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CHAPTER 1

First part

1. Lecture of 1 october 2018: Introduction (3h)

”

“... nihil omnino in mundo contingit, in quo non maximi minime ratio quaepiam eluceat ...
Leonhard Euler, 1744

We will speak of optimization problem, when we have a rational and coherent agent and a set of
possible (mutually exclusive) alternatives X, among which the agent must choose. The agent
must choose one of the alternatives basing on a choice criterion, characterized by a preference
relation, that allows the comparison of pairs of alternatives x,y € X.

The rationality and coherence of the agent impose that the preference relation must be a total
order relation?, and the simplest way is to assume the existence of a function F : X — [—c0, +c0]

(called cost function) modeling the preference relation in the following way: the agent will prefer
x € Xtoy € Xifand only if F(x) < F(y).

Thus, the basic form of an optimization problem we are going to deal with is the following one.

Let X be aset, F: X — [—00, +00] be a function:

i. determine inf F(x), in particular establish if inf F(x) > —oo;
xeX xeX
ii. establish if there exist points ¥ € X such that F(%) = inf F(x). In such case, the set
xeX

xeX xeX

argmin F(x) = {X € X: F(%) = inf F(x)}

is called the set of minimum points of F on X, and inf F(x) = mi}rg F(x);

x€X xe
iii. characterize the points of arg mi}r(l F(x).
x€
We recall that sup F(x) = — inf (—F(x)), so also the problem of the maximization could be

xeX xeX
reformulated as minimization problems.

Maximization/minimizartion problems, apart from their mathematical interest, are at the basis
of almost every field of knowledge, e.g. physics, biology models, economics, social sciences, but
also industry, design, programming, resource management, transport...

Some examples:

o the distance function of a point x € R" from a nonempty set S C R” is defined as
ds(x) := inf{|ly — x[[},
yeSs
in this case x is fixed and F(y) = ||y — x||;

o Fermat’s Rule in geometrical optics states that the path followed by the ligth to go from a
point A to a point B is the path which minimizes the time needed to travel from A to B
among all possible paths joining A and B;

Inothing in all the world will occur in which no maximum or minimum rule is somehow shining forth...

2In some framework, in particular in economics, there are also other possibility, modeling the fact that the agent can
have multiple contrasting criteria of choice. This lead to drop the total order assumption and assuming that the preference
relation is a partial order. We will not deal with this problems in this course
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2 1. FIRST PART

o the least action principle for a mechanical system subject to conservative forces and
smooth constraints establish that if T is the kinetic energy of the systems and V is the
potential energy, introducing the Lagrangian L = T — V, the trajectories followed by
the system from an initial state g¢ at an initial time a to a final state g; at a final time b
are the minimizers of the action

b
Fg() = [ Lta(e),4(0)d,

among all the trajectories g : [a,b] — R" satisfying q(a) = qo, 4(b) = g1 and the
constraints;

e usually students wants to pass exams minimizing the study time and maximizing the
final mark.

We recall the following definitions.

DEFINITION 1.1. Let Xbeaset, f: X — RU {£oco} a function.

e apointa € X is an absolute minimizer of f if f(y) > f(a) for all y € X. The minimizer is
strictif f(y) > f(a) forally € X\ {a}.

e apointa € X is an absolute maximizer of f if f(y) < f(a) for ally € X. The maximizer is
strictif f(y) < f(a) forally € X\ {a}.

If X is endowed with a topology, we can give a local version of the above definitions.

DEFINITION 1.2. Let X be a topological space, f : X — RU {00} be a function.

e apointa € X is a local minimizer of f if there exists a neighborhood U of a such that
f(y) > f(a) for ally € U. The local minimizer is strict if f(y) > f(a) forally € U\ {a}.

e apointa € X is a local maximizer of f if there exists a neighborhood U of a such that
f(y) < f(a) for all y € U. The local maximizer is strict if f(y) < f(a) forally € U\ {a}.

Local maxima and minima are called local extremals.

EXAMPLE 1.3. Let X = R. Consider F(x) = x* — 12x + 1. We want to minimize F over R. As
well known from the previous courses in Mathematical Analysis, we compute F/(x) = 4x% — 12.
We have F/(x) = 0 if and only if x = v/3. Noticing that grjrg F(x) = +o0, and since

X <)

F"(x) = 12x% and F”(v/3) > 0, we have that = v/3 is the unique minimum point for F and the
value of the minimum is F(%) =1-9Y3.

REMARK 1.4. Let us review carefully step by step the above example:

(1) existence: notice that F € C°(R, R), moreover ‘ ‘lim F(x) = +o0. Since F is not
X|—>+00

identically +co, we have that inf F(x) < +oc. Thus let {x;, },cn be a sequence in R
x€R
such that F(x,) — inf F(x) (such kind of sequences are called minimizing sequences). If
x€R
|| was unbounded, it would be possible to find a subsequence {x;, }ren such that

|5, | = 400, but in this case we would have
i Fe) = i Fls) = i Flo) = Ji_FGs)= 405
which is a contradiction. Thus there exists M > 0 such that |x,| < M. But this implies
that
inf F(x) = inf F(x),
¥€R xe[—M,M]
and since F is continuous and the interval [—M, M] is compact, we can apply
Weierstrass” Theorem: every real-valued continuous function defined on a compact set
admits absolute maxima and minima. So there exists at least one minimum point of F.
(2) necessary condition: let ¥ be a minimum point. Since F is of class C', necessarily we
must have F/(%) = 0, this lead to isolate the candidate point ¥ = v/3.
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(3) sufficient condition: Since F € C2, F/(x) = 0 e F"(%) > 0 then ¥ = v/3 is a minimum
point for F on R and it is the unique minimum point.

REMARK 1.5. Attention: using necessary conditions without an existence theorem can be extremely
misleading.

EXAMPLE 1.6 (Perron’s Paradox). Consider the problem sup x. Let ¥ > 0. We consider two
YERT

possibilities: if ¥ > 1 then ¥ > %, thus ¥ cannot be a maximum point, and if 0 < ¥ < 1 then

V/X > %, s0 again ¥ cannot be a maximum point. So these two necessary conditions lead us to

isolate the point ¥ = 1. However sup x = +oo, there are no maximum points, and the necessary
xeR+
conditions are useless.

The core of the existence part of the proof is Weierstrass Theorem, which can be summarized by
saying:

continuity + compactness = existence of maxima and minima.
Our aim is now to preserve existence weakening the other two assumptions. We preliminary

notice that Weierstrass Theorem yields existence of both maxima and minima, but we are
intrested only in the minimum points.

Thus it is natural to search for a weakened notion of continuity in some sense still respecting the
notion of minimum.

Assume that ¥ € X is a local minimum point, in this case we have that there exists a
neighborhood U of x such that

F(y) > F(x), forally € U\ {x}.

In particular, we have
inf F(y) > F(%),
yeu\{x}
which leads to
sup inf F(y) > F(x).
V open yeV\{x}
eV
By definition, the right hand side is the lim inf for y tending to %, thus we obtain :
h;rglj?f F(y) > F(x).

If F is continuous and X is a topological Hausdorff space, we have that for every x € X it holds
lim F(y) = F(x),

in particular
liminf F(y) = lim F(y) = F(%);

y—Xx y—)f
thus a natural weakening of the cointinuity which repects the notion of minimum would be to
require that for every x € X it holds

liminf F(y) > F(x).

y—Xx

DEFINITION 1.7 (Limsup and Liminf in topological spaces). Let X be a topological Hausdorff
space, x € X, F: X — [—0c0, +-00]. We define

liminfF(y) := sup inf F(y),
e V open yeV\{x}
xeV

limsup F(y) := inf sup F(y),
y—x v OP‘;:n yeV\{x}
xe
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LEMMA 1.8. Let X be a topological Hausdorff space, x € X, F : X — [—o0, +o0]. We have always
liminf F(y) < limsup F(y).

y—)x y;}x
Moreover, li_r>n F(y) exists if and only if
Yy—x
liminf F = limsup F(y),
m inf F(y) msup v)
and in this case we have
liminf F(y) = limsup F(y) = lim F(y).

y—x y—x y—x

PROOEF. Leta > limsup F(y). In particular, for any € > 0 there exists an open neighborhood
y—Xx

Ve of x such that
sup F(y) —e <limsupF(y),
yeVe\{x} yox

and recalling the choice of 2 we obtain
sup F(y) <a+eg,
yeVe\{x}
Given any open neighborhood V of x, we have
inf Fly)< inf F(y)< sup F(y)<a+eg
yeV\{x} yeVNVe\{x} yeVe\{x}
hence by taking the supremum on V we obtain

liminf F(y) <a+e.

Yy—x

Yy—x

+
By letting ¢ — 0" and a — llim sup F(y)] , we have

liminf F(y) < limsup F(y).

y—=x y—x

Indeed, assume that ;13} F(y) = { exists, and take any neighborhood W of £. Then there exists a
neighborhood V of x such thatif y € V then F(y) € W, thus
infW < inf F(y),
yeV\{x}
supW > sup F(y)

yeVix}

and so for all neighborhood W of ¢ we have
inf W < liminf F(y) < limsup F(y) < sup W.

y~>x y_)x
If { € R take W = B(¢,1/i),if £ = —oo take W =] — 00, —i], if £ = 400 take W =]i, +o0[. In all
cases, by letting i — +oco we have
¢ = lim F(y) = liminf F(y) = limsup F(y).
lim F(y) = lim inf F(y) = 1i mSup v)
Assume now that
¢ =liminf F(y) = limsup F(y).

y—=x y—x
For any ¢ > 0 there exist open sets V; and V¢ such that x € V(¢) := V, N V¢ and
sup F(y)—e<{¢< inf F(y)-+e
yeVe\{x} yeVa{x}
hence
sup F(y)—e<{< inf F(y)+e
yeV(e)\{x} yeV(e)\{x}
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So forevery e > 0,if y € V(e) \ {%#} we have F(y) € B(/, ¢), hence we have that the limit exists

and

lim F(y) = ¢.

y—=x

The following simple remark will be often used.

LEMMA 1.9. Let X, Y, Z be nonempty sets, and let f : X X Y x Z — [—o00,+o0] be a map. Then

sup
yeYy

inf
yeYy

sup
yeYy

|

sup f(x,y,2)

zeZ

= sup
zeZ

|

linf f(x,y,z)]
z€Z

|

= inf
z€Z

< inf

zeZ

inf f(x,y,2)
z€Z

[Supf (x,y,2)

yey

linf f(x,y,2)
yeY

[supf (x,y,2)

yeYy

PROOF. Assume that M(x) > sup f(x,y,z) forall y € Y, then we have M(x) > f(x,y,z) for

zeZ

ally € Y,z € Z,and so M(x) > sup f(x,y,z) for all z € Z. Conversely, by reversing the role of y
yeyY

and z we have that if M(x) > sup f(x,y,z) forall z € Z then M(x) > sup f(x,y,z) forally € Y.
yeYy z€Z
This implies that M(x) > supsup f(x,y,z) if and only if M(x) > supsup f(x,y,z), and so
yeY zeZ zeZ yeY
equality hold, proving the first relation. The second relation can be obtained similarly, by
replacing sup with inf and > with <.

For the third relation, notice that for any (x,7,2) € X X Y x Z we have

], forallz € Z,

|
|

REMARK 1.10. In the case in which X is a metric space, we have that the above definition of

lim inf reduces to the usual one. More precisely, we can characterize the topological lim inf and
lim sup by mean of sequences recalling that in every metric space a base for the topology is given
by balls (in particular, every point has a countable base of neighborhoods).

inf f(x,7,2) < f(x,§,2) <

zeZ

epsns

yeY

in particular, for every 7 € Y we have

inf f(x,7,z) <
zeZ

lsup f(x,y,2)

yeY

and so for every i7 € Y we have

inf f(x,7,z) < inf
z€Z zeZ

sup f(x,y,2)
yeY

thus

sup inf f(x,y,z) < inf
yeyY zeZ zeZ

lsupf (x,y,2)

yeyY
0

LEMMA 1.11 (Liminf and limsup in metric spaces). Let X be a metric space, x € X,
F: X — RU{zoo}. Then the following are equivalent:

(L) liminfF(y) = £;

(Iy) forall sequences {y;}jen € X \ {x} such that y; — x and {F(y;) }jen has a limit, we have
lim F(y;) > ¢, and there exists a sequence §j; — % such that equality holds.
J—

Symmetrically, the following are equivalent:
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(S1) limsup F(y) = ¢;
y—x

(S1) for all sequences {y;}jen € X\ {x} such that y; — x and {F(y;)} e has a limit, we have
lim F(y;) < ¢, and there exists a sequence §; — X such that equality holds.
]—00

PROOE. We prove only the equivalence of (I;) and (I). The corresponding results for (S7)
and (S;) can be deduced by applying the results for (I1) and (1) to the function G = —F, since

liminfG(y) := sup inf G(y) =— inf sup F(y) = —limsupF(y),
v v open yeV\ {7} V open yev\{x} yx
b e

(I = I) For any i € IN there exists an open neighborhood Uj; of x such that
. . 1
sup inf F(y) < inf F(y)+ i
Vop‘gn yeV\{x} yel;\{x}
xXe

moreover, there exists r; > 0 such that B(x, r;) C U;. Without loss of generality, we may
assume also that if i > 0 we have 0 < r; < min{1/2',7;_1 }. We have

1 . 1

5 < inf  F(y) + =.

sup inf F(y) < inf F(y)+ i
yeB(xri)\{x}

V open yeV\{x} yel\{x}
xeV

Let {y;}jen € X\ {x} be such that y; — x and {F(y;) } jen converges. For every i € N
we have that there exists j; € IN such thaty; € B(x,r;) forall i > j, since y; — x. This
implies that

, 1 .
t= sup inf F(y) <F(y;) + 5 forallj > j.
V open yeV\{x}
xe

By letting j — oo and then i — +co we obtain the first part of (2).
Choose ij; € B(x,r;) \ {x} such that

inf  F(y) <F@) < inf  F(y)+
yeB(xr)\{%} yeB(xr)\{%} 2
Thus we have
E(g;) — 21 < inf  F(y)< sup inf F(y)=¢

yeB(x,r;)\{x} V open yeV\{x}
xeV

. 1 _ 1
< inf F(y)+5SF(yi)+§-
yeB(x,r)\{x}
We conclude that: ‘
(a) since 0 < r; < 1/2' fori > 0, we have r; — 0" and so j; — x;

(b) since r; < r;_q fori > 0, we have that { inf F (y)} is an increasing
yeB(xr;)\{x} ieN\{0
sequence (the infimum is made on shrinking sets), thus it admits a limit that we
denote by ¢/;
(c) we have that F(y;) — ¢’ as y — oo by the choice of y;;
(d) we have ¢/ = / for the above chain of inequalities.

(I, = L) If {y;} is any sequence such that y; — x and {F(y;) }ien has a limit, we have that for
every open neighborhood V of x there exists jy € IN such thaty; € V foralli > jy,
hence

inf  F(y) < F(y;), i>jy.
yeV\{x}
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By letting i — +oc0, we obtain

inf F(y) < lim F(y;),
yeV\{x} e

and taking the sup on V we have

liminf F(y) < lim F(y;),

y—x i—00

for every sequence {y;};cr such that y; — x and {F(y;) };en has a limit. In particular,
we have that
liminf F(y) < lim F(i7;) = ¢,

y—x i—00

Let {r;}ien C [0, +00[ a monotone decreasing sequence. Then { inf F (y)} is
yeB(xri)\{x} ieN
an increasing sequence, thus it admits a limit #’. Choose i; € B(x, ;) \ {x} such that

inf  F(y) <F@) < inf E(y)+—

yeB(Em)\{x} yeB(xr)\{x} 2
and notice that j; — x and F(i7;) — ¢/, thus by assumption we must have ¢ < ¢’. On the
other hand, we must have

sup inf F(y) > inf  F(y),
onep‘?n yeV\{x} yeB(xri)\{x}

and letting i — co we obtain
¢> sup inf F(y) >/,

V open yeV\{x}
xeV

so ¢ = ¢’ and the proof is completed.
O

DEFINITION 1.12 (Semicontinuity). Let X be a topological Hausdorff space, F : X — [—o0, +00].
We say that F is lower semicontinuous (shortly l.s.c.) if for every x € X it holds
h;r;glfﬂy) > F(x),
where
liminfF(y) = sup inf F(y).
y—x V open yeV\{x}
xeV
Symmetrically, we say that F is upper semicontinuous (shortly u.s.c.) if for every x € X it holds

limsup F(y) < F(x),

Yy—x

where
limsupF(y) = inf sup F(y).
y—x v open yeV\{x}
xe

We will give now another characterization of semicontinuous functions.

DEFINITION 1.13. Let X be a topological Hausdorff space, F : X — [—c0, +-00]. Define
domF := {x € X : F(x) € R}, the domain of F;
epiF := {(x,a) € X x R: a > F(x)}, the epigraph of F;
hypo F := {(x,B) € X x R: B < F(x)}, the hypograph of F.
LEMMA 1.14. Let X be a topological vector space, F : X — [—o0, +o00]. Then

(1) Fisls.c. if and only epiF is closed in X x R (endowed with product topology);
(2) Fisu.s.c. ifand only hypo F is closed in X x R (endowed with product topology);
(8) F is continuous if and only if it is both l.s.c. and u.s.c.
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PROOF. Assume that F is Ls.c. and want to prove that epi F is closed. Let (x, ) ¢ epiF, in
particular we have

a < F(x) <liminfF(y) = sup inf F(y).
y—x V open yeV\{x}
xeV

Take € > 0 such that w +¢/2 < F(x) and let V; be open such that x € V; and

sup inf F(y) < inf F(y)—i—g,

V open yeV\{x} yeVe\{x}
xeV

hence

a4 <F(x)< inf F(y)+5,
yeve\{x}

soa+¢e/4 < F(y) forally € V¢, hence V, x| — 0o, & + /4] is an open neighborhood of (x, «) that
has empty intersection with epi F, hence the complement set of epi F is open, thus epi F is closed.

Assume now that epi F is closed in X x R and want to prove that F is L.s.c. Given (x,«) ¢ epiF
we have that there exists an open neighborhood V of x and € > 0 such that V x B(a, ¢) has
empty intersection with epi F, since the complement of has epi F is open. In particular, we have
that F(y) > a + ¢ for every y € V, hence

inf F(y) >a-+s¢,
yeV\{x}

and so by passing to the sup on V'

lIiminfF(y) > a +e.

y—=x

This holds for every « < F(x) and for every ¢ > 0 sufficiently small, hence by letting ¢ > 0 and
a — F(x)~ we have

liminf F(y) > F(x),

Yy—x

thus Fis l.s.c.

The statement on upper semicontinuity can be proved with an analogous argument, and it is left
to the reader.

Assume that F is continuous, then is trivially l.s.c. and u.s.c. Conversely, if we assume that F is
both l.s.c. and u.s.c. we have

limsup F(y) < F(x) < liminf F(y),

y—x y—=x
which implies

F(x) = limsup F(y) = liminf F(y) = lim F(y),

y—x y—x Yy—x

hence F is continuous. g
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ExXAMPLE 1.15. A lower semicontinu-
ous function. Since

lim f(x)==+1,

x—0%
we have that

liminf f(x) = -1 > —2 = f(0). -2 -1 0 1 2
x—0

All the points (0,y) with y > —2 be- —~
long to epi f, which then is closed in
R x R. —2 ¢£(0)

EXAMPLE 1.16. An upper semicontin-
uous function. Since

li = £1,
xirgi f&)
we have
limsup f(x) =1 <2 = g(0).
x—0
All the points (0,y) with y < 2 belong

to hypo ¢ which then is closed in R x
R.

After having discussed the weakened notion of continuity, we pass to examine compactness
assumption. Even in the first example (minimization on IR) the space X was not compact a
priori, however the fact that lim F(x) = 4oo, toghether with the fact that F was not identically

|x|—o0
+oo leaded us to say that every minimizing sequence indeed belongs to a suitable compact set.

Thus the following definition is natural:

DEFINITION 1.17 (Coercivity). Let X be a metric space, F : X — [—00, 4+-00]. We say that F is
coercive if for every t € R there exists K(t) C X, with K(t) compact subset of X, such that

{x e X: F(x) <t} CK(b).

We notice that if X is compact, coercivity property is trivial, since we can choose K(t) = X for
every t € R.

We are ready now to state the weakened version of Weierstrass Theorem.

THEOREM 1.18 (Tonelli-Weierstrass). Let X be a metric space, F : X — [—00,4o00]. Assume that F is
lower semicontinuous and coercive. Then F admits at least a minimum point in X.

PROOE. If F(x) = +oo for every x € X then there is nothing to prove, since every x € X is a

minimum point. So we can assume that inf F(x) = m < 4o0. Let t > m and by assumption we
xeX
can consider the compact set K(t) containing {x € X : F(x) < t}. We have

inf F(x) = inf F(x).
xeX xeK(t)
Let now {x, },,ey be a minimizing sequence. For sufficiently large n we have F(x,) < t thus
xn € K(t) which is compact. So there exists a subsequence {x, }ren converging to ¥ € K(t). By

lower semicontinuity:
F(x) < liminf F(x,, ) = lim F(x,) = m,

k—o0 n—00
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and this implies F(X) = m so ¥ is a minimum point for F in K(f) and in X. O

LEMMA 1.19. Let X =R", F : X — [—o0, +00|. Then F is coercive if and only ifH lﬁm F(x) = +o0.
X||—00
PROOE. Fix t € R. By assumption, there exists M = M(t) > 0 such that if ||x|| > M(t) then
F(x) > t. But this implies

{xeX:F(x)<t}C{xeX:|x| <M}
Since we are in R", the set K(t) := B(0, M(t)) is compact, so F is coercive.

Conversely, assume that F is coercive. In that case, if {x, },eN is a sequence with ||x, || — oo and
such that 1211 F(x,) exists, we must necessarily have 1311 F(x,) = +o0. In fact, if by
n o n [ee]

contradiction nlgr(}o F(xy) < ¢ € R, we should have x, € K(¢+ 1), for n sufficiently large. But in

this case, since K(¢ + 1) is compact thus bounded, we could not have ||x,|| — 0. So for every
sequence such that ||x,|| — oo and lgn F(xy,) exists, necessarily we have 1211 F(xn) = 400, thus
n—oo n—oo
liminf F(x) = +oo,
[[x]|—o0
but this implies

lim F(x) = +oo.
[l [ oo

Summarizing, we have obtained the following fact:

lower semicontinuity + coercivity = existence of points of minimum.

