.43), is zero for all values of r # m. It is nonzero
with a value Ny only when r = m. This fact means the outside sum has only one

term Dy, No (corresponding to r = m). Therefore, the right-hand side of Eq. (10.5)
is equal to D,, Ny, and
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Periodicity of the DTFS coefficients

- Then | Mol
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- In summary

synthesis analysis
= Qok R —jridok 2m
k) = ; Dye’” Dr = ; flkle Q= 5=
- =

Same number of
samples @ %
f[k]e‘f'i




Example | o
i =smioasi. [l ]

;%mw;

2T -10 |
Q= =0
2m 2T
M= Toan 12,
’ (o 0.17 1 o
(b)
= v o | 2; Q- 4x
10 | 10
-6 A : - . ;

ﬁ
-
_
NI.
—
—

;ul (c) ]LO % N z;l i fn . “x l
]

2

Fig. 10.1 Discrete-time sinusoid sin 0.1xk and its Fourier spectra.
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Fig. 10.2 Periodic sampled gate pulse and its Fourier spectrum.

Be careful: the spectrum is periodic with period 21T, BUT it can be
represented as a function of the harmonic index, that ranges between 1
and N-1




A-periodic signals
- Same “trick” lim fw,lk] = k]
No—oo
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Fig. 10.8 Generation of a periodic signal by periodic extension of a signal f[k].




A-periodic signals

- Using the same arguments and steps as we did for going
from continuous-time periodic signals to continuous-time a-
periodic signals, we can

- 1) derive the expression of the Fourier-representation of DT non-
periodic signals (Discrete Time Fourier Transform, DTFT)

- 2) link the periodic and a—periodic cases

- Of note:

- Discrete-time signals = Periodic spectra
- Periodic signals = Discrete spectra
- And respective combinations




A-periodic signals

- We define the function

o0
FQ)= Y f[k]e‘@\
k=—co Continuous
frequency
variable
- We can sow that

1
D, = —F(r{}y) == F(Q) is the envelop of D,

~ No
Coefficient of the r-th

harmonic component of the
periodized signal




e
DTFT

- Increasing N, the frequency resolution increases and the
frequency spacing decreases and in the limit NO->infty we
can define the DTFT for a non-periodic signal as

F@) = Y Sl

k=—00
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fIK) = 5= F(Q)e’ 40
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F(+2r)= )  flkle 7@k < Y flklem eI = P(Q)

k=« 0O k=-00

F(Q) is 2mr-periodic




A-periodic signals: rect

J{k]

Fig. 10.6 Discrete-time gate pulse and its Fourier spectrum.

DTFT is continuous and 2pi periodic




Discrete Fourier Transform

- DTFS “corresponds” to DFT
- Now we can say that our signal has “period” N,

No—-1

k)= }f Dyl

1 S o o 2
Dr=mkz=of[k]e 0= 5
N—-1 | . |
- Reformulating fln] =) Flkle?*™~ synthesis
Ny — N —> k=0
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D, — F|k] Flk] = i Z f[n]e—jzw%" analysis
fIk] = fln] N =
2m 21T periodic or N-
0 =+ periodic

N




Discrete Fourier Transform

- The DFT can be considered as a generalization of the CTFT
to discrete series of a finite number of samples

- Itis the FT of a discrete (sampled) function of one variable

- The 1/N factor is put either in the analysis formula or in the
synthesis one, or the 1/sqrt(N) is put in front of both.

- Calculating the DFT takes about N2 calculations
- The FFT algorithm is used




I
Properties of DFT

1. Linearity: If f[k] <= F, and g[k] <= G, then

a) f[k] + azglk] &= a1 F; + a2G»

2. Conjugate Symmetry: For real f[k]
FNQ—T = Fr. (10-71)

There is a conjugate symmetry about Ng/2, which enables us to determine roughly
half the values of F, from the other half of the values, when f{k] is real. For
instance, in a 7-point DFT, Fg = F}*, F5 = F>" and Fq = F3". In an 8-point DFT,
Fr=F\', Fg=F,', Fs= F3", and so on.