EXERCISE 1.20. We will prove Tonelli-Weierstrass Theorem without assuming that X is a metric
space.

(1) Prove the following topological version of Weierstrass theorem: let f : Z — Y be a
continuous map between two topological spaces Z and Y. If Z is compact then f(Z) is
compactin Y.

(2) Define T := {]a,+o0] : a € RU{—o00}} U {[—00,+00],D}. Prove that T is a topology
on RU {£oo}.

(3) Let X be a topological space, f : X = R U {00} be a map, and xg € X. Prove that f is
continuous at xgp when we endow R U {£co} with the topology 7 if and only if f is
lower semicontinuous at xy (w.r.t. the usual topology on R U {+o0})

(4) Prove that K C RU {%oo} is compact for the topology 7 if and only if infK € K.

(5) Conclude the proof of the theorem.

SOLUTION.
(1) Let { Vi }acr be an open covering of f(Z). Set

Uy=f (Vi) ={x€Z: fz) € V,}.

Since f is continuous, U, is open. Given x € Z, there exists ay € I such that f(x) € V,,

since
flx) € f(Z) € U Va,
acl
thus x € Uy,. In particular, we have that {U, } 4¢; is an open covering of the compact set
Z. So there exist N € N\ {0}, and a1, ..., ay € I such that
N
Z = U ulxi/
i=1
and so
N N N
f(2)=f (U Uuq) = U fUs) = U Ve,
i=1 i=1 i=1
thus from the open covering {V; }oe; of f(Z) we have extracted a finite subcovering,
and so f(Z) is compact.
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We have RU {£c0}, @ € T. Given a family of elements of 7 if at least one of them
coincides with [—o0, +00], then the union is [—co, +00] € 7. If all the elements of the
family are @, then the union is @ € 7. In the remaining cases, we have that the union of
all the elements of the family coincides with | J ], +c0] for a family

ael
{ratact S RU{—oo}. If r € | J]ra, +00] we have that there exists & € I such that r > ry,

ael
and so r > inf _; r,. Conversely, let r > inf

r > 14, in particular

vc1 Ta- Then there exists & € I such that

U]rﬂ/ +OO] = ‘| lnf To, +oof € T/

acl ael

since inf, 7, € RU {—oo}. It is trivial to verify that a finite intersection of element of
T belongs again to 7.

Suppose that f is 1.s.c. at xg. We prove that the inverse image of every open
neighborhood of f(xg) w.r.t. the topology 7 is a neighborhood of xp in X. An open
neighborhood of f(xg) is of the form W, =|f(xg) — r, +o0] for a certain r € R. Since

sup inf f(y) > f(x),
V open yeV\{x}
xg€V

there exists an open neighborhood V; of x such that

inf  f(y)+52> sup inf f(y) > f(x),

yeVi\{xo} Voopen yeV\{xo}
xg€V

N~

and so for all y € V; we obtain

’
Fy) = flx) = 3 > fx) =,
thus for any W; there exists a neighborhood V; of xg such that f(y) € W, forall y € V;.

Conversely, assume that the inverse image of every open neighborhood of f(x)
w.r.t. the topology 7 is a neighborhood of x in X. In particular, for any r > 0 the set
{y: fly) > f(x0) —r} = f1(]f(x0) — r, +0o0]) is a neighborhood of xg in X. In
particular, there exists an open neighborhood V of xq such that f(y) > f(xg) — r for all
y € V.Soforallr >0,

sup inf f(y) > inf f(y) > f(xo0) —7
VOI;‘:;‘ yeV\{xo} yeV\{xo}
Xo

which, by letting ¥ — 07, implies

lminff(y) = sup inf f(y) > f(xo),

v V open yeV\{x}

xoeV

ie., fisls.c. at xp.
Let K satisfying inf K € K and take an open covering of K. If [—o0, +-o0] belongs to the
covering, then trivially we can extract the finite subcovering consisting only on
[—o0, +00] to cover K. Otherwise, any union of sets of the form |r,, +o0], « € I, cannot
cover K unless there exists & € I such that r; < inf K. In this case, we have that
K Clry, +00], thus we have extract a finite subcovering of K. Conversely, assume that
infK ¢ K, and take a sequence {x, } e, X — inf F with x,, > k. We have

U ]xn/ +OO] 2 K/
nelN

but we cannot extract a finite subcovering of K from ]xn, +oo], x € N.
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(5) Let f: X — RU {+£oo} be Ls.c. and coercive. If inf F(x) = +oo, then the minimum is
+o0 and it is achieved at every x € X. Otherwise, given m € R, m > inf F(x), there

exists a compact K C X such that Fx < mand inf F(x) = inf F(x). Endowing
xeK xeX
R U {+£o0} with the topology T, we have that F is continuous, and so F(K) is compact.

In particular, inf F(K) € F(K), thus there exists ¥ € K such that F(X) = inf F(K), and so
% is a point of minimum for F on X.

Summary of Lecture 1

e Given a nonempty set X and a map F : X — R U {£oco} we consider the basic
minimization problem inf, _ F(x).
e The main features of the problem are:
- existence of solutions, i.e. existence of minimizers ¥ for F with F(%) € R,
- necessary conditions, i.e. properties that a minimizer satisfies,
- sufficient conditions, i.e. properties that, if satisfied, give a minimizer.
e Perron’s paradox taught us that using necessary conditions without an existence
result can be quite dangerous.
e We notice that a priori there is no topology given on X.
e Without a topology on X, we speak only about absolute minimizers, which are in-
dependent from the topology. Local minimizers are instead related to a topology.
o We are free to choose any topology on X in order to study the problem, in particular
to have existence.
e A topological criterion yielding existence is the Weierstrass theorem: if X is compact
and F is continuous then F admits maximum and minimum.
o This overexceeds our needs: we want to relax the assumptions of Weierstrass theo-
rem, but still retaining the existence of the minimum.
o To this aim we introduce
— the concept of lower semicontinuity, which is a weakened form of continuity. A
function is l.s.c. iff it has closed graph.
— the concept of coercivity, i.e. for each sublevel there is compact set containing
it.
o We ended up with the Tonelli-Weierstrass theorem: if F is 1.s.c. and coercive, then F
admits minimum on X.

2. Lecture of 5 october 2018: Weak topologies, convex sets and convex functions (3h)
During the previous lecture, we discussed the problem of the existence of minima, obtaining a
more general version of Weierstrass Theorem suitable for our purpouses:

lower semicontinuity + coercivity = existence of points of minimum.

When we study the general minimization problem inf F(x), is not given a priori any topology
xeX
on X. To determine a suitable topology on X to have existence of solutions is a part of the

problem.
L.s.c. functions enjoy intresting stability properties:

LEMMA 2.1. Let {F;};c; with F; : X — [—o0, 40| for every I € I be a family of l.s.c. functions, let
Fi,F : X — [—00,400] be Ls.c. functions, and let A > 0. Then:

(1) AFF+ FEisls.c.;
(2) Defined F(x) := sup;.; Fi(x), we have that F : X — [—o0, +00] and F is Ls.c.
PROOF. The first statement follows from the properties of the limits:
AF(x) + F(x) < /\h;r; inf Fy (y) + h;gi?f B(y) < li%i?f()\a (y) +E®)),

For the second, we have
epiF = ﬂ epiF;,

i€l
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since by assumption epi F; is closed for all i € I, we have that epi F is also closed, thus F is
Ls.c. 0

We notice that:

(1) avery strong topology on X make easier to obtain lower semicontinuity, but more
difficult to have compactness and then coercivity;

(2) avery weak topology on X make more difficult to have lower semicontinuity, but easier
to have compactness and then coercivity.

EXAMPLE 2.2. Let ¢ € X := L?(0,1) be fixed. We are intrested in the following minimization
problem:

inf Fg(u),

ueX

where Fy : L?(0,1) — R is defined by

%ﬁﬁﬁzélmﬁﬂaﬁ—szﬁﬁuOﬁﬁ

We notice that, indeed, the problem is trivial: in fact we have
1 1 1 1
Few = [ uPar—2 [ gumdr+ [Clgt)Pdr— [Clg(t)Par
1 1
= | ()P = 25(0yu(t) +1g(0) dt = [ 1g(t)dr
1 2 1 2 1 2
= | Wt =g at= [ lgnPdr= ~ ["|g(0)2at

and, on the other hand,
1
Felg) =~ [ ls()Pat

and so we conclude that ¢ is a minimum point in X for F; and the value at the minimum is Fg(g).

We are now intrested in testing the assumptions of the generalized Weierstrass Theorem in the
above simple situation. Suppose to endow X = L2(0, 1) with the strong topology of the norm
| - ||;2 coming from the scalar product of L?. Then we have

Fo(u) = [lulf. —2(g,u) 2.
Let us check the assumption of the Tonelli-Weierstrass Theorem:

(1) The functional is continuous, indeed, given a sequence {u, } e in L2(0, 1) converging
to u € L2(0,1) according to the norm of L?(0, 1), by Schwarz’s inequality we have:

[Fg(un) = Fg(u)| = ‘Ilunlliz — lJullfz = 2(g, un — ) 2

< [llwallf = ll] +2 (g 100 — w) o
< un — s+ u) 2|+ (gl 2 lun —ull 12
< N — w2l 4 well 2 + N8l 2 llwn — ullr2
< Jtn — ull 2 (it + ull2 + ligll2) = 0, pern — oo,
since the term in brackets is bounded. Being continuous, in particular the functional is
lower semicontinuous.
(2) We check now the coercivity property. We preliminary observe that
Fo(u) < [lulifz +2ull 2l 2-
Let us consider the sequence of functions {uy(t) := sin(27tkt) }xen. We have
2 1 ’ 1 2 ’ 1
HWM:A|mmmnm:EA sind (kx) dx = -,
thus 1
Fo(u) < 5 + V22 = M.
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If F; was coercive, it should exist a compact K = K(M) such that 1, € K(M) for every
k € IN. But in this case it would be possible to extract from {1y }xcy a subsequence
{ukj }jen converging in L? norm to a function i € K(M). According to
Riemann-Lebesgue’s Lemma, we have for every ¢ € L2(0,1)
1

lim (uy, @) = lim [ ¢@(x)sin(27kjx) dx =0,

j—oo j—00 J0
and in particular:

lim <1/lk., I/_l> =0,
j—oo

but we should have also

lim (uy, @) = (,1@) 2 = [a]|%,
J—=oe

thus 7 = 0. But this leads to the following contradiction
1

5 = lugllz = flall2 = 0.

Thus the functional is not coercive.
We recall now from the previous courses in calculus the following definitions:

DEFINITION 2.3 (Topological dual). Let E be a Banach space, we denote by E’ its topological dual,
ie.,

E':={f:E— R: fislinear and continuous}

The space E’ is a Banach space endowed with the following norm:

Ifle = sup L)

sup .
xebvjoy NIl

We recall that if dim E < 4-co then every linear map is also automatically continuous. This fact is
no longer true when E has infinite dimension.

DEFINITION 2.4 (weak topology). The weak topology o(E, E') on E is the weaker topology on E
(i.e. with minimal number of open sets) such that allthe elements of E’ are continuous. Given a
sequence {x, },eN in E and x € E we say that x,, weakly converges to x and write x,, — x or

xy, — xino(E, E') if

(f xn)p e — (f,x) inR, forall f € F/,

where we denote with (f, x,)p g = f(xn) € R the evaluation of f at x;,.

THEOREM 2.5 (properties of the weak topology). The weak topology enjoys the following properties:
(1) The weak topology is Hausdorff (equivalently, if the weak limit exists, then it is unique).
(2) Given xq € E, a basis of neighborhoods of xg for o(E, E') is given by finite intersection of sets of
the form
Vi={xeE: [(f,x—x0)p g| <e}
wheree >0, f € E.
(3) If x — x strongly (i.e., according to the norm of E, equivalently if ||x, — x||g — 0) then
Xn — X, the converse in general does not hold.
(4) If x,, — x then ||xy|| £ is bounded and ||x|| g < ligglf |0 || E-
(5) Ifxp — xand || fu — fllgr — 0 then f,(x,) — f(x).
(6) If E is finite-dimensional, the weak and the strong topology coincide on E, otherwise the weak
topology is strictly weaker.

PROOF. See Propositions I11.3, 111.4, I11.5, I11.6 at pp.52-54 of [3]]. ]
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DEFINITION 2.6 (Convex sets). Let X be a vector space on R or C, F C X a nonempty set. We
say that F is convex if for every A € [0,1], x,y € F we have Ax + (1 —A)x € F.

It is immediate to prove that a nonempty arbitrary intersection of convex sets is convex, thus
given a nonempty set S, is possible to consider the intersection of all the subsets of X containing
it. This intersection, called co(S), is the smaller convex set (in the sense of inclusion) containing S
and is named the convexification or convex hull of S. If holds:

n n

co(S) := { Ajxj:n €N, A € [O,l],x]' € Sforall0 <j<m, Z/\j = 1},
j=0 j=0

set of all finite convex combination of elements of S.

Since the intersection of an arbitrary family of closed sets is closed, is possibile to dermine also

the smallest closed convex set containing S, which is the intersection of all the closed convex sets

containing S and coincides with ¢o(S), i.e., the closure of the convex hull.

Attention: the closure of the convex hull in general does not coincide with the convex hull of the
closure!

EXAMPLE 2.7. Consider a separable Hilbert space with orthonormal basis S = {e¢; },cn. Given
two elements ¢;, ¢; € S with i # j we have |le; — ¢;| = V2,50 S = S is closed. Thus co(S) is the
set of finite convex combinations of elements of S. We show now that 0 ¢ co(S). Indeed, since all
the elements of S = § are linearly independent, we have

N
0= Z )\iei
i=1

if and only if A; = 0 for all 7, but in this case 0 ¢ co(S) because we must have A; > 0and Y_A; =1
so at least one of the A; must be nonzero.

However, it is well known that e; — 0 for i — oo, in particular 0 € coS (since e; can be viewed as
a convex combination made of a single element) because strong and weak topology coincides on
convex sets.

EXAMPLE 2.8. Set X := L?(—7t, 7r) with the strong topology. Consider
1 cos(kx) sin(kx) }
S:= , , ,keIN\{0
v e o)
Given f1, f €S, fi # fo, wehave || fi — f2|| > V2,50 S = S and it is closed. Thus co(S) is the set

of finite convex combinations of elements of S, in particular co(S) € C®(] — 7, 7t[). On the other
hand, for every N € IN, consider the function fy : [, 1] — R defined by

Such function belongs to co(S) for every n € N and converges in L? to

6 & sin(nx)
fol®)i= T L =2
The sequence of the first derivatives converges in L? to

o) = s

but such function is not continuous in x = 0, thus fe € ©0(S) \ co(S).

DEFINITION 2.9. Let E be a vector space, A, B nonempty subsets of E, f : E — R be a linear
function not identically 0, and & € R. We say that
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(1) H is the hyperplane of equation f = w if

H:={x€E: f(x)=a};

(2) H separates A and B in the weak sense if f(1) < a and f(b) > a foreverya € A, b € B;
(3) H separates A and B in the strict sense if there exists ¢ > 0 with f(a) < a — ¢ and
f(b) > a+eforeverya € A, b€ B.

If E is a normed space, then H is closed in E if and only if f is continuous.

We recall now the geometric form of Hahn-Banach’s Theorem:

THEOREM 2.10 (Hahn-Banach, geometric form). Let E be a normed vector space, A, B C E convex,
nonempty, disjoint.

(1) If Ais open, then there exists a closed hyperplane separating A and B in the weak sense;
(2) If Ais closed and B is compact, then there exists a closed hyperplane separating A e B in the
strict sense.

PROOF. Omitted. See Theorem 1.6, 1.7, pp. 5-10 in [3]. O

EXERCISE 2.11. Let X be a topological vector space (i.e. a vector space endowed with an
Hausdorff topology such that the sum and the multiplication by scalars are continuous), C C X
be a nonempty convex set.

(1) if int C # @ then int C is convex;
(2) Cis convex;
(3) ifintC # @ then C = int C.

SOLUTION. Lety € X be fixed. The function f :]0,1[x X x X — X defined by

fAxy) =Ay+(1—-A)x

is continuous. Moreover, for every fixed A €]0,1[ and y € X, the function
x = fya(x) := f(A, x,y) is invertible with continuous inverse given by:

z—A
gya(z) = .

So for every fixed A €]0,1[, y € X, the function x  f, ) (x) maps open sets on open sets. By
convexity, we have also that if y € C and A €]0, 1] then f, A (x) € C for every x € C.
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Let C be a convex set with nonempty inte-
rior, x1,xp € intC. We must prove that
y:=Ax1+ (1= A)x; € intC,

forevery A €]0,1]. Fix A €]0, 1], by assump-
tion there exists an open neighborhood V of
xo contained in C, and so fy, A(V) C C by
convexity. Sincey € fy, A(V)and fy, (V) is
open (since fy,, A(+) maps open sets to open
sets), we conclude that y € intC.

Suppose now that x,y € C and take A €
10,1[. Setz = Ax + (1 — A)y, and we want to
prove that z € C. Since the map (x',y’) —
Ax"+ (1 —A)y’ is continuous, for any neigh-
borhood V;, of z there are neighborhoods Uy
and U, of x and y respectively such that if
x' € Uyandy' € U, then Ax' 4+ (1 - M)y €
V.. By assumption, we have U, NC # @
and U, NC # @, since x,y € C. By con-
vexity, z/ = Ax' + (1 —A)y’ € CNV; for all
x' € UyNnCandy € U, NC. In particular,
for any neighborhood V, of z we have that
7 € V,NC # @and so z € C, thus C is
convex.

We prove that C = int(C). Trivially, C 2O int(C). We prove the converse inclusion. Let now z € C.
We have to prove that for every open neighborhood U; of z we have U, NintC # @. By
construction, we have U, N C # @, thus let x € U, N C. Choose y € int(C), A €]0,1], and
consider the open map f, (-). Since by assumption there exists V;, C C, V;, open, we have that
fxa(Vy) € Cforall A €]0,1[, and it is open. Thus fy ) (y) = Ax+ (1 = A)y € fy (V) C int C for
all A €]0, 1[. By continuity of the map A — f(A,x,y) on [0,1] and the fact that x = f(1,x,y), the
inverse image of the open set U, which is also a neighborhood of x, is an open subset of [0, 1], in
particular, there exists A €]0,1[ such that f ()A\, x,y) € U,. Hence f (;\, x,y) € U; NintC, which is
nonempty.

EXERCISE 2.12. Let X, Y be topological vector spaces Let L : X — Y and ¢ : X — R be linear,
beY,ceR. Define P: Xx]0,+o0o[— Xby P(x,t) =x/t,Q: X — Yby Q(x) = Lx+ b,
R:X = RbyR(x) =/¢(x)+¢c, S(x) = g((i)) Prove the following assertions

e for any family of convex sets {C;};¢c, if C := ﬂ C; # @, then it is convex;
i€l
for all C C X convex, the set Q(C’) is convex;
forall C' € Q(X) C Y convex, the set Q~1(C’) is convex;
for all C C X convex, we have that P(C, t) is convex for all ¢ > 0;
for all C’ C P(X) C X convex, we have that P~1(C’)} is convex;
for all C C X convex such that R(C) C]0, +o0[, we have that S(C) is convex;
forall C" C S(X) N R~1(]0, +e0[) C X convex, we have that S~1(C’) is convex.
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DEFINITION 2.13. Let E be a normed space, H be a closed hyperplane of equation f = a«, A C E,
a € A. We say that H is a supporting hyperplane to A at the supporting point a if a € H and at least
one of the following conditions holds true:

(1) either f(x) < aforallx € 4;
(2) or f(x) > aforall x € A.

Geometrically, we have that A is entirely contained in at least one of the closed half-spaces:
HY:={x€E: f(x) >a}, H :={x€E: f(x) <a}.

We say that a convex set is strictly convex if every supporting hyperplane intersects it in a unique
point. 22

Hahn-Banach’s Theorem now yields:

COROLLARY 2.14. Let E be a normed space, A C E be convex.

(1) ifint (A) # @, then every point of the boundary of A is a supporting point;
(2) every closed convex set is the intersection of all the half-spaces containing it;
(3) a convex set is weakly closed if and only if it is strongly closed.

We notice that if E = R?, every nonempty closed subset A admits supporting hyperplanes at
every point of the boundary without additional assumptions.

THEOREM 2.15 (Mazur). Let X be a normed space, E be a totally bounded set. Then H := co(E) is
totally bounded.

PROOF. Lete > 0, U = B(0,¢). Set V.= B(0,¢/2). There exists a finite set E; such that
E C E; + V. Let H = co(E;). Denoted E; = {ey, ...,em }, we consider the set

m
S := {(tl,...,tm) eR":t;>0foralli = 1...m,2ti = 1},
i=1

(m-dimensional simplex) and the map ¢ : S — Hy, 0(t1, ..., tm) = /", tie;. The map o is
continuous and surjective, thus since 5 is compact also H; is compact. Given x € H, we have
that x = a1x1 + ... + apx, where a; € [0,1], x; € Eforalli = 1..nand a1 + ... + &, = 1. By
definition of Eq, there exist y; € E; such that x; —y; € V fori =1, ...,,n. We decompose x in the
sum x = x' + x” with ¥’ = Y a;y; € Hy and x” = ¥ a;(x; — y;). By convexity we have that

x" € V,so E C Hy + V. By compactness, there exists a finite set F such that H; C F + V, so

E C F+V 4V C F+ U. By arbitrariness of € and hence of U the proof is concluded. O

COROLLARY 2.16. If X is a normed space and {x, }nen € X weakly converges to il then there exists a
sequence of convex combinations {vy }neN of {xn }nen C X such that v, converges to ii and
n n
Uy = )\kxk, Z)\kZL )\kZO, 1§k§n.
k=1 k=1

We have already noticed that if F is a L.s.c. function with convex epigraph w.r.t. strong topology,
it remains L.s.c. also if we equip the space with the weak topology. So if we pass from the strong
topology to the weak topology, from one side we are not threatening the lower semicontinuity of the
functions with convex epigraph, and on the other side in general, may help to prove coecivity and
level set compactness.

It turns out to be natural, in this framework, to study the minimization problems of lower
semicontinuous functionals with convex epigraph.

DEFINITION 2.17. Let X be a vector space, F : X — [—o0, +00]. We say that F is convex if
F(Ax+ (1 - A)y) < AF(x) + (1 - A)E(y),

for every A € [0,1] and for every x,y € X such that we have not F(x) = —F(y) = oo, i.e. the
right hand side is not +co — 0o or —co + co.
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n
By induction, if x1,...,x, € X and Ay,..., A, € [0,1] with Z)‘i =1 then
i=1

F (i /\ixl) < i/\il:(xi)/
i=1

i=1
if the right hand side is well-defined (i.e. it has no expressions +oco — co).

EXERCISE 2.18. If F is convex, then {x : F(x) <u}and {x: F(x) < u} are either convex or
empty for every u € [—o0, +o0|. The converse in general fails: there are nonconvex functions F
such that {x : F(x) <u}and {x: F(x) < u} are either empty or convex for every

u € [—o00,4o0]. In particular, if F is convex then dom F is convex.

We motivate now the choice to allow F to take the value co. Consider the following constrained
minimization problem: let V C X and F : V — [—c0, +-c0|. We are interested in

inf F(x).
xeV

If is natural to redefine F by setting F : X — [—c0, o0]

o [Fx)ifxev
Flx) = {+oo, fx ¢V,

and study

inf F(x).

xeX
This problem has the same properties of the original one, but now we can take advantage of the
fact that F is defined on the whole space.
So we will always assume that our function are defined on the whole space, unless explicitely
stated. To add constraints, it turns out to be very useful the following

DEFINITION 2.19 (Indicator function). Let X be a set, V a nonempty subset of X. We define the
indicator function Iy : X — [0, 4+oo[ setting Iy (x) =0if x € Vand Iy(x) = +o0if x ¢ V. So

inf F(x)

xeVvV

becomes
inf (F(x) + Iy (x)).
xeX
Notice that Iy is a convex function if and only if V is convex, and it is L.s.c. if and only if V is

closed.
We will treat later the case —oo.

DEFINITION 2.20. Let X be a vector space, F : X — [—o0, +00] be convex. We say that F is proper
if F(x) > —oo for every x € X and there exists at least one y € X for which F(y) € R
(equivalently, F > —oo and dom F # Q).

We now clarify the link between convex functions and function with convex epigraph.

LEMMA 2.21. Let X be a vector space, F : X — [—o0, 4+00]. Then F is convex if and only if epi F is
convex. Hence, if F, G, {F; } | are proper convex functions and A > 0 we have that:

(1) AF 4 G is convex;
(2) H(x) := sup F(x) is convex.
i€l

PROOF. Left as an exercise. 0
DEFINITION 2.22. We say that F is strictly convex if epi F is stricly convex.
An immediate consequence of the definition is the following.

LEMMA 2.23. Let X be a Banach space. F : X — [—00,+00] convex and strongly Ls.c. Then it is weakly
Ls.c.
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Summary of Lecture 2

o In the previous lecture we ended sup with Tonelli-Weierstrass theorem, a powerful
topological criterion to establish the existence of the minimizer of the basic optimiza-
tion problem inf, _y F(x) where F : X — R U {=£oo}.

e More precisely, we asked F to be ls.c. and coecive to obtain existence of a mini-
mizer.

e Thus our aim now will be to identify a good topology on X in order to apply the
above theorem.

o It easy to see that a too weak topology on X will give us compactness, and hence
coercivity, for free, but it will make almost impossible to have l.s.c. property. On
the other hand, a too strong topology on X will give us continuity, and hence Ls.c.,
for free, but it will make hard to have the coercivity property.

e We have seen an example where X = L2([0,1]) in which the natural topology on X,
i.e., the topology of the norm, will prevent us to apply Tonelli-Weierstrass criterion
even for a very simple F.

e Thus, even if we restrict to the cases when X is a normed space, we have to move to
the weak topology. According to this topology, a sequence {x, },en € X converges
to x € X if and only if we have the following convergence in R

nET@(fr Xn)xt,x = (f, X)x1, %

for all f: X — R linear and continuous. We use the notation (f, x) xs x in place of
£(x).

o We made a quick review of the properties of the weak topology. The weak topology
is weaker than the strong topology of the norm. Thus it will be easier to have com-
pactness and hence coercivity. However to switch from strong to weak topology
may destroy the l.s.c. property.

e The geometric characterization of the l.s.c. told us that l.s.c. is equivalent to the
closedness of the epigraph. Thus the first step to preserve this property is to iden-
tify a class of sets for which the strong closure and the weak closure coincides.

e To this aim we introduced and studied some properties of the convex sets. Con-
vexity is a property which does not depend on the topology, but just on the linear
structure of the space.

o If we add a topological structure compatible with the linear one, we have seen that
convexity is preserved in passing to interior or closure.

o The core result of all the convex analysis is Hahn-Banach theorem, whose geometric
forms we revised carefully.

e Among the countless important consequences of Hahn-Banach theorem, we men-
tion the fact that a convex set is strongly closed if and only if it is weakly closed. By
applying this fact on the epigraph of F, we conclude that a convex function is 1.s.c.
for the strong topology if and only if it is L.s.c. for the weak topology.

e In particular, for convex functions, to pass from strong to weak topology does not
destroy the l.s.c. property.

3. Lecture of 8 october 2018: Continuity and affine minorants of convex functions (3h)

We prove now a particular case of Hahn-Banach Theorem applied to convex functions. Before it,
we recall that we can identify (X x R)" and X’ x R in the following way: given f € (X x R)’,
the couple (¢,a) € X’ x R defined as ¢(x) = f(x,0) and « = f(0,1) satisfies f(x,r) = £(x) + ar.
Conversely, given (£,a) € X' x R, we can define f € (X x R)’ by setting f(x,7) = ¢(x) + ar.

LEMMA 3.1 (affine minorants of convex Ls.c. functions). Let X be a Banach space.
F: X —] — 00,400 be convex and L.s.c. Let (x,7y) & epiF. Then there exists a continuous linear
functional ¢ : X — R, £ # 0and «, & > 0 such that

Ux) +ay <Ll(y)+ap—c¢
forall (y,B) € epiF.



3. LECTURE OF 8 OCTOBER 2018: CONTINUITY AND AFFINE MINORANTS OF CONVEX FUNCTIONS (3H) 21

PROOF. If F = +oco then epi F = @ and there is nothing to prove. So we assume the existence
of z € X with F(z) < 4o00. By assumption the closed set epi F and the compact set {(x, )} are
disjoint, so by Hahn-Banach Theorem in its second geometric form, it is possible to find a
continuous linear functional f : X x R = R and # € R such that they are stricly separated by
the closed hyperplane (closed in X x R) whose equation is f(p,r) = 1. Recalling the
isomorphism (X x R)" ~ X’ x R, we can 1dent1fy f with a couple (¢,a) € X’ x R.

b : To avoid triviality assume epiF # O or,
equivalently, dom F # @.

Choose z € dom F, thus F(z) < +o0.

Separate the closed epiF and the compact
{(x, )} with an hyperplane whose equation
is £(p) + ar = 17 in such a way that

(7)€ He = A{(p,r) : L(p) +ar <1y —e},
epiF C HS = {(p,7) : U(p) +ar > 5 +¢}.
The separation is strict, thus & > 0.

Since {z} x [F(z),+0o[C H;", we must have
a > 0.

If x € dom F then « > 0: otherwise, if « = 0

% i "v R —
+ NIV — the conditions (x,y) € H; and (x,F(z)) €
H N A HE epi F C H;f lead to a contradiction.

Assume x ¢ dom F and & = 0, thus ¢(x) < 5 < {(y) for all y € dom F, or equivalently,

l(y) —€(x) > n—4L(x) >0forally € domF. Since z € dom F, we take u < F(z) and we can
separate (z,u) ¢ epiF from epi F by an hyperplane of equation ¢'(p) + &/(r) = ’ in such a way
that ¢/(z) + a'u < ¢(y) +a’B forall (y,B) € epiFand a’ > 0.Set =kl +¢',& = &’ > 0 and
choose k such that #(x) + &7y + ¢ < ¢(y) + ap for all (y, B) € epi F. Substituting, we obtain

U(x) +a'y — (U (y) +o'B) +
k= ) — ()

The denominator of the right hand side is larger than 77 — ¢(x) and the numerator is less than
V'(x) +a'(x) — (¢'(z) + a’u) + ¢, thus the inequality is fulfilled by choosing

£, forall (y,B) € epiF.

O(x)+a'y—(0(z) +a'u)+e
k> =) .
O

EXAMPLE 3.2. Assume that X = R, F : X —] — 00, +-00] be convex and l.s.c. Let (xo, o) é epiF.

In this case, X' = R, thus according to the previous theorem, we have that there exists m’ € R,
« > 0, and # such that

m'xg+ayg <y <m'x;+ay; —e

forall (x1,y1) € epiF. Since & > 0, we can divide all by « and define m = m'/a, g =1/«
obtaining that the line y = mx + g stricly separates (x¢, o) and epi F. So since « > 0 we have
find that the separating line is not vertical. More precisely, if we can separate (x, 1) from epi F
with a vertical line, we can also make the separation with a nonvertical line.

We discuss now the case of convex l.s.c. functions which take the value —oco

LEMMA 3.3. Let X be a Banach space, F : X — [—o0, +00] be convex and l.s.c. If there exists ug € X
such that F(uy) = —oo then dom F = @.

PROOF. By contradiction, suppose dom F # @, in particular there exist i € X and 4 € R
such that @ < F(i1) € R. By lemma 3.1 there exist £ € X’ and & > 0 such that

(i) +aa < L(y) +ap



22 1. FIRST PART

for all (y, B) € epiF. Taking y = uy, since (1o, B) € epiF forall B € R, and dividing by & > 0 we
have

1
By letting f — —oco we obtain a contradiction, since the left hand side is finite. O

We are going now to state some results about continuity of convex functions. We will prove that
a convex function cannot be have as discontinuity jumps of finite length (in other words, we
cannot have that lim sup and lim inf are different and both finite). Convexity gives to the
function a rigid structure, which we are going to examine.

The rigidity of the convex functions allows us in a certain sense to transfer information from one
point of the domain to another one.

PROPOSITION 3.4. Let X be a topological vector space. Let F : X — [—o0, 4-00] be convex. The
following are equivalent:

(i.) there exists u € X with F(u) > —oo, a € R and a neighborhood W of u, such that F(v) < a for
allv e W;
(ii.) there exists u € dom F such that F is continuous at u;
(iil.) there exists a nonempty open set O and a € R such that F\o is not identically —oo and
F(v) <aforallv € O;
(iv.) F is proper and is continuous in the interior of its domain, which is nonempty;
(v.) if X is a normed space, then the domain of F has nonempty interior and F is locally Lipschitz
continuous on the interior of dom F.

REMARK 3.5. Notice that if we have just information on a subset of the domain of F (local
information), we are still able to derive global regularity properties for F.

PROOF.
(i.) <= (ii.). Trivially (ii.) = (i.). Let us prove the converse implication. Up to translation, without
loss of generality, we can assume # = 0 and F(u) = 0 and that SW C W forall || <1
(if X is a Banach space, we take W = B(0, ) for a suitable 6 > 0). By assumption, we
have co {W x {a},(0,0)} C epiF, thus for every 0 < ¢ < 1if x € eW, hence x/e¢ € W,
we must have

F(x):F(e~g+(1—s)~O) gaP(%)Jr(l—e)F(O) < ea.

Moreover, since also —x € ¢W, we have F(—x) < ea, thus

1 1 1 1 1 1

= = — . —(— < — — —_ < = — .

0= F(0) F(2 x+2( x)) 72F(x)—|—2F( x)izl-"(x)+2 ea,
which implies F(x) > —ea. Thus we have |F(x)| < ea for all x € eW, which yields

continuity of F at u.

(ii.) <= (iii.) By continuity, we have (ii.) = (iii.). Conversely, (iii.) implies that there exists at least
one point in O fulfilling (i.), hence F is continuous at that point, thus (ii.) is fulfilled.

(iii.) <= (iv.) Trivially, (iv.) = (iii.). Conversely, assume (iii.). Since F is continuous in at least one
point of O, in particular is bounded around that point, by possibly shrinking O we can
assume that O C intdom F. and F|O is bounded, hence there exists a € R such that
F(x) <aforallx € O. In particular, intdom F # @. Letu € O, v € intdomF, v # u.
For p > 0 sufficiently small z, := u 4 (1 + ) (v — u) belongs to int dom F since z,, — v
for 4 — 0T. Fix 1 > O such that z, € intdom F, and let B > F(z,). For any fixed
A €]0,1] consider the continuous map f)(x) = Ax + (1 — A)z,. As already observed,
this map is invertible and its inverse is continuous. Moreover,

fa) =Au+ 1 =A) (ut+ A +p)(o—u) = A —p+Apu+ (11— (A —p+Ap)o,
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thus choosing A = -

1+p

€]0,1[, we have f) (1) = v. Moreover, f,(O) is an open

neighborhood of v and given y € f,(O), we have y = f,(x) for a certain x € O
F(y) = F(fu(x)) = F(Ax+ (1= A)zy) < AF(x) + (1— A)E(z,) < Aa+ .

Since F is bounded from above in a neighborhood of v, we have that it is continuous at

0. By the arbitrariness of v € intdom F, we have that F is continuous in intdom F.

Trivially, (v.) = (i.). Conversely, assume (i.). Without loss of generality, we can take

u=0,F(u) =0and W = B(0,0). Take v1,v, € B(0,6/2), v1 # vy and set

H= 2o — o]

fa(x) = x + A(z, — x), noticing that for A = 1-|1-M we have f, (v1) = vp, moreover,

F(vp) = F(fﬁ(m)) < F(o1) +

2
thus F(vp) — F(v1) < o

T 1+u

IF(03) - F(o1)] < —2~

_1
14+pu

2a
14+pu

[F(zu) = F(v1)] < F(o1) +

7

. Reversing the roles of v1, v, we have

2a

daflog —vaf| _ 4a

| < =
14+pu 1+

)

2[jo1—v2|

REMARK 3.6. Taking F(x) = 1for x > 0 and F(x) = —1 for x < 0, we see that these properties
are far from being true if F is not convex!

\

= Sralor oy = sl

Without loss of generality, (u, F(u)) =
(0,0), and W = B(0, d).

We have eW C W for all |e] < 1.

Given v € ¢W, we have v/e €¢ W
and £v € eW, thus by convexity of
epiF, the triangle co{(0,0), (+v/¢,a)}
is contained in epi F, hence the graph
of F restricted to the segment joining
(£v/¢,a) must be below that triangle.

We write +v as convex combination of
0 and +v/¢e with coefficients %Jrg and ¢,
obtaining F(+v) < eF(+v/¢) = ¢a.

On the other hand, since 0 is the mid-
point of that segment, by convexity the
value of the function at 0 (i.e. 0) must
be below the midpoint of the values of
the function at +v.

This implies that the sum of the values
of the function at v must be positive,
and since F(—v) < ea, we have F(v) >
—ea.

Thus |F(v)| < ea, which yields conti-
nuity by letting e — 0.

EXERCISE 3.7. For every ¥ € H}(Q),6,M > 0and x* € H 1(Q) \ L2(Q) there exists
xp € HY(Q) with ||x — xp]];2 < 6 and (x*,xM>H,1IH[1) > M.

23

> 1. Notice that z, := vy + p(v2 — v1) € B(0,0). As before, we consider

PROOF. Since x* ¢ L2, it cannot be continuous for the L2-norm, otherwise we have x* € L2,
thus there exists a sequence {x, },en € C(Q) such that x, — 0in L? and (x*,x,) — +co. The
general case can be obtained by translation.

O
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We have already seen that a closed convex set coincides with the intersection of all the closed
half-spaces containing it. If the closed convex set is the epigraph of a convex l.s.c function

G : X — [—00,+00], this can be equivalently stated by saying that epi G coincides with the
epigraph of the function defined as pointwise supremum of all the affine continuous function
whose graphs are below the graph of G, since their epigraphs form a family of closed half-space
containing epi G, and the pointwise supremum yields the intersection of the family. We will
precise now that notion.

DEFINITION 3.8. Let X be a normed space, F : X — [—0c0, +-00] be a function (not necessarily
convex). Define

F(x) =sup{h(x): h: X — [—o00,400] is Ls.c. and h(y) < F(y) forally € X}.

Since the pointwise supremum of l.s.c. functions is 1.s.c., we have that F is the largest 1.s.c.
function everywhere less or equal to F, we will call F the L.s.c. regularization of F.

LEMMA 3.9 (closure and convexification of epigraphs). Let X be a normed space,
F: X — [—0c0,400] be a function (not necessarily convex). Then:

(1) there exists G : X — [—o0, 4+00] such that epi G = epi F, moreover we have
G(x) = lim inf F(y).
r=0% yeB(x,r)
(2) there exists G : X — [—o0, +00] such that epi G = co(epi F);
(3) epiF = epiF.

PROOF. We define:
G(x) =inf{B € R: (x,B) € epiF},
G(x) =inf{B € R: (x,B) € co(epi) F},

where we set inf{@} = +co.

(1) If (%, B) € epiF then (¥, B) € epiF thus G(x) < Band so (%, B) € epi G. Hence

epi F C epiG. Conversely, assume that (x, 3) € epiG. By definition, there exists
{€i}nen € Rsuch that {(x, &) }uenw CepiFand B < &, < B+ 1/nforalln € N. Since
(x,&1) — (x,B) in X x IR, by the closedness of epi F we obtain (x, 3) € epiF.

So we have epi F C epi G C epiF, and by taking the closure we have epi G = epi F.
Define now G’(x) = lim inf F(y), we want to prove epi G’ = epiF, thus G = G'.

r=0% yEB(x,r)

Suppose to have (x, B) € epi G/, then there are sequences (x,,, ) € epi G’ such that
Xn — X, By € B, and

Bn > G'(xy) = lim inf F(y)> lim inf F(y) = G'(x),

r—0* YEB(xn,7) r—0t YEB(x,r+|x—xp])

and so f > G/(x), thus epi G’ is closed. Moreover, suppose to have (x, B) € epiF, then
there are sequences (xy,, B) € epiF such that x, — x, B, — B, and

Bn > F(xy) > lim inf F(y) > lim inf F(y) = G'(x),
=0 yeB(xn,r) r=0% yeB(x,r+|x—x4])

and so p > G'(x), thusepi G’ D epiF.

Take now a sequence r, — 0T, then { inf F (y)} is an increasing sequence
yEB(x,1y) neN

in R, and so

G'(x) =sup inf F(y)= min{liminfF(y),F(x)}.
>0 yeB(x,r) y=x

In particular, we have that G'(x) < F(x) and equality holds if and only if
F(x) < linbi}{lfl-"(y).
Y
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We have two possibilities: either (x, G'(x)) = (x, F(x)) or there exists a sequence
xn — x such that (x,, F(x,)) — (x,G'(x)) and (x,, F(x,)) € epiF. In any case, we have
(x,G'(x)) € epiF, since even if (x,G'(x)) = (x, F(x)) we can see (x, G'(x)) as the limit
along the constant sequence x, = x of (x,, F(x,)) € epiF. We conclude that
epiF = epiG’

(2) Repeat first part of the above argument replacing G and epi F with G and co(epi F),
respectively.

(3) Since F is Ls.c. and is everywhere less or equal than F, we have that epi F is closed and
contains epi F, thus by taking the closure we have epi F D epiF. Moreover, by
definition we have that G is everywhere less than F, since G is a L.s.c. function below F
and F is the pointwise supremum of all such functions, thus epi G 2 epi F.

Recalling that epi G = epi F, we have

epiF =epiG D epif DepiF,

so equality holds.
]

LEMMA 3.10. A function f : X — [—o0, +00] is Ls.c. at xo € X if and only if f(x0) = f(x0).

PROOF. We recall that f(y) < f(y) for all y € X. Assume that f(xg) = f(xo), then

f(x0) = f(x0) < liminf f(x) < liminf f(x).
Conversely, let f be Ls.c. at xo. If f(x0) = +oo the proof is concluded, otherwise let
(x0,t) € epif = epi f. We have a sequence (xy, t,) € epi f with x,, — xq, f, — t. Then
flxg) < ligiorgff(xn) < h},&},{}“n =t

so f(xg) < tforallt > f(xg). But then f(xg) < f(xo) and so equality holds. O

Among the Ls.c. minorants, a distinguished role is played by the continuous affine functions, i.e.
functions f of the form f(v) = ¢(v) + « where ¢ € X’ (so linear and continuous from X to R) and
« € R. Thus the following definition is quite natural.

DEFINITION 3.11. Let X be a topological vector space where every points has a basis of
neighborhoods made by convex sets (such spaces are called locally convex l.c.s.), we define

[(X):= {P : X — [—00,400] : F(x) = sup{fi(x)} where f; is continuous affine} ,
icl
We define its subset I'g(X) by removing from I'(X) the constant functions taking everywhere

vaues +0o or —oo.

REMARK 3.12. The pointwise supremum of elements of I'(X) is still an element of I'(X). Indeed,
let G(x) = supk;(x) with k; € T(X) foralli € I, and let x be fixed. Take any sequence ¢; — 07,

icl

and notice by definition that there exists i € I such that k;(x) < G(x) for all x € X and
G(x) — ¢ < ki(%) < G(%).
Since k; € T'(X), there exists a continuous affine function f; such that f;(x) < k;(x) < G(x) for all
x € X and satisfying k;(%) — ¢; < f;(X). So we have
G(x) —2¢; < kj(%) —¢; < fi(x) < G(X).

So G(x) = sup f;(x) hence G € T'(X).

i€l
PROPOSITION 3.13. We have that F € T'(X) ifand only if F : X — [—oc0, 4-c0] is a convex l.s.c.
function such that if there exists at least a point where it take the value —oo, then it is identically —oo.
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PROOF. Assume that F € I'(X). Since it is pointwise supremum for convex Ls.c. functions, it
is a convex l.s.c. function. Moreover, if I = @ then F is identically —co, otherwise, F cannot take
the value —oo at any point.