3. Time Shifting (Circular Shifting):
flk — n] == Fpe~irtbon (10.72)

4. Frequency Shifting:

flk]e?* ™ = Fr_p (10.73)




e
DFT

- About N2 multiplications are needed to calculate the DFT

- The transform F[k] has the same number of components of
f[n], that is N

- The DFT always exists for signals that do not go to infinity at

any point
- Using the Eulero’ s formula  ¢” = cosé + jsin.
1 N—1
FIE = g7 D flle™*7
1 = nk . nk
N 2 fln] (COS(QWF) — 7 s1n(27rﬁ))

frequency component k discrete trigonometric functions
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Properties of DFT

5. Circular (or Periodic) Convolution:

flk) @ glk] <= F.G, (10.74a)
and
flk]glk] <= R,l-apr @G, (10.74b)

where the circular (or periodic) convolution of two No-point periodic sequences f [k]
and g[k| is defined as

Ng—1 Np~1
fRl@glkl= > finlglk = n]= Y gln)flk —n] (10.75)
n=0 n=0

Note that the circular convolution differs f-om the regular (linear) convolution by
the fact that the summation is over one period (starting at any point). In the linear
convolution, the summation is from —oo to co. The result of a periodic convolution
is also an Np-periodic sequence.




Circular convolution

- Finite length signals (N, samples) — circular or periodic
convolution

- the summation is over 1 period c[k]= fTk]® g[k] = Nilf[n]g[k—n]
- the result is a N, period sequence n=0

- The circular convolution is equivalent to the linear convolution
of the zero-padded equal length sequences

fIm]* glm] = Fk]Glk]

fm] g[m] ‘ ‘ SIm]* g[m]
0 6
Length=P Length=Q Length=P+Q-1

For the convolution property to hold, M (the number of points used for calculating
the DFT) must be greater than or equal to P+Q-1.




Circular convolution

Zero padding fIm]* glm] < F[k]Glk]

fIm] glm] SIm]* g[m]

JH,M*(I_I%mmIHI,m

4-point DFT
(M=4)

Flk] G[k] FkG[k]




In words

- Given 2 sequences of length N and M, let y[k] be their linear convolution

VK= STk hik] = S fTnlhk —n)

n=—00

- y[K] is also equal to the circular convolution of the two suitably zero padded sequences
making them consist of the same number of samples

Ny-1
clk]= fTK1®hk]= D fnlhlk—n]
Ny=N,+N, —1: lennégh of the zero-padded seq

- In this way, the linear convolution between two sequences having a different length (filtering)
can be computed by the DFT (which rests on the circular convolution)
- The procedure is the following
- Pad f[n] with N;-1 zeros and h[n] with N1 zeros
- Find Y]r] as the product of F[r] and H[r] (which are the DFTs of the corresponding zero-padded signals)
« Find the inverse DFT of Y][r]

- Allows to perform linear filtering using DFT




In practice..

- In order to calculate the DFT we start with k=0, calculate F(0)
as in the formula below, then we change to u=1 etc

F10] = %Z_',f[n]e‘””o””v _ %Z__‘,f[n] _7

- F[0] is the mean value of the function f[n]
- This is also the case for the CTFT

- The transformed function F[k] has the same number of terms
as f[n] and always exists

- The transform is always reversible by construction so that we
can always recover f given F




Highlights on DFT properties

Amplitude The DFT of a real signal is symmetric
spectrum (Hermitian symmetry)
The DFT of a real symmetric signal
(even like the cosine) is real and
symmetric

The DFT is N-periodic

Hence

‘ ‘ ‘ The DFT of a real symmetric signal only
» heeds to be specified in [0, N/2]

time

»

Il F[O] low-pass

characteristic

i N/2 | ”
R WY Frequency (k)




Visualization of the basic repetition

- To show a , we need to translate the origin of the
transform at u=N/2 (or at (N/2,N/2) in 2D)

f[n]eZJmOn_>f[k_u0]

NP N N =1
fixd - period  ————u]
i_ |
<=
Fiu)
A [
|:| EY | N N |




Going back to the intuition

- The FT decomposed the signal over its harmonic

components and thus represents it as a sum of linearly
iIndependent complex exponential functions

- Thus, it can be interpreted as a “mathematical prism”




e
DFT

- Each term of the DFT, namely each value of F[k], results of
the contributions of all the samples in the signal (f[n] for
n=1,..,N)

- The samples of f[n] are multiplied by trigonometric functions
of different frequencies

- The domain over which F[K] lives is called frequency domain

- Each term of the summation which gives F[k] is called
frequency component of harmonic component




DFT is a complex number

- F[k] in general are complex numbers

Flk]=Re{F[k]}+ jIm{F[k]}
F[k]—\F[k]\exp{fRF[k]}

—
[£] = \/Re S+ Im{F[]; magnitude or spectrum
< Im{F[k (
RF[k]=tan™'< - m{ L]
Re{F [k]} phase or angle

Plk]=|F [k]‘2 power spectrum




Stretching vs shrinking
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Periodization vs discretization