Conversely, let F : X — [—0c0, +00] be a convex l.s.c. function such that F(x) > —oo for every

x € X. If F is identically +oco then F is the pointwise supremum of all continuous affine functions
from X to R, if F = —oo, it is the supremum of the empty family of affine continuous function,
thus it remains the case epi F # @ and epi F # X x R.

We have already seen in Lemma 3.1 that if P := (x,u) ¢ epiF, there exist { = {p € X,

a = ap >0, e = ep such that p(x) + apu < {p(y) + app —ep forall (y, B) € epiF, or,
equivalently,

foly) = ip (—tp(y) + p(x) +ep] +u < B

for all (y, B) € epiF. Notice that the map y — fp(y) is continuous and affine (since P = (x, u) is
fixed) and we have epi F C epi fp. Moreover, we have fp(x) = 2 +u > u, thus P ¢ epi fp.
Define G(x) = sup{fp(x) : P ¢ epiF}. Clearly G € I'. Moreover,

epiG= () epifp DepiF,
Péepi F
since epi fp 2 epiF for all P ¢ epi F. On the other hand, given Q ¢ epi F, we have Q ¢ epi fo
thus Q € epi G. Hence epi F = epi G thus F = G. O

DEFINITION 3.14. Let F : X — [—00, 00| be a function (not necessarily convex). We say that G
is the I'-regularization of F if it is the largest function of I'(X) such that G(x) < F(x) for every
x € X, i.e. if it is the pointwise supremum of all function g € I'(x) such that g(x) < F(x) for all
x e X.

PROPOSITION 3.15. Let F,G : X — [—o0, 400].

(1) G is the I'-reqularization of F if and only if G is the pointwise supremum of all continuous affine
minorants of F;

(2) if F € T(X) then F coincides with its T-reqularization;

(3) if F admits at least one continuous affine minorant, and G is the I'-reqularization of F, then
epiG =coepiF;

(4) if G is the T-reqularization of F then G < F < F;

(5) if F is convex and admits at least one continuous affine minorant, and G is the I'-reqularization
of F, then G = F.

PROOF.
(1) We use the convention that inf @ = +o0, and define

G1(x) :=sup{h(x): h(y) < F(y) forally € X, h continuous and affine},
Gy (x) :=sup{k(x) : k(y) < F(y) forally € X, k e I'(X)}.

We have G1, G, € I'(X) since the pointwise supremum of elements of I'(X) is in
I(X).

Since all the continuous affine functions belong to I'(X), being sup of a family made
by a single element of continuous affine functions), the following holds:

(@) Gi(x) < Gy(x) for all x € X by definition (the sup in the definition of G; is on a
larger set than in the definition of G1), so all the continuous affine minorants of G;
are continuous affine minorants of G,.

(b) since Gy(x) < F(x) for all x € X, every continuous affine minorant of G; is a
function of I'(X) which is also a minorant of F. So by definition of Gy, every
continuous affine minorant of G, must be also a continuous affine minorant of G;.

So Gy and G; are elements of I'(X) which have the same set of continuous affine
minorants, thus G, = Gy.
(2) Trivial.
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(3) Let f be a continuous affine minorant of F. Take a Ls.c. convex function G such that
epi G = coepi F. Since

epi F Ccoepi F = epi G C epif,

we have f < G < F, and by passing to the pointwise supremum on the minorants f, we
have that G < G. Since G € I'(X) we have by definition G < G, so we obtain G = G'.
(4) Trivial by the previous items.
(5) Trivial by the previous items.

Summary of Lecture 3

e We have seen that a good framework for our minimization problem inf, .y F(x),
with F : X — R U {£o0} is to take as X a normed space, and as F(-) a L.s.c. convex
function. In this case, endowing X with the weak topology will not compromise
the Ls.c., since for convex functions strong l.s.c. and weak L.s.c. coincides. We recall
that compactness, and hence coercivity, has much more possibility to be proved
under weak topology.

e Hahn-Banach Theorem tells us that every convex and closed subset C of X x R
is the intersection of the closed half-spaces containing it. This follows from the
separation of each point P ¢ C by a closed hyperplane.

e When F is convex ls.c., its epigraph is a closed convex subset of X x R. Among
the closed hyperplanes of X x R, a distinguished role is played by the graphs of
continuous affine functions. Every graph (resp. epigraph) of a continuous affine
functions defines uniquely a closed hyperplane in X x R (resp. a closed half space
of X x R). Unfortunately, it is not possible in general to represent every closed
hyperplane in X X R by a graph of a function defined on X (e.g. the line x = 0
is a closed hyperplane in R x R which cannot be represented by the graph of a
function defined on R).

e Thus we proved a version of Hahn-Banach Theorem in order to separate every
P ¢ epiF from epiF by mean of the graph of a continuous affine function. A
consequence is that the epigraph of every convex Ls.c. function is contained in the
interserction of all the epigraphs of continuous affine function below it (called con-
tinuous affine minorants). They actually coincides if the set of continuous affine mi-
norants is nonempty.

e Moreover, since the intersection of epigraph is the epigraph of the pointwise supre-
mum, the previous representation allows us to construct functions whose epigraph
is the closed convex hull of the epigraph of a given function. This procedure can
be viewed as a regularization of the original function.

o The rigid structure of convex functions allows us to prove strong continuity prop-
erty (and in some case local Lipschitz continuity) for a convex function F : X —
R U {+o00} provided that the interior of the domain is nonempty. In particular, we
have seen that if we have at least a point # where F does not assume the value —oo
and is uniformly bounded from above, then F is locally Lipschitz continuous on
the whole of the interior of the domain of F, which is notempty since u belongs to
it.

4. Lecture of 12 october 2018: Conjugate of convex functions (3h)

The importance of the study of continuous affine minorants of convex functions can be
motivated by the following simple remark. If epi F admits at (¥, a) the supporting hyperplane of
equation f = ad, where f(x,a) = {(x) +aa and « > 0, £(x) = 0, necessarily for every given
(x,a) € epi F we have a > i for every x € X. Thus, since F(%) = 4 and we can always take

a = F(x), we obtain that ¥ is a minimum point for F and the value of the minimum is a.
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Let F: X — [—00,+00], x* € X', € R. The continuous affine function f(x) := (x*,x)x x —a is
everywhere less than F if and only if for every x € X we have.

a > (x*,x)x x — F(x).
So the following definition is quite natural:

DEFINITION 4.1 (Convex conjugate). Let F: X — [—o0, 40|, x* € X/, « € R. Define the convex
conjugate F* : X' — [—o0, +o0] (also called polar or Legendre-Fenchel transformed) of F by setting
forall x* € X’

F(x") = sup { (", x)x,x — F()}

Notice that F*(x*) < « if and only if the continuous affine function f(x) := (x*,x)x x —a is
everywhere less than F. Equivalently, (x*,a) € epi F* if and only if epi F C epi f(,« ,), where
f(x*,a) (x) = <x*rx> — Q.

Now our problem is: in order to have good regularity properties on F*, which topology is better
to endow X’ with? F* is a pointwise supremum of affine functions x* — (x*, x)x» x — F(x) (here
x is fixed). A minimum natural requirement is to ask all these functions to be continuous. This

amounts to endow X’ with the weaker topology such that the maps x* — (x*, x) are continuous
for every x € X.

From the course in Functional Analysis, we know that this topology is the weak*-topology
(X', X). We will review now some basic notions about that topology.

DEFINITION 4.2. Let X be a Banach space, X’ its dual and X" := (X')’ its bidual, i.e., the dual of
X" endowed with his norm as dual space. Then there exists an isometric embedding J : X — X"
defined as follows

(Jo, x™ ) xn xr := (x", %) xr x
forevery x € X and x* € X'. ] is trivially linear, and
1%/l = x| x-

If ] is surjective, the space X is called reflexive.
DEFINITION 4.3. The weak*-topology o(X’, X) on X’ is the smallest topology which make all the
functions of the set Jx := {Jx : x € X} be continuous. Since Jx C X", this topology is weaker
than the weak topology (X', X"') which make continuous all the functions of X”.
PROPOSITION 4.4. The following properties hold:

(1) the weak* topology is Hausdorff;

(2) given f € X', a basis for the set of neighborhoods of f in the weak* topology is given by

V=A{feX: |(f—foxi)xx| <e forallie I},
where 1 is finite, x; € X foralli € I and € > 0;

Let { fu }nen be a sequence in X', f € X', {x } nen be a sequence, x € X. Then:

(1) fu —* f (ie., fy weakly* converges to f) if and only if (fu, x)x» x — (f, x)x' x forall x € X;

(2) If fu — f strongly, then f, — f weakly in o(X', X"), and if f, — f weakly in o(X', X"") then
fn —* f (ie., weakly*, or in o(X', X));

(3) If fu = f, then || fu|| is bounded and || f|| < liminf || f,||;

4) If fn =" fand x, — x strongly in X, then (fy, xn) — (f, x).

PROOF. See [3]], Section I11.4, in particular Propositions II1.10, I11.11, II1.12 pp. 59-61. O
We recall now the following fundamental theorems:

THEOREM 4.5 (Banach-Alaoglu-Bourbaki). The closed unit ball B’ := {x* € X" : ||x*||x» <1} of
X" is weakly*-compact.

PROOF. See Theorem III.15 in [3] pp. 64-66. O

THEOREM 4.6 (Kakutani). The closed unit ball B := {x € X : ||x||x < 1} of X is weakly compact if
and only if X is reflexive.
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PROOF. See Theorem III.16 in [3] p. 66. O
If we endow X’ with the weak* topology, we have the following result.

PROPOSITION 4.7. Let F : X — [—o00,400]. The convex conjugate F* : X' — [—o0, +00| enjoys the
following properties:

(1) F*is always convex and w*-lower semicontinuous (i.e., L.s.c. with respect to weak*-topology);
(2) if F is proper (not necessarily convex), then F*(x*) > —oo for all x*;

(3) if F is convex, L.s.c. and proper, then F* is proper;

(4) if F is proper, for all x* € X' and x € X the Young’s inequality holds:

(x*, x)xr x < F(x) + F*(x¥).

PROOF.

(1) F*is a pointwise supremum of continuous affine functions, so it is a pointwise
supremum of convex l.s.c. functions, so is convex l.s.c.

(2) If F is proper, then dom F # @, so there exists x € X with —co < F(x) < +4oc0. But then
F*(x*) > (x*, x)x x — F(x) > —o0.

(3) Since F is proper, convex and l.s.c., we have F € T'(X), thus there exists a continuous
affine minorant (x*, x) — « dove x* € X’ and « € R. But then, by using the definition of
F*, we have F*(x*) < a, so F* is not identically +oco.

(4) Trivial since F*(x*) > (x*,x)x x — F(x) forall x € X, x* € X/, and the sum
F(x) 4 F(x*) is always well-defined (cannot be +co — ).

O
Immediately from the definition of F* we have the following properties:
PROPOSITION 4.8. Let F,G,F; : X — [—o0,+0o0], i € . Then:
(1) F*(0) = —inf,_y F(x);
(2) if F < G then F* > G%;
B) |infF;| = (sup F |and [sup F; | < |inf F/ |;
icl iel i€l icl
(4) (AF)*(x*) = AF*(x*/A), forall A > 0, x* € X/;
(5) defined (F + «)(x) = F(x) + a, we have (F +a)* = F* —w, foralla € R
(6) fix w € X and set Fyy(x) = F(x —w), then F,(x*) = F*(x*) + (x*, w) x x.
PROOEF. Trivial from the definition. For item (3), use Lemma 1.9. O

DEFINITION 4.9 (Bipolar). We can iterate the construction of convex conjugate considering the
bipolar of F : X — [—o00,4+00], i.e., the function F** : X" — R defined as F** = (F*)*. We have in
particular
Fr(x") = (&% x)xrx — F(x)
which implies
F(x) > (x", x)x x — F*(x") = (Jx,x") xn x — F*(x")
and by taking the sup on x* € X’ we have

F(x) > sup (Jx,x*)xn x — F*(x*) = F**(Jx).
x*eX’

The following theorem gives a full characterization of the cases in which equality holds.

THEOREM 4.10 (Fenchel-Moreau). Let X be a normed space and F : X —] — oo, +o0] be not
identically +oo. Then F = F** o ] if and only if F is convex and l.s.c.

PROOF. Suppose F = F** o ]. We already know that F** is convex. Since ] is linear, for
x,y € X, A €[0,1] we have
FAx+(1=My) = F*(J(Ax + (1= A)y)) = F*(AJx + (1= A)]y)
SAFT(Jx) + (1= MF7(Jy) = AF(x) + (1 = A)E(y),
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so F is convex. Moreover F** is Ls.c. for weak* topology on X**, so F = F** o | is convex and
Ls.c. for both the weak and the strong topology on X.

Conversely, assume that F is convex and l.s.c. Since F** o | < F, the thesis is trivial if

F**(x) = 400. Since F is proper, F* is not identically 40, and so F** > —oo. So we have to prove
that if F**(Jx) € R we have F(x) = F**(Jx). By contradiction, suppose that there exists xy € X
such that F**(Jxo) < F(xg) so (xo, F**(Jxo)) ¢ epiF. We can separate the closed epi F (recalling
that F is L.s.c.) and the compact (xp, F**(Jxp)) in the same way as we did in the characterization
of I'(X), obtaining ¢ € X', « > 0, € R such that

0(x0) +aF™(Jxo) < B:= inf (l(x)+at)
(x,t)cepi F
£, x)xr
= inf ({(x)+aF(x)) = —a sup <—<x>” - F(x))
x€dom F xedom F x
= —aF*(—{/a).
We obtain
C(xg) +aF*™(Jxg) < —aF*(—{/a)
and so ¢
<]3C0, _&>X”,X’ > F**(IXO) + F*(—K/DC),
however by Young's inequality, being F** > —oo, we should have
*k * l
F (]x0)+1: (_6/“) > <]x0/_E>X”,X’/
which lead to a contradiction. O

COROLLARY 4.11. Let X be a normed, F : X — [—o00, 00| convex but not necessarily .s.c. Then
F** o ] = F. In particular, F** o J(x) = F(x) if and only if F is Ls.c. at x.

PROOF. F** o ]isa Ls.c. minorant of F, so F** o | < F. On the other hand, if G is a convex
Ls.c. functions with G < F we have G* > F* e G** < F** so by Fenchel-Moreau Theorem, we
have G = G** o ] < F** o ]. By the arbitrariness of G, we have F < F** o J. O

REMARK 4.12. A consequence of the previous lemma, we have F*** = F*, in fact F* is convex
and ls.c., so (F*)** coincides with F* (we identify X’ with its image in X"”).

We give now some examples of convex conjugate:

EXERCISE 4.13. Let X = R. Prove that
(1) the convex conjugate of F(x) = [x|is F*(y) = Ij_11)(y);
(2) the convex conjugate of G(x) = e* is defined by G*(y) = 4+ if y < 0, G*(0) =0, and
G*(y) =y(logy —1)ify > 0;
(3) the convex conjugate of H(x) = |x|P/p where 1 < p < +cois H*(y) = |y|7/q with
1/p+1/q=1;

SOLUTION.
(1) We have

F*(y) = sup{yx — |x| } = max {sup{yx = lxl}, supyx - |x|}}

x€R x>0 x<

— max {sup{x<y 1)}, sup{x(y+ 1)}} .
x>0 x<0
Notice thatif y > 1 then sup{x(y — 1)} = +o0, s0 F*(y) = +oo, similarly, if y < —1 we
x>0
have [y +1| = —(y + 1), so

sup{x(y + 1)} = sup{—[x|(y + 1)} = sup{|x| - [y +1[} = +oo,
x<0 x<0 x>0
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so F*(y) = +oo even in this case. If -1 <y < 1wehave x(y —1) < 0forall x > 0 and
the supremum on x > 0 is attained at x = 0 and its value is 0, and similarly

x(y+1) <0forall x <0, and the supremum on x < 0 is attained at x = 0 and its value
is 0. Thus F*(y) = 0 for |y| < 1.

(2) Fixy € R and consider g, (x) = yx — e*, thus G*(y) = sup g,(x). We have

xeR
2

d d
agy(x) =y—e‘and @gy(x) = —e* < 0. This allows to conclude that g, (x) has at

most one critical point, and if g, (x) has a critical point, then it is a maximum. We have
that g, admits a critical point € R if and only if y = ¢*, i.e., ¥ = log y and this implies

y > 0. Since
+oo, ify <O,
xgriloogy(x) = =%, xgrfloogy(x) =40, lfy =0,,
—oo, ify >0,

we can make the following conclusions:
e if y < 0 we have that g, has no critical points, and it is strictly decreasing since

igy(x) < 0.S0 G*(y) =supgy(x) = lim g,(x), thus G*(0) = 0 and
dx xeR X——00
G*(y) = +o0ify < 0;

e if y > 0 we have that g attains its unique maximum at ¥ = logy, thus

G*(y) = gy(%) = ylogy — e'°8Y = y(logy — 1).

(3) Fixy € R and consider 1, (x) = yx — ;|x|7", thus H* (y) = sung hy(x). If y = 0 we have
xe

1
H*(0) = sup, g {P |x|p} = 0, attained at x = 0. Assume y # 0 and notice that given
x € Rwith |x| = A, A > 0, we have always

1 1
h(Ay):A — AP =x|ly| = =|x|F > hy(x),
v (Ml kl ” |x[lyl pl | y(x)

and so for y # 0 we have

. 1
() =sup {alyl - 47},
A>0 P

A quick study of the map /1, (1) = Aly| — ;1?)\7” for A > 0 gives

4

A _ _ap-1

- - 1
hence /1, (A) attains its unique maximum in [0, +-c0[ at A > 0 satisfying A = |y|7~T, so
A= a1, e 1 r 1
HY ) = hy (1) = 7T = Zal# = (1= 1) 7 = Syl
y y y v y p y q y
REMARK 4.14. The very same idea of (3) in the above exercise can be used to prove that if

X = R" and we take F(x) = %Hpr then F*(y) = %||y||‘7.

EXERCISE 4.15.
(1) Let X = R? and f(x,y) = ax + by + ¢, where a,b,c € R. Find f*;
(2) Let X =R?, fi(x,y) = a1x + b1y +c1, f2(x,y) = axx + byy + c2,
8(x,y) = min{f1(x,y), f2(x,y)}. Find g*.

PROOF.
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(1) We have to compute
fr&y) = sup (" y7), (x,y)) — (ax + by +¢)}
(x,y)ER?

= sup {((x"—a,y"—b),(x,y)}—c
(x,y)ER?

If x* = aand y* = b then f*(a,b) = —c. Otherwise, by taking x = A(x* —a) and
y = A(y* — b), we have

frxy) = ilelg {/\ [(x* —a)’ 4 (y* — b)z} } —c

= | = = R sup (A} e = 4o

Thus f*(x*,y*) = Ii(gp) (X" ¥") —c.
(2) From the previous item, we have f (x*,y*) = I, 5} (**, ¥*) —¢i, i = 1,2. Thus
g (x",y") = (min{fy, £o})" (", y") = max{fi (x",y"), f3 (x",y")}
= max{Iy(, b))} (x ") = 1, L (ap )y (X7, ¥7) — 2},

+o0, if (a1, b1) # (a2, b2),

I{(allb])}(x*,y*) — min{cl,cz}, if a)p = ap and bl = bz.

LEMMA 4.16 (Marginals). Let X, Y be normed spaces, and ® : X x Y —] — oo, +0c0| be a convex

function. We define the functions ®x : Y —| — oo, +-00] and &y —] — oo, +00] by setting

Px(y) = inf ®(x,y) and Oy (x) = inf P(x,y). Then ®x and Py are convex functions, moreover
xeX yeY

D% (v*) = @*(0,y*) and @} (x*) = ®*(x*,0). The functions Ox and Py are called first and second

marginal of .

PROOF. We know that the pointwise supremum of convex L.s.c. functions is a convex Ls.c.
function, hence since we deal with a pointwise infimum a proof is required. We will prove only
the statements for ®x, being the others completely symmetric. Given A € [0,1], 1,12 € Y,
a1 > Px(yp) and ap > Px(y2), there exists x1, xp € X such that Dx(y;) < O(x;,y,) <a;,i=1,2.

Qx(Ayr + (1= A)y2) < @(Axp+ (1 = A)xa), Ayr + (1 = A)ya) = @(A(x1,y1) + (1 = A)(x2,12))
< )\CIJ(xl,yl) + (1 — )\)(D(XQ,]/Q) < Aa; + (1 — /\)112.

By the arbitrariness of 41 and ap, we can let a; — ®x(y;)", i = 1,2, obtaining convexity. We have

D% (v*) =sup {(v",y)yy — Px(y)} = sup {(y*,ww,y — inf <1>(x,y)}
yeYy yeY xeX

= supsup {(y*,y)yy — P(x,y)} = supsup {{(0,y), (x,¥))x' xv. xxy — P(x,¥)}
yeY xeX yeY xeX

= 2" (0,y").

DEFINITION 4.17 (Support function). Let U C X be nonempty, we consider its indicator
function Iy;. Its convex conjugate is called support function to U:

ou(p) = SuP<PI”>X',X-
uel

On the other hand, the minimal (w.r.t. inclusion) closed convex set containing U is co U, so for
the previous result we have

Iif o] =Isu.
By passing to the conjugate again, oy;(p) = oo u(p)-
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Summary of Lecture 4

e We have seen that all the information about a proper, l.s.c., convex function is en-
closed in the set of its continuous affine minorants.

e More generally, we can define the convex conjugate F* : X' — [—o0,4o00] of any
function F : X — [—00, +-00] by setting F* (x*) = sup,..x { (x*, x)xr x — F(x)}. Its
interpretation is as follows: F*(x*) < w if and only if (x*, a) € epi F* if and only if
the continuous affine function fy« 5 : X — R, defined by fy« o (x) = (x*, x)x x — &,
is a minorant of F, i.e., fyo(x) < F(x) forall x € X.

e The more convenient choice for the topology on X’ is to endow X’ with the weak*
topology. In this case F* turns out to be always w*-Ls.c. and convex, regardless of
the choice of F.

o The class of proper, l.s.c., convex functions behaves well under the operation of
conjugation, since the convex conjugate of a proper, Ls.c., convex function is again
a proper, l.s.c., convex function.

e We can iterate the conjugation, defining the biconjugate F" : X" — [—o0,+-00] of F.
Recalling that there exists a canonical injection, which is a linear isometry, | : X —
X", it is natural to compare the values of F and F** o | on the elements of X. It
turns out that F > F** o |, and equality holds if and only if F is convex and l.s.c.
(Fenchel-Moreau theorem).