Linking continuous and discrete domains

[

A

[
»

fi=f(kTy)

amplitude
amplitude

- DT (discrete time) signals can be seen as sampled versions of
CT (continuous time) signals

- Both CT and DT signals can be of finite duration or periodic
- There is a duality between periodicity and discretization
- Periodic signals have discrete frequency (sampled) transform

- Discrete time signals have periodic transform
- DT periodic signals have discrete (sampled) periodic transforms




Increasing the resolution by Zero Padding

- Consider the analysis formula
N-1 _2mjkn

-y 2/

- If f[n] consists of N samples than F[k] consists of N samples
as well, it is discrete (k is an integer) and it is periodic
(because the signal f[n] is discrete time, namely n is an
integer)

- The value of each F[K], for all k, is given by a weighted sum
of the values of f[n], for n=1,.., N-1

- Key point: if we artificially increase the length of the signal
adding M zeros on the right, we get a signal f,[m] for which
m=1,...,N+M-1. Since £ ] flm] for O0=m<N

' 0O for N=m<N+M




Increasing the resolution through ZP

- Then the value of each F[k] is obtained by a weighted sum of
the “real” values of f[n] for 0<k<N-1, which are the only ones
different from zero, but they happen at different “normalized
frequencies” since the frequency axis has been rescaled. In
consequence, F[k] is more “densely sampled” and thus
features a higher resolution.




Increasing the resolution by Zero Padding

i il

0 PN, n
zero padding F(Q) (DTFT) in shade
I F[K]: “sampled version”
0 211 41 k




Increasing the number of zeros

Zero padding

zero padding

i

augments the “resolution” of
the transform since the samples

of the DFT get “closer”

il

SEERASARARARE R R It >
o F(Q)
i T |
0 21 4 k




Summary of dualities

SIGNAL DOMAIN FOURIER DOMAIN

Periodicity

Sampling

DTES/DET Sampling +Periodicity




Discrete Cosine Transform (DCT)

Applies to digital (sampled) finite length
signals AND uses only cosines.

The DCT coefficients are all real numbers




Discrete Cosine Transform (DCT)

- Operate on finite discrete sequences (as DFT)

- A discrete cosine transform (DCT) expresses a sequence of
finitely many data points in terms of a sum of cosine functions
oscillating at different frequencies

- DCT is a Fourier-related transform similar to the DFT but using
only real numbers

- DCT is equivalent to DFT of roughly twice the length, operating on
real data with even symmetry (since the Fourier transform of a real
and even function is real and even), where in some variants the
input and/or output data are shifted by half a sample

- There are eight standard DCT variants, out of which four are
common

- Strong connection with the Karunen-Loeven transform
- VERY important for signal compression




DCT

- DCT implies different boundary conditions than the DFT or
other related transforms

- ADCT, like a cosine transform, implies an even periodic
extension of the original function

- Tricky part
- First, one has to specify whether the function is even or odd at both the
left and right boundaries of the domain

- Second, one has to specify around what point the function is even or
odd

- In particular, consider a sequence abcd of four equally spaced data points,
and say that we specify an even left boundary. There are two sensible
possibilities: either the data is even about the sample a, in which case the
even extension is dcbabcd, or the data is even about the point halfway
between a and the previous point, in which case the even extension is

dcbaabcd (a is repeated).
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- Warning: the normalization factor in front of these transform definitions is merely a
convention and differs between treatments.

- Some authors multiply the transforms by (2/N;)"2 so that the inverse does not require any
additional multiplicative factor.

- Combined with appropriate factors of V2 (see above), this can be used to make the transform matrix
orthogonal.




Summary of dualities

SIGNAL DOMAIN FOURIER DOMAIN

Periodicity

Sampling

DTES/DET Sampling +Periodicity




Summary : CT versus DT FT

CTFT DTFT DFT

) ’l.,,.l’ ’l.,,.l‘ ’I.,,.I| ||.,,.|’

Relationship between the (continuous) Fourier transform and the discrete Fourier transform.

Left column: A continuous function (top) and its Fourier transform (bottom).

Center-left column: Periodic summation of the original function (top). Fourier transform (bottom) is
zero except at discrete points. The inverse transform is a sum of sinusoids called Fourier series.
Center-right column: Original function is discretized (multiplied by a Dirac comb) (top). Its Fourier
transform (bottom) is a periodic summation (DTFT) of the original transform.

Right column: The DFT (bottom) computes discrete samples of the continuous DTFT. The inverse DFT
(top) is a periodic summation of the original samples. The FFT algorithm computes one cycle of the
DFT and its inverse is one cycle of the DFT inverse.