5. Lecture of 15 october 2018: Normal cone and subdifferential of convex analysis (3h)

Consider now a function f : R? — R. If f is differentiable and if x is a critical point for f, then
the affine hyperplane in R?*! defined by the equation x4, = f(x) is tangent at (x, f(x)) to the
graph of f (the hyperplanes defined by equations of the type x;,1 = cost. will be often called
horizontal hyperplanes, this terminology being imprecise but suggestive).

If f is a convex differentiable function, and x is a critical point for f, then epi f is all contained in
the half space {(y,B) : y € Q), B > f(x)} thus a posteriori for convex differentiable function, the
notion of critical point and point of minimum coincide.

If f is convex, not necessarily differentiable at x, but there exists an horizontal supporting
hyperplane to epi f at (x, f(x)), then epi f is all contained in the half space
{(y,B): yeQ, B> f(x)}, and so x is a point of minimum.

It is thus natural to associate at every (x, f(x)) the set of supporting hyperplanes to epi f at

(x, f(x)). Each of such hyperplane is completely determined by the direction of its normal,
whose orientation is choosen in order to point towards the half space not containing epi f, thus
we associate to (x, f(x)) the set of all the normals of all the supporting hyperplanes to epi f
passing by (x, f(x)) and pointing towards the half space not containing epi f.

More generally, given a closed convex set C, we can associate to each x € C the set of the
normals to the supporting hyperplanes to C passing through x and pointing towards the half
space not containing C.

DEFINITION 5.1 (Normal cone in the sense of convex analysis). Let X be a normed space, C be a

closed convex nonempty subset of X, x € C. We define the normal cone in the sense of convex
analysis to C at x by setting:

Ne(x) :={veX': (v,y—x)x x <0forally e C} = {v e X": oc(v) = (v,x)x x}.

The normal cone N¢(x) is trivially a w*-closed, convex and nonempty subset of X’ and if A > 0,
v € Nc(x) then Av € Ne(x).
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Geometrical interpretation of the
normal cone. The scalar prod-
uct between every element of the
cone at x and every segment join-
ing x to any other point of K must
be nonpositive.

Nk(B)

REMARK 5.2.

(1) To recover the geometrical interpretation, let v € N¢(x), v # 0. Set & = (v,x)x/ x and
consider the hyperplane H of equation (v,y) = a. Clearly, we have x € H, moreover by
definition

(v,y—x)xx =(v,y)xx —a <0, forally € C,
hence CC {y € X: (v,y) < a}.

(2) If X is an Hilbert space and C is a closed convex nonempty subset of H, then by the
projection theorem we have always z — 77¢(z) € N¢ (7 (2)).

(3) Notice that the action of the vector v € N¢(x) (which should be imagined as applied at
x) on all the vectors y — x (that also must be imagined as applied at x) yields a real
nonpositive number for all y € C.

REMARK 5.3. If C = epi F, with F : X —] — 00, +00] convex and l.s.c., given (x, ) € epi F we
have

Ne(x,B) :={ve X' xR: (v, (y,a) — (x,8))x'xr xxr < Oforall (y,a) € epi F}.
In particular, if we choose y = x, « > f(x) = B, we have that if v = (vy, &) € Nc(x, B) where

vy € X" and ¢ € R then necessarily ¢ < 0. Thus if ¢ # 0 we have (Fg, —l> € Nc(x, B).

DEFINITION 5.4 (Subdifferential of convex analysis). Let F : X —] — oo, +0c0] a convex lL.s.c.
function, x € dom F. We define the subdifferential in the sense of convex analysis by setting

OF(x) := {vy € X" : (v, —1) € Nepir(x, F(x))}.
If x ¢ dom F, we will set 0F (x) = @. Equivalently, v, € 9F(x) if and only if x € dom F and
F(y) — F(x) > (vx,y — x)x x, forally € X.
We will set dom oF := {x € X : 0F(x) # O}.

REMARK 5.5. If f is classically (Fréchet) differentiable at x, then 9f(x) = {f’(x)}. Indeed, if f is
differentiable at x then it is continuous at x, thus subdifferentiable at x. Moreover, given
A € [0,1] sufficiently small, we have for all y # x

flx+ Ay —x)) < f(x) +A[f(y) = f(x)),

leading to

f+AMy—x) = f(x) = {f (), Ay =x)) _ fly) = f(x) = {f(x),y—x)
My — x| - |y — x| '

By letting A — 07, the left hand side vanishes by definition of differential. Multiplying by

|y — x|, we obtain
fy) = f(x0) = (f(x),y = x),
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hence f'(x) € df(x). Conversely, given ¢ € df (x), we have for all t € R with |¢| sufficiently
small that

flx+ty —x)) = flx) = t{Sy —x) > 0.
Assuming t > 0, dividing by t|ly — x| > 0 and letting  — 07, setting z = x + t(y — x) we have
L FE ) Bz

20 |z — x| -

Assuming t < 0 and performing the same computations, we have

&) - f0 - @z=x)

lim su
z—0 P |Z - x|
Hence
i[O = fE) — 2= _
z—0 |z — x|

and by the uniqueness of the differential, we have ¢ = f’(x).

EXAMPLE 5.6 (Subdifferential of the norm). Let X be a normed real space, and consider

p:X = R, p(x) = ||x||x. Then dp(0) = Bx/(0,1). Indeed, we have that ¢ € X’ belongs to dp(0)
if and only if p(x) > p(0) + (¢, x) for all x € X, hence ||x||x > (¢, x). But we have also

p(—x) > p(0) + (¢, —x) for all x € X, thus ||x|[x > — (¢, x). So ¢ € dp(0) if and only if

[{¢,x)| < ||x|x, therefore if and only if ¢ € Bx/(0,1).

PROPOSITION 5.7 (Properties of the subdifferential). Let X be a normed space, f : X — RU {+co}
be a proper convex function, xo € dom f.

(1) ifaf(xg) # D, then of (xp) is convex and w*-closed in X';

(2) assume f l.s.c. and let {(xn,&n) tnenw € X x X' be such that x, — x strongly in X, &, —=* &

weakly* in X', and &, € of (x,) foralln € N, then & € of (x);

(3) if f is continuous at xq then df (xg) is bounded, thus w*-compact;

4) f(xp) = rxrg)r(lf(x) ifand only if 0 € 9f (xp);

(5) ifaf (xo) # D then f(xo) = (f™ o ])(x0);

(6) if f(x0) = f* (Jx) then df (xo) = a(f** o J)(x0);

(7) we have @y € of (xo) if and only if f(xo) + f*(90) = (9o, X0)x’ x. In this case ¢y € dom f*;

(8) twe have g € 9f (xo) if and only if Jxo € 3" (¢o) and f(xo) = /** o J(xo).

(9) if f is proper, convex, Ls.c. and X is reflexive, then p* € of (x) if and only if x € of*(p*).

PROOF.
(1) Given ¢q,82 € 9f(xp), A € [0,1] we have
f(x) = f(x0) = A(f(x) = f(x0)) + (1 = A)(f(x) = f(x0))
= M1, x = x0) + (1= A) (G2, x = x0) = (AG1 + (1 — A)¢2, x — x0),
thus AZ1 + (1 — A)&2 € 9f (xg), which therefore turns out to be convex. Given
{€n}nen C 9f(xg) w*-converging to & € X', we have (&, x — x9) — (&, x — x¢) for all
x € X, therefore f(x) — f(x9) > (&n, x — x0) — (&, x — xp), which yields the w*-closure.
(2) Forally € X we have
f) = f(xn) = Gy = xn) = (Gn = &y — xn) + (G, y — Xn)
={Cn =Gy =) +(Cn =& x—xn) + (&Y — xn)
2 (Cn =8y —x) = 18 —&llx - llx = xullx + (§,y — xn)
The first term of the last line vanishes as n — +o0 by definition of weak™ convergence.
The second one vanishes since, by the properties of w*-convergence, we have that

I&n — €| x remains bounded (and ||x, — x||x — 0 by assumption). The third term
converges to (¢, — x) since ¢ € X’ thus it is continuous. So we have for all y € X

fy) = f(x) 2 fy) —liminf f(xn) = limsup £(y) — f(xn) = &,y — %),
therefore ¢ € of (x).
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(3) We have already proved the w*-closure of the subdifferential. According to
Banach-Alaoglu theorem, to prove its w* compactness it remains to prove its
boundedness. By continuity of f at xg, fixed € = 1 there exists § > 0 such that if
llx — xg||x < 6 then |f(x)— f(x0)| <1.Let ¢ € 9f(xp). Then for all x € B(xp,d) we
have

(9,6 —x0) < f(x) = f(x0) < [f(x) = f(x0)| <1
and so sup |(¢@,u)| <1, therefore ||¢|x < 1/6.
l[ul <o

(4) Trivial.

(5) Let & € 9f(xp) and set (x) = f(xo) + (¢, x — xg). We have that ¢ is a continuous affine
minorant of f such that »(x) < f(x) atall x € X and ¢(xp) = f(xg). Since f**o ] = f is
the largest lower semicontinuous minorant of f, we must have
P(x) < f**oJ(x) < f(x), so at x = xop we have equality.

(6) Letp € o(f** o J)(xp). Then

fx) = f7o](x) 2 f7 o J(x0) + (¢, x = x0) = f(x0) + (@, x = x0),
hence ¢ € df(xp), therefore d(f** o J)(xg) C 9f (xo). Conversely, let ¢ € 9f(xp). This
implies f(xg) € R. Then
f(x) = f(xo0) +{@,x = x0) = [ o J(x0) + (¢, x = x0) =: p(x),
Since ¢ is a continuous affine minorant of f, we have f** o J(x) > i (x) thus
@ €9(f*o])(xp), hence d(f** o J)(x9) 2 9f(xp). Thus equality holds.

(7) By definition, ¢y € 9f(x) if and only if for all x € X we have

f(x) > f(x0) + (9o, x — x0), which is equivalent to
{90, x0) — f(x0) = (9o, ) — f(x).

By taking the sup on x € X we have

(9o, x0) — f(x0) = f*(go)-
On the other hand, by definition we have (g, xo) — f(x0) < f*(¢o), thus equality
holds.

(8) Suppose Jxg € 0f*(¢o) and f(xg) = f** o J(xp). Applying (7) to f* we have
f(@o) + £ (Jxo) = (Jxo, ¢0)

and so, recalling the assumptions,

f(9o) + f(x0) = (¢0, x0),
thus by (7) applied to f we have ¢ € 9f(xg). Conversely, let 99 € of (xp). By (7) we
have

f*(@o) + f(x0) = (@0, X0),
and recalling (4) we have f(xg) = f** o J(xp) thus

[ (o) + £ (Jxo) = {Jxo, o).

and we conclude by (7) that Jxg € 9f*(¢o).
(9) Trivial by (8).
O

PROPOSITION 5.8 (Subdifferentiability criterion). Let X be a normed space and f : X — R U {400}
be a convex function. If there exists xo € X such that f is continuous at xo, then of (x) # @ for all
x € intdom f and in particular o f (xg) # @.

PROOF. By continuity, f is upper bounded in a neighborhood of x(, hence xy € intdom f.

Moreover, epi f is a convex set with nonempty interior, thus if admits a supporting hyperplane
at every point of the boundary. So given x € intdom f, we have that there exists
(0,0) # (vy, &) € X' x [0, +00[ such that

((vx, @), (y, f(y)) = (x, f(x))) <0, forally € dom f.
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If « = 0 we would have (v, y — x) < 0forall y € dom f and since x € intdom f we can choose
0 > 0 such that y — x € B(0, ), thus obtaining vy = 0, a contradiction. Hence &« > 0 and so
vy/|a| € 9f (x). O

Summary of Lecture 5

o In the last lectures, from the hyperplanes defining half-spaces containing a given
closed convex set, we moved to the study of continuous affine minorants to convex
Ls.c. functions, defining the convex conjugate. In this lecture, we concentrate on
a special subclass of such hyperplanes, namely, the supporting hyperplanes. Our
aim is to find the corresponding objects for functions.

o A sufficient condition ensuring the existence of supporting hyperplanes at every
point of the boundary of a convex set is the nonemptiness of its interior.

e The information about the supporting hyperplane at a point of a convex set is en-
closed in the normal cone in the sense of convex analysis, while the corresponding
object for functions is the subdifferential in the sense of convex analysis.

o The subdifferential of the convex analysis dF (x), roughly speaking, is the set of the
slopes of affine continuous minorants of F passing through (x, F(x)), and if F is
classically differentiable, it reduced to the usual differential.

o We proved several properties of the subdifferential, which follow directly from the
definition. Among them, we recall

- the strong-weak”* closure of its graph,

— its boundedness, hence w*-compactness, at every continuity point,

- 0 € 0F(x) is a necessary and sufficient condition for having a global minimum of
fatx,

— the inversion formula p* € of (x) if and only if x € of*(p*), for every proper,
convex, Ls.c. function f on a reflexive space

o In analogy with the criterion of existence of supporting hyperplane, we can give a
sufficient condition for the subdifferentiability of a function F in the interior of its
domain, by asking that epi F has nonempty interior. For instance, it is enough to
ask the continuity of F at least at a point of the domain.

6. Lecture of 19 october 2018: Subdifferential calculus and minimization problems (3h)

PROPOSITION 6.1 (Subdifferential calculus). Let X be a real normed space, f,g : X —] — co, 00| be
proper convex functions. Then
(1) if A > 0 we have d(Af)(xg) = Adf(xo);
(2) 9(f+ g)(x) D 9f(x) + 9g(x), the inclusion may be strict;
(3) if there exists xg € dom(f) N dom(g) such that f is continuous at xo then
(f + g)(x) =9f(x) + 9g(x) forall x € dom(f) Ndom(g).
(4) let Y be anormed space, j € Y, A : Y — X be linear and continuous, g be continuous and finite
at A(7). Then 0(go A)(y) = A*og(Ay) forally € Y.

PROOF.
(1) Given A >0, ¢ € X', we have f(x) > f(xo) + (&, x — x¢) if and only if
Af(x) > Af(x0) + (AL, x — xg), thus & € of (xp) if and only if A € (A f)(xp).
(2) LetZr € 9f(x0), e &g € 9g(xp). Then

(f+8)(x) = (f+&)(x0) = (f(x) = f(x0)) + (8(x) — &(x0))
= <§f!x *X0> + <(:grx *X0> = <§f+€g/x - X0>-

Therefore G¢ + &g € 9(f + &) (x0). However the inclusion 9(f + g)(x) 2 9f (x) + 9g(x)
may be strict, as shown in the example below.

(3) According to (2), we have to prove that given ¢ € d(f + g)(x) there exist 1 € 9f(x)
and ¢, € dg(x) such that ¢ = ¢ + ¢,. By assumption, for all y € X we have

fy)+g(y) — f(x) —g(x) = {p,y — x).
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Define

A= {(y,a) € XXR: f(y) = f(x) = (¢,y —x) < a}

B:={(z,b) e XxR:b<g(x)—g(2)},
and notice that they are nonempty, for instance we have (xp,0) € A N B. Since the map
y— ¢(y) = f(y) — f(x) — (¢,y — x) is convex and A = epi ¢, we have that A is
convex, moreover, since ¢ is continuous at xo, we have int A # @. Since f must be
upper bounded in a neighborhood V of x( by continuity, we have that also ¢(-) is
upper bounded in a neighborhood of xg, thus there is a constant a,, such that
(y,ax,) € int A forally € V. In particular, (xp, ay,) € int A. In the same way, by
convexity z — g(z) — g(x), we have that B is convex.

We prove now that int AN B = @. Assume (y,a) € int AN B. Then we have that
there exists ¢ > 0 such that (y,a — ¢) € A, and so we have

fy) = f(x) = {@,y —x) Sa—eanda < g(x) —g(y), yielding
fy) +8y) — f(x) —g(x) < (@, y — x) — ¢, contradicting ¢ € I(f + g)(x).
By Hahn-Banach Theorem, we can separate int A and B by a closed affine
hyperplane, thus there exist € X', t € R, B € R such that (¢, t) # (0,0) and
P(z) +tb < B < ¢(y) +ta, forall (z,b) € Band (y,a) € int A.

Since A is an epigraph, we can send a — +oo, thus we must have t > 0. We prove that
t > 0 by contradiction. Assume t = 0, hence necessarily ¢ # 0 and (z) < g < ¢(y) for
all (z,b) € Band (y,a) € int A. We choose z = xp, b = g(x0) — g(x), ¥y = X0, a = ax,,
recalling that (xg, ay,) € int A, obtaining 8 = 1(x¢), and so we must then have
P(xg) < P(y),ie. 0 < ¢(y — xp). Since (y,ay,) € int A for all y in a neighborhood of x
we have that 0 < () for all 57 in a neighborhood of 0. But this implies ¢ = 0, because
if () > 0 for some 57 € B(0,6) then p(—7) < 0and —5 € B(0,J), leading to a
contradiction, hence t > 0.

Since (x,0) € AN B, by applying the separation inequality with z = y = x and
a = b = 0 we obtain 8 = 1(x). If we take now the separation inequality with
b= g(z) — g(x) and a = £(y) — f(x) — (@,y — x), we obtain

§(2) ~ g(0) > 1 [p(v) ~ ()] = (L2 x)

fl) — £ 2 T oYy,

Setting s = ¢ — % €9f(x),8e = % € dg(x), we have that

¢ = Cf + g € 9f (x) +9g(x).

(4) Forallz,y €Y, ¢ € 0g(Ay) we have
goA(z) —go Aly) = g(Az) —g(Ay) = (§, Az = Ay) = (§, Az —y)) = (A"¢,z—y),
hence A*¢ € 9(go A)(y), so A*og(Ay) C a(go A)(y).
Conversely, let ¢ € 9(g o A)(y), hence
goA(z) >goA(y)+ (,z—y), forallz€ Y.
Define:
A:={(x,a) e XxR: g(x) <a}:=epig,
B:={(Az,b) e XxR: ({,z—y)+goA(y) > b, forallz € Y}.

As in (3), we have that A, B are closed, convex and nonempty, moreover int A # @ and
int AN B = @, By Hahn-Banach Theorem, we can separate int A and B by a closed
affine hyperplane, thus there exist € X', t € R, B € R such that (¢, t) # (0,0) and

(, Az)xr x +tb < B < (¢, x)x x +ta, forall (Az,b) € Band (x,a) € A.
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Exactly as before, we can prove that t > 0.

If we take now the separation inequality with b = (¢, z — y) + g o A(y), and recall
that (¢, Az)x x = (A*,z)y y we have

(N, z)yy +t(Ez—y)yy +goA(y)) < B

thus for all z € Y we must have

A*
{ t‘l’ +8&z)yy <

p

T

goAY) + (& Yy,

and this implies A*% + ¢ = 0, otherwise we can send the left hand side to +co by

choosing a suitable sequence {z, },en C Y with |z,| — +oo, while the right hand side
is bounded. We have then

0< B gonm+i-aLyy,
thus the least § € R that we can take is

B=tgoAW) — (- Ay x
The other separation inequality with a = g(x) yields ¢(x) + tg(x) > B, thus

g(x) —g(Ay) > <—%,x — Ay)x x, forall x € X,

and so —TIP € dg(Ay). We conclude that { = A* (_tl'[]> € A*9g(Ay), thus
A9g(Ay) 29(g 0 A)(y)-

EXAMPLE 6.2 (Strict inclusion in the subdifferential of the sum).

X

epi f g Let f(x) = —/[x[(1+ ]| o) (x) and g(x) = f(—x).
We have 0 € dom f Ndom g and 9f(0) = 9g(0) = @,
thus 0f(0) 4+ 9g(0) = @.

However f(x) + g(x) = Ip(x), in particular f + g has
a minimum at 0, hence 0 € 9(f + g)(0).

Therefore o(f + g)(x) # @ = of (x) + 9g(x).

EXAMPLE 6.3 (Normal cone as subdifferential). Let X be a Banach space, K C X closed and
convex. Then dlg(x) = Ng(x) if x € K, otherwise dIg(x) = @. Indeed, if x # K we Ig(x) = +oo,
thus dIg(x) = @. Let x € K, hence Ix(x) = 0. We have ¢ € dIx(x) if and only if

Ik(y) = Ix(x) = Ix(y) = (¢, y — x), forally € X.
If y ¢ K, the inequality holds for every ¢, but if y € K we must have (¢, y — x) < 0, hence
¢ € Ng(x).
EXAMPLE 6.4 (Subdifferential of the norm squared). Given an Hilbert space Z, v € Z, and
defined wy(x) = %Hx — v||3,, we want to compute 9w, (x). We have that ¢ € 9w, (x) if and only if
forally € H

Sy =0l 2 2l — ol + €y~ x),

equivalently,

1 1
Sy =0l > Sllx—oll} + (& (v — ) — (x ),
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hence 1 1 1 1
Sy =olk = &y —obu + S lISlIE > Sl —ollf = & x — o) + 5 1E1E
thus we must have ||y — v — &||%, > ||x — v — £||% for all y € H. We notice that this relation is

satisfied if { = x — v, while if we take { # x — vand y = ¢ + v it fails. We conclude that
dwy(x) = x —v.

LEMMA 6.5 (Jensen’s inequality). Let (Q, .#, u) be a measure space such that u(Q)) = 1. Given
g€ L;(Q;]R) and a convex function ® : R — R we have

@ ([ stnt) < [ @ogx)duca)

PROOF. Since @ is defined on the whole of R, in particular it is continuous at
Zp = / g(x) du(x), so it is subdifferentiable at zy and we have a € R such that
Ja
D(z) > D(z0) +a(z — zp) for all z € R, in particular by taking z = g(x) we have

@og(x) 2 D(an) + a(g(x) ~20) = @ [ () () +a (06) ~ [ g3 ().
Integrating in x w.r.t. 31, and recalling that y#(Q)) = 1, the thesis follows. O

We will face the problem of the existence of solutions of inf F(u) where X is a normed space,
ueX
F : X —] — 00, 40| a proper, convex, L.s.c. function.

We notice that in Banach reflexive space the following result holds.

PROPOSITION 6.6 (Coercivity in reflexive spaces). Let X be a Banach reflexive space, K C X.

(1) If K is bounded closed and convex, then it is weak compact (i.e., compact in (X, X"))
(2) If K is closed convex (and nonempty) and F is a proper L.s.c. convex functions such that:
(a) if K is unbounded it holds lim F(x) = +oo,
[l €[ =0
xeK
(b) otherwise if K is bounded no additional assumptions,
then F admits a minimum point in K.

PROOF.

(1) We recall that the ball is weak compact in reflexive spaces by Kakutani Theorem. Since
K is convex, weak and strong closure coincides, so K is weakly closed. Being bounded,
it is contained in a closed ball, so it is a closed subset of a weak compact set, and hence
it is compact.

(2) If F is identically +o0 on K, the result is trivial, otherwise there exists x € K, A € R such
that F(x) = A. But then

inf F(x) = inf F(x),

xek xeC
where C := KN F~!(] — o0, A]). C is convex and weakly closed, since F is 1.s.c. and
convex, so its sublevels are convex and closed w.r.t. both strong and weak topology,
and K is closed and convex, so weakly closed. If K is bounded, we have that C is convex
and closed w.r.t. both strong and weak topology, so weakly compact and so we can
apply Tonelli-Weierstrass Theorem to conclude. Otherwise, we notice that by
assumption there exists R > 0 such that if ||x|| > R we have F(x) > A, so we consider
C N B(0, R) concluding the proof in the same way of bounded K.

O

EXERCISE 6.7. Forevery x = (x1,...,%;) € R, 1< p < +ooset

1/p

d

Hy(x) = [[x]lpr = (Z |xi|p> , Heo(x) = [|x||po = iffllaxd|xi\-
i ~1

Givenl < p < 400, x € RY, r > 0 denote the open p-ball of radius r by
By(x,7)i={y e R": |ly— x|l <1},
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_— — 1 1
and set B, = B,(0,1). Assume 1 < p < 400 and let 1 < g < +o0 be such that » +§ = 1. Prove

that we have the following relations

Hy (x%) = Ig (x"), [xller = o, (x),
Hi (x*) = Ig(x"), [[x[[ ¢ = o57(x),
He(x%) = Ig(x"), [xllp = op(x),
9H,(0) = By

DEFINITION 6.8 (Primal and dual problems). Let X be a normed space, F : X —] — 00, +o0] a
proper, convex, Ls.c. function. Given another normed space Y and a proper, convex, Ls.c.
function ¢ : X X Y —] — o0, +0c0] with ¢(x,0) = F(x), we consider the first marginal

h(y) := inf ¢(x,y),
xeX

i.e., we embed the problem inf F(x) in a family of minimization problems (perturbed problem).

xeX
We will call:

- primal problem the minimization of F over X;
- dual problem the maximization of —¢*(0, -) over Y’.

According to Lemma 4.16, h is convex and 1*(¢) = ¢*(0, ¢), moreover we have

sup —¢*(0,y*) = sup —h*(y*) =h"* o J(0) = h(0) < h(0) = inf ¢(x,0) = inf F(x).
yrey’ yreY’ xeX xeX

This quantity is less than oo since F is proper, but it can assume the value —oo.

We say that the primal problem is

- normal if h(0) € R and his l.s.c. at 0.
- stable if 9h(0) # @.

DEFINITION 6.9 (Lagrangian function). We introduce the Lagrangian function
L: X xY" — [—00,+00] of the primal problem by setting
L(x,y*) = inf{¢(x,y) — {y" ¥)vx}
yeY
ie., y* — L(x,y*) is the opposite of the conjugate of y* — ¢(x,y*) for every fixed x € X. For this
reason, we have that y* — L(x,y*) is u.s.c. and concave for all x € X, while by Lemma 4.16 we
have that x — L(x,y*) is convex for all y* € Y'.

DEFINITION 6.10 (Saddle point). We say that (£,7*) € X x Y’ is a saddle point for L if for every
x € X, y* € Y itholds

L(%y") < L(%,97) < L(x,§").
Equivalently, (£,7*) € X x Y’ is a saddle point for L, if and only if

sup L(x,§%) = L(%,§") = inf L(x, 7).
yreY’ xeX

Below we collected some consequences of the above definitions.

PROPOSITION 6.11. Same notation of Definition 6.8.
(1) the primal problem can be written as inf sup {L(x,y")},
xeXy*eY!
(2) the dual problem can be written as sup inf {L(x,y*)};
yreY' xeX
(3) In general we have

sup inf{L(x,y*)} < inf sup {L(x,y")}.
y*eY’ xeX xeXy*eY’

(4) the primal problem is normal if and only if

sup —¢*(0,y*) = inf ¢(x,0).
yreY’ xeX



42 1. FIRST PART

(5) the primal problem is stable if and only if is normal and the dual problem has a solution;
(6) the set of solutions of the dual problem is given by oh** o J(0);
(7) if the primal problem is stable, then the set of solutions of the dual problem if 0h(0);

PROOF.
(1) We have (recalling Lemma 1.9)
—¢"(0,y%) = - sup {" vy — ¢y} = inf —[p(x,)]"(y") = inf L(x,y").
xe

xeX xeX
yeY

(2) Similarly, since ¢ is convex l.s.c.,
¢(x,0) = [¢(x,-)]"" 0 J(0) = sup {=[p(x,)]"(y")} = sup L(x,y").
y*ey/ y*eyl

(3) See Lemma 1.9.

(4) Suppose that the primal problem is normal, then 1** o J(0) = h(0) = h(0) € R.
Conversely, if 1** o J(0) = h(0) = h(0) € R then the problem is normal.

(5) Assume that the primal problem is stable, in particular /1(0) € R. Then there exists
ys € Y such that h(y) > h(0) + (y§,y)y y for ally € Y. By taking the liminf for
lly|| — 0 we have

liminfh(y) > h(0),
llylly—0

i.e., the Ls.c. of I at 0, so the primal problem is normal. For all y* € Y/, y € Y, recalling
that J0 = 0in Y, we have

=9 (0,y") = =1 (y") = {JO, @)yr,y =h*(y") <h™" 0 J(0) = h(0) < h(y) — (vo. ¥)v',x-
By taking the inf on y € Y we have for all y* € Y’
—¢"(0y") = Inf{h(y) = {6, yhvry} = = supdlve yhvy —h(y)} = =" (5) = =¢"(0,%0),
ye G

hence y;; solves the dual problem.

Conversely, let the primal problem be normal and let y;; be a solution of the dual
problem. Then —h*(y;) > —h*(y*) for all y* € Y'. We have then
—"(yp) = sup —h*(y) = 1" 0 J(0) = h(0).
yeY!

So h(0) < —(y§,v)y y +h(y) forall y € Y, hence the primal problem is stable.
(6) maximize —¢*(0,-) = —h*(+) is the same of minimizing the convex Ls.c. function

h* 1Y — [—o0, +00], hence the set of solution is given by oh** o J(0).
(7) by the properties of the subdifferential, if the problem is normal then #(0) = h** o J(0)

thus 0h(0) = oh™* o J(0).

O

We state now an important stability criterion.

LEMMA 6.12 (Stability criterion). Same notation of Definition 6.8. Assume h(0) > —oo and that there
exists xo € X such that y — ¢(xo,y) is continuous at 0 and ¢(xo,0) € R. Then the primal problem is
stable.

PROOE. The function y — ¢(x¢,y) is continuous at 0, hence bounded above in an open
neighborhood of V of 0 by a constant K. Giveny € V we have

h(y) < in)f(¢(x,y) < ¢(x0,y) <K
xXe

Since h is convex and bounded from above in V, it is also continuous and finite at 0, so epi/ has
nonempty interior and there exists a supporting hyperplane to epi’ at (0,4(0)), in particular
there are y* € Y/, t > 0 such that for every (y, B) € epih we have

Y, 0)yry +th(0) <y, y)y,y +tB.
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Dividing by t > 0 and taking y = h(y) we have for all y € Y that

*

h(0) < (X y)vv +h(y),
which concludes the proof since it implies —y*/t € 9h(0). O

The most important necessary condition for the convex optimization problem that we are
studying is the following.

THEOREM 6.13 (Extremality conditions). Same notation of Definition 6.8. Assume that the problem is
stable.

(1) let g* € Y' a solution of the dual problem. Given any solution £ € X of the primal problem, the
following extremality condition holds

¢(£,0) +¢(0,77) =0,
ot, equivalently,
(0,97) € 9¢(%,0).
(2) Conversely, given £ € X and §* € Y’ such that the extremality condition holds, then

¢(£,0) = min¢(x,0) = max —¢*(0,y") = —¢*(0,7"),
xeX yrey’
i.e. & € X solves the primal problem and §* € Y’ solves the dual problem.

PROOF. By stability of the primal problem we have

sup —¢*(0,y*) = inf ¢(x,0).
yreY’ xeX

Recalling that £ € X solves the primal problem and §* € Y’ solves the dual problem, the
extremality condition holds.

Conversely, assume that the extremality condition holds for given £ € X and §* € Y’. By
stability, the dual problem admits a solution, hence

¢(£,0) > inf ¢(x,0) = max —¢*(0,y*) > —¢"(0,7") = ¢(%,0),
xeX yrey
so equality holds. g

COROLLARY 6.14. If the problem is stable, (i1, §) € X x Y’ is a saddle point for L if and only if it € X
is a minimizer of the primal problem, § is a maximizer of the dual problem, both the values of the
minimum and maximum are finite, and the extremality relation

holds. Moreover, if the problem is stable, it € X is a minimizer of the primal problem if and only if there
exists ¢ € Y' such that (1, §) € X x Y is a saddle point for L.
PROOF. Suppose that (i1, ) is a saddle point, then

—¢7(0,¢) = inf{L(u, §)} = L(&, ¢) = max L(, ¢) = ¢(1,0),
ueX peY
and so extremality relation follows. Conversely, assuming the extremality relation, since
—¢"(0,¢) = inf L(1,9) < L(2,9) < sup L(1, 9) = $(2,0),

ueX peY’
by extremality relation equality holds and so (i, ¢) is a saddle point for L.

Since the problem is stable, there always exists a solution ¢ of the dual problem. Since iI € X is a
minimizer if and only if extremality relation between # and ¢ holds, and by the previous part of

the proof we have that (i1, ) is a saddle point if and only if extremality relations holds, the proof
is completed. O
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REMARK 6.15. We notice that the first statement in the extremality condition is just a necessary
condition for the solution of stable primal problem. Indeed, the existence of £ is assumed (the
existence of §* follows from stability itself). The second statement ensures its sufficiency: if we
have a pair (£, 7*) linked by the extremality conditions, then they solves the primal and the dual
problem.

To have a useful statement, we have to grant a solution of the primal problem, by mean, for
example, of Tonelli-Weierstrass Theorem.

COROLLARY 6.16. Assume that X is a reflexive Banach space, that the primal problem is stable, and
lim F(x) = +oo.

[lx||—+c0
Then the primal problem admits a solution (a minimizer), the dual problem admits a solution (a
maximizer), and the extremality relation holds.

PROOF. In reflexive space, the growth condition is equivalent to coercivity, so by
Tonelli-Weierstrass Theorem, the primal problem admits a solution. By stability, also the dual
problem has a solution. Thus extremality condition holds. O

Summary of Lecture 6

e We proved in this lecture the main calculus rules for the subdifferential in the sense
of convex analysis, namely the sum rule and the chain rule w.r.t. linear operators. Both
these sum rules, in order to hold, require a weak separation argument, thus it must
be ensured the nonemptiness of the interior of the epigraph. This is granted by the
continuity assumption.

e We introduced the concept of perturbed problem, i.e., we embed our problem inf F(x),
xeX
in a family of problems indexed by variations belonging to another normed space Y.

It is important to stress that the choice of the family of perturbations is not a pri-
ori given. The coupling between the original problem and the variation is enclosed
in a l.s.c. convex proper function ¢ : X x Y — [—oo,+00|, while i denotes the
value of the solution of the minimization problem related to the variation y, i.e.,

h(y) = inf ¢(x,y). We require to recover for y = 0 our original problem, i.e.,
xeX

9(x,0) = F(x).

e We introduce the dual problem, which a maximization problem in Y’ and the La-
grangian function.

e When the primal problem is normal, primal and dual problem have the same value.
If the problem is stable, then we have a precise description of the solutions of the
dual problem in terms of the subdifferential of / at 0.

e Since stability is related to subdifferentiability, a stability criterion must involve the
existence of supporting hyperplanes to epih. In particular it can be ensured asking
some continuity property of ¢, as usual (thus epih will have nonempty interior).

e The extremality relations summarize the necessary and sufficient conditions for
optimality in this class of problems.

7. Lecture of 22 october 2018: Special case of convex functionals (3h)

If the functional F has a particular form, the choice of the family of perturbations ¢ can be done
in a quite standard way.

PROPOSITION 7.1. Let X be a reflexive Banach space, Y be a normed space. Let f : X —| — 00, 400]
and g 1 Y —] — oo, +0c0] be proper, convex, Ls.c., let A : X — Y be a linear and continuous operator.
Assume that:

(1)  lim  f(u)+ g(Au) = +oo;

[[]| x =00

(2) there exists ug € X such that f(ug) < 400, g(Aug) < +o0 and g is continuous at Auy.
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Then if we set

F(u) := f(u) + g(Au), ¢(uy) = f(u) +g(Au—y),
the primal problem and the dual problems admit solutions i € X and ¢ €Y', respectively, and

{f(ﬁ) A9 = (i,
—g(Al) =" (=) = (§, Adl)yy,
ot, equivalently
—§ € 9g(Ar),
{A*¢ e af(n),
where A* : Y' — X' is the adjoint operator of A.

PROOF. Under the above assumptions there are solutions both of the primal and of the dual
problem. We have (set p = Au —y)
¢*(0,¢) = sup(@, y)yry — f(u) — g(Au—y)

ueX
yeY

= su§<<v,1\u —phyy — f(u) —g(p)
bey

- su1§<fp,/\u>w,y =@, p)yy — f(u) —g(p)
ue
peYy

- su1§<A*qv/ wyy — f(u) + (=@, p)yy —g(p)
ue
peY

= sup[(A"p,u)yry — f(u)] +sup[{—¢,p)yy — g(p)]
ueX peY

=f1(Ag)+g (—9)
Extremality relation is
f(@) +g(Al) + fH(A79) +87 (=) =0,
thus,
f@@) + f1(N§) = —(87(—¢) +g(An)).
According to Young's inequality, the right hand side is always greater or equal of (¢, A1)y y,

while the left hand side is always less or equal than (A*¢, 1) x» x = (@, Ail)ys y (recall the
definition of adjoint operator). So both the left and the right hand side must be equal to

(9, Af)yry = (A, i)y x.

Extremality condition may be also obtained directly by subdifferential calculus rules. Since go A
is continuous at ug, we have 0F (u) = of (u) + 0(go A)(u) atall x € dom fNdomgo A,
moreover, since g is continuous at Aug we have 0(go A)(u) = A*9g(Au). Thus i1 € Xisa
minimizer if and only if 0 € oF(1) = df (i) + A*9g(Au). In particular, there exists

—¢ € 9g(Au) C Y such that A*§ € of (1). O

EXERCISE 7.2. Let Q) be a bounded open subset of R? and let 7, g € L?(Q); R) be fixed. Define
F: H}(O;R) — R by setting

F(u) == % /Q V()| dx + % /Q 1r(x) — u(x) 2 dx — /Q g(x)u(x) dx.
Study the problem of minimization of F on H}(Q).

SOLUTION. Set X = H}((;R), X' = H"}((;R), Y = L2(; R?), Y’ = Y. The operator
A =V : X = Yislinear and continuous. The functions f : X — Rand g: Y — R defined as

f) = llr =l — (@1,

1
g(p) =3 lplE
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allow to write F in the form F(u) = f(u) + g(Au).
We verify now the requirements of the previous result:

(1) We prove strictly convexity of g. Indeed, by triangular inequality, for every A € [0, 1] we
have

AP+ (1= A)p2lly < Allpally + (1= A)llp2lly

2

and since r — r* is convex and strictly increasing on nonnegative reals

2 2
(IAp1+ (1= Dp2lly)” < Alpally + @ = Dlp2lly)” < Mlpa | + 1= Dlp2llF,
and, by the strict increasing property, equality holds if and only if p; = p,. We notice

that dom ¢ = Y and g is bounded from above in a neighborhood of every p € Y More
precisely, given p € Y we have that g is bounded from above in B(f, ) by

1
5 17113 + 6]|7|ly + 6% Thus g is continuous, and locally Lipschitz, on the whole of Y.

(2) f is the sum between u — —(g,u);2, which is a linear continuous function in X, hence
convex, L.s.c. and proper, and the composition between the map u + r — u and
s %HSH%Z, both of which are convex and continuous (see the proof of the convexity of
g), hence f is proper convex, and continuous.

(3) We prove that if ||u||x — +oo then F(u) — +oo: indeed

1 1
F(u) > SlIValfa = lall, - llulli2 = 51 Vullfs = l4lle, - [lelx.
Since Q) is bounded, according to Poincaré’s inequality we have |[u||x < C||Vu/|;2
where C > 0 is a costant depending only on (), so

C .
F(u) 2 Cll (5 Il = gl ) = -+oo1f il = s

(4) Itis trivial to prove that there exists 1y € X such that f(ug) < +o0, g(Aug) < 400 and g
is continuous at Aug: we can take uy = 0.

We compute now the conjugate functions f*: X’ — [—co,+c0]and g* : Y/ =Y — R.
We compute ¢* : Y/ =Y — R as follows

g ) =sup { " phvy =3 [ 1p(3) e}

e
) Z?‘éﬁ {20 w0 = 1p(P) i}

= ;?25 {9 G = 1o )+ 20 (o) = ) )

=5 J, 7 P x5 inf L (9 R =20 pt) + 90 2)
=3 et [ (1) poP) df

1 * 2
=5 LI @Pa
thus the sup was attained for p = p*.
We recall that X C L2(();R) C X/, thus

* * * 1
£ty = sup { o = 3l =l + ()

ueX

1
= sup { 0" )0+ (g ) = 3 = s}
ueX

1 1
= sup { 0" + g+ (e — 511 51}
ueX
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1 1
= sup { g4 v - gl b - 31l
ueX

We notice that if u* € L2, we have

1 1 1 1
£ = sup { =3+ a4 B+ (00 gt e = gl b= 1B + 5+ g+l
ue

1 1 1
—sup {30 g r =l f = B+ e gl
ueX

1 1
= 3%+ Sl + g+ 12,

since X is dense in L?, thus the sup is attained at u = u* + g + r. On the other hand, if
u* € H-'\ L?, we have that there exists a sequence {un}Hé such that i/ ;2 — 0 and

(u*, uy) — 400, hence f*(u*) + oo. Hence

1 1 .
*§||r||i2+5||u*+q+rlliz, if u* € L?;
fru?) =

400, otherwise.

According to Green’s formulas, for every u € X, v € Y’ sufficiently smooth it holds
(v, Au)yr y = / v(x) - Vu(x)dx = — / divo(x) - u(x)dx,
Jo Ja
and so A* : Y/ — X" is A* = —div, where the divergence must be taken in the distributional

sense.

According to the previous result, both the primal and the dual problems have solutions 7 € X
and ¢ € Y/, respectively. Moreover, since ¢ = ¢* is strictly convex these solutions are unique. We
have the extremality condition

f@)+f1(N9) = (AP M)xx

—8(Al) =g (=) = (@, Ad)yry.

In our case, the first relation implies that f* must be finite at A*§, thus we have A*§ € L2.
The second relation is

—8(Vit) =g"(=9) = (¢, Vi) 2,
which corresponds to

g (=) = (=¢, Vi) —g(Va),
so since the sup in the computation of g* was obtained for p = p*, we obtain —¢ = Vi in L?(Q).
We can arrive at the same result even directly: the second extremality relation amounts to say

*% /Q Vi (x) [ dx — %/Q |~ 2 dx = /Q (%) - Via(x) dx,
thus
[ AVRGIP+19(3) P+ 29(x) - V() = 0,

hence ¢ + Vil = 0in L?(Q).
In the first relation, we have that f*(A*¢) = (A*¢, ) x x — f(i), and since the sup in the
computation of f* was obtained for u = u* 4+ q +r, we have il = A*$ + g + r, hence we obtain

—N¢+ill=q+r
—¢=Vu
Finally, we have that il solves (weakly in H'):

{—Au+ﬁ=q+r, in Q);
Upn =0,
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recalling that divVu = Au.

REMARK 7.3. By following the same argument in the opposite sense, we can prove the following
result given an open bounded Q C R, for every r,q € L?(Q) the problem

{—Au+u:q+r, in Q);
M|aQ:0.

admits only one solution ## € H}(Q), which is characterized by being the minimizer on H}(Q) of
the following functional

2 )2
2/ [[Vu(x)| dx—i—z/ |7 (x x)|7dx — /Qq(x)u(x)dx.
REMARK 7.4. We want to solve the same problem with subdifferential calculus. Recall that,

1
given an Hilbert space Z, v € Z, and defined w,(x) = 3 |x — v]|3;, we have dw,(x) = x — v. The
functional F defined as

1 1
F(u) := EHAMHé dx + 5”’” - MH%Z —{q,u)2,

where A =V, satisfies all the properties to apply subdifferential calculus, hence the minimizer
are characterized by

NAI+O—1r—q=0,
hence —Au+1f =qg+r.

Summary of Lecture 7

o Although the class of perturbations and the coupling is not a priori given by the
problem, in certain cases there is a standard choice. Namely, if we consider F :
X —] — o0, +00] which can be written as F(x) = f(x) + g(Ax), where f : X —
| — 00, +00] is convex and ls.c., g : Y —] — 00, +o0] convex and l.s.c., A : X — Y
linear and continuous. In this relevant case, we choose ¢ : X X Y —] — 00, +-0]
as ¢(x,y) = f(x) + g(Ax — y). We notice that ¢ is convex, Ls.c. and the stability
criterion is fulfilled if there exists xy € X such that f(xp) < +o0 and g is continuous
at Axg. Extremality relations for this problem decouples in a relation involving f, f*,
A* and another involving g, §*, A.

o It is extremely important to familiarize with the example in this section, since it is
a model for many concrete cases.

8. Lecture of 26 october 2018: Complements to the first part (3h)

8.1. Useful tools to conjugate function computation. We will present now some tools and
arguments which turn useful in order to compute in practice the conjugate functions. For some
background remarks on Sobolev spaces, we refer the reader to the Appendix.

Let g : R" — R be a C! function, and suppose to have to compute ¢*. According to the
definition, we have
8 (y) = sup {C-y—g(C)}
GeR”
So we must compute for fixed y the supremum of § — g(&) := ¢ -y — g(&). Recalling basic

Calculus results, g € C!(R";R), and so to maximize it we must study the limits for ||&| — oo
and then study the critical points, i.e., the points x € R” where Vg(x) = 0.

If we assume moreover that g has superlinear growth, i.e.,

8(&)

i
g =+ [[€]]
we have also

e el (L SO o (@) _ .
o P 1@ = i ”5'<||¢| || |><cﬂim+oo'§”(”y” ||§|) '

= +OO,
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so the supremum is actually a maximum attained at some critical points belonging to R" (we
recall that ¢ cannot take value —oo).

The critical point condition Vq(x) = 0 can be written as y = Vg(x). If ¢ is convex then g is
concave, thus Vg(x) = 0 if and only if x is a maximum, hence

§(y) +glx)=x-y,
for every y = Vg(x). Hence d9g(x) = {Vg(x)}.
Assume now that the relation y = Vg(x) is invertible for every y, i.e., for every y the maximum

of q(+) is attained at a unique point x = [V¢] ! (y). This holds if and only if g is strictly concave
(i.e., g is strictly convex). In this case

f@)=?g{iy—ﬁ@}=5v—g€ﬁhmhmwﬁy=vﬂ@-
E n

Let us assume that also ¢* is of class C! with superlinear growth. Iterating the argument we have

g”&)=mg{ﬂw*gﬂw}=ﬁy*gﬂwﬁmwomyﬁx=V§W)
neR?

By the regularity of ¢ we obtain ¢ = g**, thus
(1) ify = Vg(x) then g*(y) = x -y — g(x), hence g"*(x) = g(x) = x-y — ¢"(y), and so

x=Vg(y);
(2) if x = Vg*(y) then g™ (x) = g(x) = x -y — §"(y), hence g"(y) = x -y — g(x), and so
y=Vg(y).

So in this particular case we obtain
Vg (y) =x = Vg(x) =y,
which is a smooth versione of x € dg(y) <= y € dg(x).

Recalling that (Vg(x), —1) is the normal to epi g at (¥, g(x)), and (Vg*(x), —1) is the normal to
epig™* at (y,8*(y)), from a geometric point of view the above relation yields a relation between
the normals to epi g and epi g*.

EXAMPLE 8.1. Consider thecasen =1, g: R — R, g(x) = ¢*. We have

lim 8(x) = +o0, lim g(x)=0.
x—+o0 X X——00
Set
8 (y) =sup{x-y—e'},
xeR
we have ¢*(0) = —inf{e* : x € R} = 0. Since
lim @ = +o0,
x—+o0 X

the supremum in the definition of g*(y) cannot be attended by the limit { — +oo. In the
1-dimensional case, V denotes the ordinary derivative, thus

Vg (y) =x <= Vg(x) =y,

reads as

d . d

a8 W =x = el =y

In particular, % g(x) = y means ¢* = y, which can holds only if y > 0 and x = logy. So fory > 0
we have % ¢*(y) = logy, hence

N Yy
g(y)=té logsds = ylogy —y,

recalling that g*(0) = 0 (be careful: it is an improper integral). In the case y < 0 the map

&+ &y — e admits no critical point % € R, since the equation y = e* has no solution. So the
supremum of & — & -y — e¢ is attained either for & — +oco or for & — —oco. Since the case ¢ — +oo
has already been excluded, we have immediately that the supremum is achieved for { — —oo
and it holds +oco. Finally, we have ¢*(y) = +o0if y < 0, g*(0) = 0, and g*(y) = y(logy — 1) if
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y > 0. We notice that since ¢ was strictly increasing, we cannot have normals to epi ¢ whose first
component is negative. This impossibility reflects on the fact that g* cannot be finite for y < 0.

In many concrete problems are involved integral functionals, thus it is common the need to
compute the convex conjugate F* : X’ — R of functionals

Fu) = [ flxu(x) dx,

where O C R?and f : QO x R" — RU {+co} are measurable, and u € X (X is some normed
space contained in the set of measurable functions from () to R™). By definition,

Fr() = sup { (o' b+ [ o)}

Assume for simplicity that the action (u*,u) x/ x can also be written in integral form (for
instance, this is true if X = LP(Q) hence X’ = L1(Q)) where 1 < p < 00,1 < g < +o0 and
1/p +1/q = 1, with the convention 1/ 4 o0 = 0)

<u*,u>X/,X:/Xu*(x)u(x) dx.

In this case we have to compute
F*(u*) =sup | [u*(x)u(x)— f(x, u(x))]dx.
uex /Q
On the other hand, we know that for every p € R, x € Q it holds

w (x) - p = flx,p) < f(x,u"(x)),
where we denote by

f(x,p) = sup p-q— f(x,q)
geR™

the conjugate of f only with respect to the second variable, f* : QO x R"” — RU {+co}. In
particular, we can take p = u(x), and so

u(x)u(x) = fx,u(x)) < f*(x,u"(x)),

Integrating and taking the supremum on u € X, we have

F*(u*) < /Q F*(x,u* (x)) dx.

It is clear the importance of providing sufficient conditions yielding

F(u) = /Q F(x,u(x)) dx implies F* (u*) = /Q £ (0 (1)) d,

since in this case we can compute a conjugate function of the integral functional by computing
the finite-dimension conjugate of f : 3 x R™ — R, i.e., the problem is reduced to the
finite-dimensional case.

This amounts to switch the sup and the integral operator. However, in general, this operation may
be not allowed, since the selections
p(x) € arg sup {u"(x) - p — f(x, p)},
pERM™
which can be built for every fixed x, could lead to a function x — p(x) not belonging to X, or not

integrabile, and even not measurable. Nevertheless, if the integrand function f is sufficiently
smooth, this case does not occurr.

DEFINITION 8.2. Let () be an open subset of R” and B C IR” be a Borel set. We say that a
function f : Q) X B — [—00, +00] is a normal integrand on Q) x B if

(1) fora.e. x € Qthemapa — f(x,a)isls.c.on B
(2) there exists a Borel map f : Q x B — [—00, +0] such that f(x,-) = f(x,) fora.e. x € Q.
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If f, g, {fn}nen are normal integrand, then also A f + g is normal for all A > 0, and also inf{f, g},
sup,, fn are normal.

An important class of normal integrand (see Proposition VIII.1.1 in [5]) is given by Carathéodory
functions, i.e., functions f : Q) x B — [—o0, 00| satisfying

(1) fora.e. x € Q the map a — f(x,a) is continuous on B;

(2) fora.e. a € B the map x — f(x,a) is measurable in Q).
We state now the measurable selection theorem:

THEOREM 8.3. Let Q) be an open subset of R", B be a compact subset of R™, and g be a normal integrand
on Q) X B. Then there exists a measurable function i : Q) — B such that for every x € Q) we have

g(x,1(x)) = ming(x, a).
aeB
PROOF. Omitted. See Theorem VIII.1.2 in [5]. O
The following result formalizes the computation of the conjugate of integral functionals

PROPOSITION 8.4. Let Q) be an open bounded subset of R". Let 1 < a < +o0, f : A x R™ — [0, 400
be a normal integrand where v — f(x,v) is convex for all x € Q). Define F : L*(Q), R™) — [0, +o0] by
setting

F(u) :/Qf(x,u(x))dx.

Assume that there exists uy € L®(Q, R™) such that F(ug) < +oo. Then if o is the conjugate exponent
ofw,ie,1/a+1/a" =1, we have
() = [ F o () dx,
forall u* € LY (O, R™),
PROOF. Fix u* € L¥ (Q),R™). Define
®(x) := sup [u*(x) - ¢ — f(x,0)],
FERM
() 1= max[u* () & — (x,0)].
ZER™
¢l<n

Clearly {®, },eN is an increasing sequence of functions pointwise convergent to ® in .
Moreover, for every n > ||ug|| .~ we have

@y (x) = [ (x) - uo(x) — f(x,u0(x))] =: (%),
since |ug(x)| < |Jugl|L~, and the function ®(-) on the right hand side is integrable because
ug € L*(;R™) C L*(€);R™). According to the measurable selection theorem, for every n € IN
there exists a measurable function 7, : ) — R™ such that ||ii,|| .~ < n and

D (x) = w0 (x) - 10 (x) — f(x, 0 (x))-
This implies that {®,, },c is a (increasing) sequence of measurable functions pointwise
converging to ®, and then & is also measurable. According to Beppo Levi’s Monotone
Convergence Theorem (applied to the nonnegative increasing sequence of measurable functions
{®, — ®},eN pointwise convergent to ® — ), we have

D(x)dx = P dx.
/Q (x)dx 3161111;\)] N n(x) dx
Thus

/QqD(x)dx =sup | P,(x)dx

< sup w*(x) - u(x) — f(x,u(x))dx

uelL®CLA - Q
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= ettt () () — £ u(x) dx = F (),

Conversely, since

sup [u*(x) - ¢ — f(x,8)] = ®(x),

FERM
for all u € L*(();IR™) we have
u* (x) - u(x) — f(x,u(x)) < B(x).
Integrating the above relation and taking the sup on u € L*(();R™) we obtain
F*(u*) = sup / [ (x) - u(x) — f(x,u(x))]dx < / D(x)dx.
ueLe(Q;Rm) 7 0
So we have
Fut) = [ @@de= [ f(xu(x)dx
) = [ @)dx = [ f () dx
O

REMARK 8.5 (Conjugate in H!). We will discuss now a frequent case occurring in the exercises.
Let Q) be a bounded open subset of R?, and assume to have F : H(Q) —] — co, +c0] given by

F(u) ::/Qf(x,u(x))dx,

where f is a normal integrand, and v — f(x, v) is a convex function. Assume moreover that
there exists ug € L*(Q)) such that F(uy) < +o0. Under these assumption we would know how to
conjugate F if F was defined on L?: in fact, we would have F* : L2(Q)) —] — oo, +0c0] defined by

F*(u*) := / £ (x, u*(x)) dx.
Q
However, since F is defined on H'(Q)), its conjugate is defined on F* : H~1(Q) — [—00, +00].
We recall that given u* € L2(Q) € H~}(Q) and v € H'(Q) C L?(Q), the action of u* on v is
given by

(U, 0) g1 gt = /Q uw* (x)o(x) dx = (u*,0) 2.

For every u € H'(Q)) and u* € H~! we have that
F*(u*) + F(w) > (u*,w) -1 1.
Assume that F is the restriction on H'(Q) of a continuous functional on L?(Q), still denoted by F

We distinguish now two cases:
(1) Forevery u* € H~1(Q) \ L?(Q) there exists a sequence {vy } ,en € H'(Q) and
v € L2(Q) with v, — v in L?(Q) such that (u*,vn) g1 g — +o0. In particular, we have

Fr(u") + F(on) = (u", 0n) g1 p1,

and by taking the limit for n — +o0 and recalling that F(v,) — F(v) < +co0 we have we
obtain F*(u*) = +oco.
(2) For every u* € L?>(Q) we have
F'(u*) = sup (u",u)y-1 g —F(u)= sup (u*,u)>—F(u).
ucH(Q) ueH(Q)
Given v € L?(Q) and & > 0 there exists u € H'(Q) such that ||u — v]|;2 < e and
|F(u) — F(v)| <e¢ so

(W, 0) 12 = F(o) < (", u) + [[u"|| 2[lu — o]l 2 = F(u) + [F(u) — F(0)|

< (' u) = F(u) +e(1+ [Ju*]| r2)-

We obtain for every € > 0

(u*,0)2 — F(v) < sup (u*,u) — F(u)+e(1+ |lu*l;2),
ueHY(Q)
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thus
(u*,v);2—F(v) < sup (u*,u)—F(u),
ueH(Q)
and
sup (u*,v);2—F(v) < sup (u*,u)—F(u),
veEL?(Q) ueH(Q)
since the opposite inequality trivially holds, we have equality, thus
F(u') = sup (u',u)p> — F(u),
uel?(Q)

and so
F* (u*) :/Qf*(x,u*(x))dx.

We conclude that in this case if u* ¢ L? automatically F*(u*) = +oco otherwise we compute F* as
in the case of F : L2(Q) — L2(Q).

EXERCISE 8.6. We consider the Mossolov’s problem. Let a, > 0, O C IR be open and bounded,
q € L?>(Q). Define F : H}(Q;R) —] — 00, +00] by setting
«
F(u):=5 [ [Vu()Pdx+p [ [Vu(xldx— [ dx,
(w) =5 [ IVu)Pdx+p [ [Vu(x)ldx— [ a(u()ds

and study inf F(u).
ueH&

SOLUTION. Set X = H} (3 R), X' = HY((;R), Y =Y = 2(;RY),A=V:X — Yand
define f: X - Rand g: Y — Rby

fy=— |

_Q
g(p)=%/0

F(u) = f(u) + g(Au).
It is easy to see that f and g are continuous and convex functions, that F is coercive and strictly
convex, and A* = —div : Y’ — X'. Moreover f*(u*) = 0if and only if u* = —g, otherwise
£+ () = +oo.
If g = 0 the the unique solution to the problem is 7 = 0. We assume g # 0.

q(x)u(x)dx,
|

p(x)Pdx + ﬁ/@ Ip(x)]dx,

thus we have

To compute the conjugate of g, we notice that

s =5 [ Ip@PRdr+p [ p(x)ax = [ r(xp(x)dx,

where N
r(x,a) =r(a) = 5|ﬂ|2 + Blal

for all a € B := R?. We notice that r(-) is a normal integrand on Q) x B, moreover r(-) > 0 and it
is convex and superlinear, then

g(r) = [ r(p(x)dx.
We will compute now the conjugate of 7(-). We notice that r*(0) = inf r = 0, thus we consider

acR
now a* # 0. In particular, we write a* = un, where y = ||a*|| > 0and ||| = 1.

o
r* () = sup \u(y,a) — 5a|> — lal ;.
sup {utn.a) — 3 j
Since (17,a) < |a| with equality if and only if a = |a|y, setting A = |a|, we have
* _ _ a2 _ _ %0
¥ (un) = sup { (1= p)la| - 5|al*} ‘i‘i%{(” pA—3A2).

acR4
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The graph of the map ¢(A) := (u — B)A — %)\2 is a parabola passing through the origin with

downward concavity, thus this map is strictly increasing for A < y“;’g and strictly decreasing

for A > #.

In particular, if y — B < 0, the map ¥ is strictly decreasing on [0, +-o0], thus its supremum on
[0, 400 is achieved at 0 and its value is (0) = 0. If u — B > 0, the map ¢ achieves its unique

r=F r=F
o o
v (u—ﬁ) _(=p?
« 20
Summarizing, we have:

(1) if ||a*|| < B, thenr*(a*) = 0 and r*(a*) = (a*,a) — r(a) if and only if 2 = 0.

maximum on R at > 0, its supremum on [0, +oo is achieved at and its value is

|| _ 2
(2) if ||a*|| > B, then r*(a* :Mandr* a*) = {a*,a) —r(a) if and only if
20 y
_ el =g, _ Nl =B

! P PTY P

Thus
0, if la*| < B;

il _ p)2
(la*]l = B)” if [[a*]| > B.

So the dual problem is

sup — / r*(p*(x)) dx.
preL? 0
div p*=q

The duality theorem holds, and we obtain the extremality relations

f(@) + f7(A°¢) = (¢, Al)yy,

—8(Al) =g (=9) = (A"¢, ih)yy-
In our case, from the first relation, to have a finite value of f* (recalling that f* assumes only the
values 0 or +0), necessarily A*¢ = —¢g, thus divg = q. From the second we have,

—8(Vit) =g (=¢) = (¢, Vi) 12,
which becomes
[ (i) +7 (=4 (x)) + ¢ Vi(x) dx = 0
By Young’s inequality, the integrand is always nonnegative, thus for a.e. x € ()

r(=¢(x)) = (Vi(x), =) = r(Vir(x)).
In particular, this implies —@(x) = yVii(x), v € R, since both r and r* depends only by the
modulus of their arguments.

Recalling that r*(a*) = a* - a — r(a) if and only if a = Aa* = Wﬂ* for ||a*|| > B,anda =0

for ||a*|| < B, we obtain
0, if [|p(x)[| < B

Vi(x) =

oo =B

where A*$ = —g, s0 div ¢ = g and ¢ is the solution of the dual problem.
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8.2. Relaxation and convexification. It may occurr that we are dealing with a problem

inf, _x F(x) where

F(x):= /(.)f(x,u(x),Vu(x))dx

fails to be convex and lower semicontinuous. In this case, even in presence of coercivity of the
functional, the existence of a solution cannot be taken as granted, since Tonelli-Weierstrass
theorem cannot be applied, moreover, the lack of convexity prevents to use any of the necessary
condition we stated. Nevertheless, in many cases the problem is faced by introducing a new
problem, called relaxed problem which exhibits good regularity properties and whose solutions
are connected with the original problem.

We present first a generalization of Tonelli-Weierstrass to non-l.s.c. functionals.

PROPOSITION 8.7. Let X be a reflexive Banach space, and let F : X — R U {400} be coercive.
Consider the l.s.c. reqularization F of F then

(1) F: X — RU{+oo} is coercive and l.s.c., thus it admits point of minimum;

(2) every cluster point of a minimizing sequence of F is a minimum of F;

(3) every minimum point of F is the limit of a minimizing sequence of F

PROOF.
(1) By coercivity of F in a reflexive space, for any M > 0 there exists N > 0 such that if

F
llyllx > N then H]/(ﬁ) > M Thus, if we take x € X with ||x|| > 2N, we have
X

= yllx lxllx’

yielding coercivity. By Tonelli-Weierstrass, we have that F has points of minimum.
(2) let {x;}yen C X be a minimizing sequence of F, and assume that x, — x. Thus,
(xn, F(xn)) is a sequence in epi F = epi F wich converges to (x,inf F). By closedness of
epi F, we have that (x,inf F) € epiF, thus F(x) < inf F On the other hand, suppose by
contradiction that there exists y € X such that F(y) < infF, and let F(y) < a < infF. By
definition, we have a > F(y) = liminf,_,, F(y) > inf F > a, which is a contradiction,
hence F(y) > inf F forall y € X and thus F(x) = inf F, so x is a point of minimum for F.
(3) Since F < F, if x a minimum point of F we must have F(x) < F(y) for ally € X, thus
F(x) < inf F. On the other hand, we have already proved that F(y) > inf F for all
y € X, hence if x is a minimum point for F, then F(x) = inf F. Moreover, we have

F(x)=inf F = liir;i?f F(y),

M < liminf £&) _ EW)

thus there exists a sequence x, — x such that F(x,) — inf F.

We present here, without proof, a general result on relaxation of integral functionals.

THEOREM 8.8 (Relaxation). Let @ : [0, +-c0[— [0, +-00][ be a nonnegative, increasing, convex and L.s.c.

@(t)

function such that tliT — = +o0. Let g : QO x R™ — R be a normal integrand satisfying
—r+00

O(|¢) < g(x, &) forall (x,&) € AxR™. Let 1 < B < +oo,and f : QO x RY x R" — R be a normal
integrand satisfying

(1) if1 < B < +00, there exists a1, ay € Ll(Q), b>0,c>1suchthat
§(x,8) + az(x) < f(x,5,) < cg(x,&) +bls|P + ay (x).

(2) if B = oo, there exists a, € LY (Q) and, for all k > 0 there exists c > 1 and a; € L?(Q) such
that

8(x,¢) +ax(x) < f(x,5,8) < cg(x,&) +a(x), for |s| < k.
(3) fora.e. x € Q, the restriction of f(x,-,-) to R" x dom g(x, -) is continuous.
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Let 4 : L' — LP be a map such that if {py}nen converges weakly to pin L' (Q; R™), and if

sup ‘ ®(|pn(x)|) dx < +oo, then {Gpy }ne converges to 4 p in LP(Q; R™). We introduce the
neN /Q
following problems:

(%2) inf / ™ (x,u(x),p(x))dx,
peL®(QR™)
u=%p

where

Then

(1) the problem (£ 27) has a solution,

(2) the minimum of (% 27) equals the infimum of (),

(3) if (11, p) with it = 9 p solves (#2), then there exists a minimizing sequence {(itn, Pn) fneN
for (2) such that uy, = G pn, uy — i in LP, and p, — p weakly in L1,

(4) if {(un, pn) tnen is a minimizing sequence for (%), there exists (i, p) with ii = ¢4 p which
solves (% 2), and a subsequence { (un,, Pn,) e such that u, — @ in L, and p, — p
weakly in L1

PROOF. See Theorem 4.1 in Chapter IX of [5] at p.287. O

We consider now a concept of convergence of functionals introduced by De Giorgi in the "70s.
Our problem is as follows: a sequence of functionals {F, },cn is given. Supposing that %, is a
minimum of F,, we want to give conditions in order to have convergence of ¥, to a point x( that
is characterized as the minimum of a suitable limit functional F. The main reference for this part
is [2].

DEFINITION 8.9 (I'-limit). Let X be a separable Banach space endowed with a topology .7, and
let {F, : X — [—o0, +00] };,cN be a sequence of functionals. We say that the sequence F,
I-converges to F : X — [—o0, +0c0] (or F =T —lim F) if
(1) For every x € X and every sequence {x, },en C X converging to x for the topology 7
we have
F(x) < lim inf Fh(xh).

h—o00
(2) For every x € X there exists a sequence {x, },en € X converging to x for the topology
7 we have
F(x) > limsup F,(xy,).
h—o00
In order to ensure convergence of the sequence of the minima of Fj, the following definition is
quite natural.

DEFINITION 8.10 (Equicoercivity). Let X be a separable Banach space endowed with a topology
7 ,and let {F, : X — [—o00, 400 };,cy be a sequence of functionals. We say that {F, } ;< is
equicoercive if for every t € R there exists a compact set K; in the topology 7 such that

{x € X:€ F(x) <t} CKiforallh € N.

THEOREM 8.11 (I'-convergence). Let X be a separable Banach space endowed with a topology .7, and
let {F, : X — [—o00,+00] } e e a sequence of equicoercive functionals. Then
(1) if the T-limit of { Fj, } nen exists, then it is unique and l.s.c.;
(2) there exists a subsequence {Fy, }yen and F such that F =T — lim Fy, ;
(3) if F=T —lim Fy, then F + G =T —lim Fy, + G for all continuous G : X — [—o0, +o0]; there
exists a subsequence { Fy, }yen and F such that F =T —lim Fj, ;
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(4) let F =T — lim Fy, and assume that F admits x( as unique minimum point. Let {x, }peny € X
and {ej, }pen CJ0, +o00| be such that e, — 0T and |F,(x;,) — inf F,| < e),. Then xj, — xq in
T and F,(xy,) — F(xo).

PROOF. Omitted, see [2]]. O
PROPOSITION 8.12. Let X be a separable Banach space endowed with a topology 7, and let
{E, : X = [—00,+0] } e be a sequence of functionals, F : X — [—o00,+00]. Then

(1) If {F,}nen converges to F uniformly, then Fy, T-converges to F;
(2) If {F, } e is a decreasing sequence converging to F pointwise, then Fy, T-converges to F.

PROOF. Omitted, see [2]. O

9. Some exercises in preparation to the first partial test

EXERCISE 9.1. Let Q) be an open bounded subset of R?. Consider the problem:

2
inf / (2 |Vu (xl,xz)|2 + 40y, u (x1,X2) O, 1 (X1, X2) + ((x% + 2) u(x1,x) — 3x1> +
ueH}(Q) 72

+[0x, u(x1, x))? + Z[BXZu(x1,x2)]2) dxq dxs.

(1) Prove that the problem admits a unique solution.

(2) Formulate the problem in the form .% (u) = F(u) + G o A(u) where F : X —| — 00, +-00],
G:Y —] —oo,+00|,and A : X — Y, carefully precising the functional spaces X, Y and
discussing the regularity of F, G, A.

(3) Write the dual problem and the extremality relations. Establish if the dual problem
admits an unique solution.

(4) Using the previous results, write down a partial differential equation satisfied by the
minimum.

SOLUTION. Set X = H{((;R), X' = H 1((;R), Y =Y =L[>((3;R?),A=V:X =Y,

A* = —div : Y/ — X'. Denoted by x = (x1,x2), p = (p1, p2), we define
r:R> > R, r(x):= 2342,
7:R?> > R, g(x) = 3xq,
A€ Mat2><2(]R), A= <§ i),
fRZXxR =R, f(xu):= (r(x)u—q(x))?
§:R* =R, g(x,p) == 3p7+4pap1(x) +4p3 = (Ap,p),

With this choices, we set
Fu) = [ fleu()dx = [ (rou(x) —q(x)? dx = lu =g,

G(p) = [ gtxp()dx = [ (3pF(x) +4pa(x)pi () + 4p3(x)) dx = (Ap,p)a

To prove the convexity of F and G it is enough to check that for a.e. x € (), the functions
u— f(x,u)and p — g(x, p) are convex, indeed in this case from the convex inequality

f(xAur(x) + (1= Mua(x)) < Af(x,u1(x)) + (1= A)f(x, u2(x)),
holding at a.e. x € Q for A € [0, 1], we obtain the corresponding relation
F(Auq + (1 — )\)uz) < )LF(Ml) +(1- /\)F(uz),

by integrating on (). In the same way, the convexity of g(x, -) for a.e. x € () yields the convexity
of G. We have that for every fixed x € Q) the maps f(x, -) and g(x, -) are C*. Moreover

duf (x,u) = 2r(x)(r(x)u — q(x)),
02, f(x,u) =2r*(x) >0,

uu
_ _ (6p1+4p2
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6 4
Hess, g(x,p) =2A = (4 8>

Since 9%, f > 0 and the eigenvalues of Hess, g are {7 +V17,7 - \/17 }, both stricly positive and

so Hessg is positive definite, we have that u — f(x,u) e p — g(x, p) are proper and convex for
every fixed x € (), hence F and G are convex. Since A is positive definite, we have G(p) > 0 and
G(0) = 0, thus g is proper. Similarly, we have F(u) > 0 and F(0) = ||q||;2 < +o0 according to the
boundedness of (). Thus also F is proper. Since F and G are convex, the same holds for the
composition G o A of a convex proper function with a linear one and for the sum of convex
functions .%. Moreover, G o A(0) = G(0) < +c0 and so .#(0) < +oo thus also G o A and .7 are
proper. Finally, the strict convexity of G implies that .7 is strictly convex.

We prove now some regularity properties of F and G. Concerning G, we have

A~ ||p||i2 < G(p) < /\+||p\|%2, where A* = 7 + /17. In particular, for any fixed p € Y, § > 0, we

have for all p € B;2(p,6)
G(p) < AFllpllTa = A% (llp = pllz + 1Pl2)* < AT + 117l 12)%

in particular, there exists a neighborhood of p and the map G is uniformly upper bounded on
that neighborhood. Thus G is continuous at p. By the arbitrariness of p, we conclude that G is
continuous.

Concerning F, to prove its continuity in X it is enough to show that it is continuous in L? since
the convergence in X implies the convergence in L?. We have

2
F(u) =llru —qllf2 < (Irull 2 + llqll2)* < ( 1(rae)?][ 2 + |q||L2>

2
< (\/nﬂm el + ||q||Lz)

2
< (llrflzs - el 2 +llgll2)",
where we used the Holder inequality to estimate
1)l < (12l el n = lrlfZe el 72
For any fixed @ € L? and & > 0 we then have for all u € B;2(#, )
2
Fu) < (Irllee - lullp2 + llqll2)
- - 2
< (lrllze - Clfee = all 2 + [zl 12) + llgll 2)
_ 2
< (lrllze - (6 4 flall2) + ligllz2)",
and so, reasoning exactly as for G, we have that F is continuous in L? and so also in X.

In order to prove the existence of the solution, by the reflexivity of X, it remains to prove only
that if ||u||x — +o0 we have .# (u) — +oc0. Since F > 0, we have

F(u) = F(u) + G(Vi) > G(Vu) > A~ || Vil 2.

By the boundedness of (), Poincaré’s inequality yields the existence of a suitable constant C > 0
depending only on Q) such that |[u||;2 < C||Vu||;2, and so ||ul[x < (C+1)||Vu| ;2. We conclude

that % (u) > 71Hu||x, and so if ||u]|x — +oo we have .F (1) — +oo.

C+

We have that .# is convex, proper, l.s.c. and coercive on a reflexive space, thus admits a
minimizer 7. Moreover, by the strict convexity, this minimizer is unique.

We want to compute now the conjugate of F and G. Since f, g are Carathéodory functions, to
conjugate F, G as functions defined on L? it is enough to take the integral of the conjugate of
f(x,-) and g(x, -), respectively. Thus we want to compute

f*(xu) = sup {(w,u) — f(x,u)}, g (x,p*) = sup {{p", p) —g(x,p)}

weR pER?
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(the conjugate is taken only w.r.t. u and p, respectively). The map u — f(x, u) is superlinear for
every fixed x, thus the supremum it is attained in R. Moreover, u — f(x,u) is smooth, thus to
detect it we take the derivative in u of the argument of the supremum in f*, and find the points
where it vanishes.

o, u) — )] = w— 2r(2) ()~ g(x)) = 0,

and so
w — 2q(x)r(x)
2r2(x)
We keep track of the fact that, for every fixed x € (), the supremum in the formula defining
f*(x,w) is attained uniquely at u € R satisfying

w = 2r(x) (r(x)u = q(x)) -

u =

By substitution, we have
4g(x)r(x) +w)

4r2(x) !
Since the map f was measurable in x and continuous w.r.t. u, we have that f is a normal
integrand. Moreover, taken 1y = 0, we have F(ug) < +oco. Hence we can compute the conjugate
of F by conjugating the integrand function. Thus if w € L?(Q)), we have

F*(w) :/Qf*(x,w(x))dx = /Q w(x)(4q(zr)2r((;)) B gy H%

frlew =2

2 w
2 +2<§/‘7>L2/

w 2
=I5 +4| , — llall=
otherwise, since F is continuous w.r.t. the L?>-norm, we have that F*(w) = +ocoifw € X'\ L2

Thanks to the previous computations on f, we have that the supremum in the definition of
F*(w) with w € L? is attained for u € L? satisfying w = 2r(ru — q) (equality in L?).

In the same way, to compute ¢* we notice that p — g(x, p) is superlinear for every x (indeed, g
does not depend on x), thus the supremum in the expression of ¢* is attained, and by the
smoothness of g to detect it it is enough to study the critical points of the argument of the
supremum in g*. Thus

Vol{p*,p) —g(x, p) = p* —2Ap =0,

which implies p = %A‘lp* and so

g (x,p*) = (A p*, p).

Thus we have for all p* € L?((; R?)
G'(p) = [ 8" Gep () dr = 5 [ (A7 (), ()

:3,13 /Q (42 (x) — 4pi (x)p3 (x) + 3p3*(x) ) dx,
4

: _ -1 -2
since A~! = (_2}1 §4> =2 (2 3 )

We notice that for any w € L2, if we define
_ wx) =2q(x)r(x)
ta(x) = 2r2(x)
we have that u;, € L?(Q) (since r is bounded away from 0 in ) and for a.e. x € Q it holds
fx,uw(x)) + f*(x, w(x)) — w(x)uy(x) = 0. Conversely, by the uniqueness of the point of
supremum in the computation of f*, for any given w € L?(Q) we have that
Flx,u(x)) + f*(x,w(x)) — w(x)uy(x) = 0 fora.e. x € Qonly if u = uy in L2(Q).

Similarly, we have

N

fora.e. x €,

G(p)+ G (p") =(p" P12
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if and only if p = %A‘lp* in 2.

The dual problem is

sup[—F*(A"¢) — G*(—¢)].
peY’

Since F, G, A are all continuous, the stability criterion is trivially satisfied: we have to find an
element 1y € X such that F(u) < 400 and G must be continuous at Auy. It is enough to take

ug = 0. Thus the dual problem has a solution ¢. If A*¢ € H~1(Q) \ L2(Q) we have

—F*(A*¢) = —co while G*(—¢) < +o0, hence since the supremum is attained at ¢, we must
have A*¢ = —div ¢ € L?(Q). We have that ¢ — F*(A*¢) + G*(—¢) is clearly convex and ls.c.,
and moreover it is strictly convex, since the eigenvalues of A~! are the inverse of the eigenvalues
of A, so both of them are strictly positive. In particular, the solution ¢ of the dual problem is
unique.

The unique solution 7 of the primal problem and ¢ of the dual problem are linked by the
extremality conditions

F(a) + F(A"9) = (A"¢, ) x x,

—G(A) = G* (=) = (@, Ah)yr y.

Since in our case we have A*§ € L?, these relations become

@) + (A p(x) = A p(x) -1(x)) dx = 0,

[ (g(AD) 4 g7(=9) = (~9(x), An(x))) dx = 0.

The integrand functions are always nonnegative, and they vanishes if and only if they vanish
a.e. But this implies

—div = 2r(ru —q),
—§ =2AVil,
hence we obtain for the minimizer the following PDEs, whose solution must be understood in
the weak sense
{diV(ZAVﬁ) =2r(ru—q),
M‘an =0.

EXERCISE 9.2. Let Q be an open bounded subset of R?, g € L?(€);R?). Find the projection of g
ontheset G := {Vov: v € H}(;R)}.

SOLUTION. We notice that G is a vector space of X = L?(Q);R?). Recalling that u — || Vul|,2
defines a norm on H} (Q) which, thanks to Poincaré’s inequality, is equivalent to the norm of
H}(Q), we have that G is closed in L2. In particular, by the theorem on projection on closed
convex sets in Hilbert spaces, there exists a projection V3 = 715(q) € G, i.e., a minimizer of

% llg — Vv||%2, which is characterized by
(g—V15,Vo—Vi), <0,
for all Vv € G. Since G is a vector space, we have that equality holds. Thus we obtain
(g—Vo,Vw) =0,
forall w € H}, and so
(g, Vw)2 = (V7, Vw),
This means

(—divg, w)H,llH(l) = (=A7, w)H,llHé,
Av =divg,

which implies that 7 is the unique solution in the weak sense to { 0
U| o0 = L.
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EXERCISE 9.3. Let Q) be an open bounded subset of R?, g € L?(Q);R?) be fixed. Set:
@ = {v € H{(QR) : Vo — gl 2 m2) < 1}.
Assume int% # @ and consider the problem

inf [ )u(x) - cos x| dx.
M 2

(1) Prove that the problem admits a unique solution.

(2) Formulate the problem in the form .7 (1) = F(u) + G o A(u) where F : X —] — c0, +00],
G:Y =] — 00,4+, and A : X — Y, carefully precising the functional spaces X, Y and
discussing the regularity of F, G, A.

(3) Write the dual problem and the extremality relations. Establish if the dual problem
admits an unique solution.

(4) (Not mandatory) Using the previous results, write down a partial differential equation
satisfied by the minimum.

SOLUTION. Set X = H{((;R), X' = H'Y{((;R), Y =Y = L*((;R?), A = V: X — Y is linear
and continuous since it is clearly linear, and

IVulliz < llullz + [Vullp2 = flull -

Its adjoint is A* = —div : Y/ — X’ is also linear and continuous. Define r(x) = cos |x|. We set

G(p) = W( p), F(u) = %Hu - r||%2. Clearly F is strictly convex and continuous with respect

1
to the norm of L?, since we have F(u) = 2 [ — ]|,

B;2(g,1) is closed in L? and convex we have that G is convex and Ls.c.

and so also for the norm of X. Since

We now verify that .# is coercive on the reflexive space X. Indeed, it is enough to show that if
||u||x — +oo we have .7 (1) — +o0. Since ) is bounded, we can use Poincaré inequality: there
exists C > 0 depending only on () such that

il < C- 1Vl

In particular, since .7 (1) > G(Vu), if || Vul[;2 > 1+ ||9|| ;2 we have G(Vu) = +o0 and so
coercivity follows.

We have
k(. %\ __ T* _ *\ * _ * _ * *
G () =l un(P) =5,nP) = sup (php)= sup (phq+m) =t g+l
p€B2(q,1) 7€B;2(0,1)
*
The supremum is attained for p = g 4 1 where 7 = Hr’zin if p* # 0, otherwise 17 may be any
L2

element of B;2(0,1). Given u* € H~!\ L2, we can find a sequence {u, },en C H} such that
u, — uin L2 and (u*, un)xr x — +o0, thus

F*(u*) = sup (u*,u)x x — F(u) > limsup(u*,u)x x — F(uy) = +oo,
u€H} n—oo

since F(u,) — F(u) by continuity of F in L2. Instead, if u* € L?> C H~! we can conjugate F* as it
was defined in L2, since F is continuous in L2 and X is dense in L2

F*(u") = sup (", u)xo,x — F(u) = sup (u",u) 2 — F(u)

ueH(l) ueH&
=sup (u*,u);2 — F(u)
uel?
* 1 2
= sup { (' )z — 2 u — vl
ucl?

1 1 1
= sup { Gl s = 3B )z = )z — 5l

uecl?
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1 1 1
=51+ )z s { = F 0 B+ = )iz = 5l s
ue

1 1 1
:§||u*\|iz + (u*,r) 2 + sup2 {—2||u* —(u— 7’)”%2} = §Hu*|\%z + (u*, )2
uel

1 2 1,0
=Sl + 1l = Sl
and the supremum is achieved for u = u* +r.

The dual problem is

sup[—F"(A"9) = G*(—9)],
peY’

which in our case becomes
. 1 . 1
— inf EH _leq’“"’”%Z_§||7H%2+<(P1‘7>L2+||§0HL2'

pel?
divpel?

We prove now the stability criterion: since if 1 € int %, then there exists 6 > 0 such that
Pp+6¢ b, ie, |V +6VE—q|3, <1, forall§ e By (0,1). By possibly replacing ¢ by —¢, we
can always assume that (V¢ — g, V)2 > 0 and, by Poincaré’s inequality, we have that

1= €l < C- V22

Thus we have
52
IV —ql7. + o2 SIVy = ql2, + PVEN2 < |V — g2, + | VE| 2 +2(Vy — q,VE)

<[V +0VE—qllf. <1,

which implies that || Vi — g||;2 < 1, thus Vi belongs to the interior of B;2(q,1), and so G is
constantly zero in a suitable small neighborhood of V¢, in particular it is continuous at V. We
have that F is continuous at ¢, hence finite at 1, so stability criterion holds and a solution to the
dual problem exists.

Extremality relations for a solution # of the primal problem and a solution ¢ of the dual problem
are
F() + F*(A*¢) = (A"¢, ) x0 x,

~G(AR) ~ (=) = (¢, A)yy,
The second extremality condition amounts to say that Vii — g € W (to have G(V11) < 40o0)
and || — ¢||;2 = (=, q — ViI). More precisely, this conditions states that by Holder’s inequality
= @llz = (=¢,q=VD) < || = dllr2- ]9 = Va2 <[ = 9l
since Vil — g € B;2(0,1). Thus the second extremality condition can be rewritten as
A=0,if ||g— Vil <1,
¢ = A(Vil — q) where
A>0, if ||g— Vil =1
Since the first extremality condition provides #i = —div ¢ + r, we obtain the following PDE for i,
to be undestood in the weak sense
{ﬁ —r=A(divg — A1), in Q,

andso ¢§ = A(Vil —gq).
M|aQ =0,

If the dual problem admits the solution ¢ = 0, from the first extremality relation we must have
il =r € ¢ as unique solution of the primal problem, in particular ||g — Vr||;2 = || — V|2 <1,
thus

o If || — Vr||;2 < 1, the only solution of the dual problem is ¢ = 0.
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e If |g — Vr||;2 = 1, we have that ¢ = A(Vr — g) is a nonzero solution of the dual
problem if and only if it is divergence-free, i.e., divg = Ar.

Summarizing, if the dual problem admits the null solution then ||g — Vr||;2 < 1 and the dual
problem has 0 as its unique solution, unless divg = Ar and ||g — Vr||;2 = 1. In this latter case,
¢ = A(Vr —q), A > 0 are solutions of the dual problem and I = r € ¢ is the unique solution of
the primal problem.

If the dual problem do not admit the null solution, we have necessarily ||g — Vil|| ;2 = 1.






CHAPTER 2

Second part

1. Lecture of 5 november 2018: Differentiation in infinite dimensional spaces (1h)

It is well known that given a differentiable function g : (3 — IR, where () is an open subset of R”,
the point of minimum of f must be searched among the critical points, i.e., the points x € ()
satisfying df(x,y) = 0. If the function g € C?, it is possible to study the Hessian matrix of ¢ and
if it is positive definite at a critical point ¥, then ¥ is a minimizer of f. We will now extend the
notion from R” to possibly infinite-dimensional spaces.

DEFINITION 1.1 (Frechét differential). Let X, Y be normed spaces, () C X be open X. A function
f : Q) — Yis called Frechét differentiable at xg € () (shortly, F-differentiable at x) if there exists
A : X — Y linear and continuous such that
lim f(xo+h) — f(xg) — Ah
Il =0 I7l1x

=0.

In this case, the operator A is unique and called Frechét differential of f at x(, and is denoted by
A = f'(x0) = Df(xo).
REMARK 1.2. We recall the following facts:
(1) If the Frechét differential exists, then it is unique.
(2) Every function which is Frechét differentiable at a point, it is also continuous at the
same point.
(3) The differential is invariant if we change the norms on X and Y with equivalent norms.
(4) chain’s rule: if X, Y, Z are normed space, (2 is an open subset of X, xy € (), V is open
subsetof Y, f: O — V, g : V — Z, f differentiable at xy and g differentiable at f(xo),
then go f : () — Z is differentiable at xy and

(8 f)(x0) = g'(f(x0)) o f'(x0),
which is a linear and continuous operator from X to Z.
(5) if f is constant in Q) then f’(x) = 0 for all x € Q) (converse holds if () is connected)
(6) if f: X — Y is linear and continuous, then f’(x) = f forall x € X.
(7) if f : X x Y — Z is bilinear and continuous, then it is differentiable at every point and
f'(x,y)(h,k) = f(h,y)+ f(x,k) forall (h,k) € X x Y, indeed by definition
= lllx + [lklly

1 (9) + (10) — £ Gry) — Fy) = Fx R, IFR)x
h k
f(nhux' ||k||y)
< Cllklx = 0,

11flx + [IKlly = Pl + (1Kl
recalling that f maps bounded sets to bounded sets since it is bilinear and continuous.

1Bl x NIkl

Z

DEFINITION 1.3. Let X, Y be normed space, and () be an open subset of X. Let f : (3 — Y bea
function which is Frechét differentiable at all xy € Q). We can defineamap f': O — L(X,Y),
where £(X,Y) is the space of linear and continuous functions from X to Y, defined by

x — f'(x). We say that f € C!(Q;Y) if this map is continuous.

In the case that the dimension of X is greater than 1, the following concept of directional
derivative plays an important role. Given v € X, ||v||x # 0, we consider

xg + tv) — f(x0)

Y
; S

0f (x0) = lim

65



66 2. SECOND PART

and study the map v — 9, f(xo). If this function is linear and continuous from X to Y, it is
possible to define another concept of differential.

DEFINITION 1.4 (Gateaux differential). Let X, Y be normed space, and let ) be an open subset
of X. A function f : QO — Y is called Gateaux differentiable at xg € Q) (shortly, G-differentiable at
xp) if there exists a linear and continuous operator A : X — Y such that

lim fxo+tv) — f(xo) _ Ao,
t—0 t

In this case, the operator A is called the Gateaux differential of f at xg, and we will denote it by
A = f((x0). The map x — f[(x) will be called the Gateaux derivative of f.

REMARK 1.5. If a function admits Gateaux differential at a point, then it is unique. Even in finite
dimension it is possible to give examples of discontinuous G-differentiable functions (hence in
particular G-differentiable functions that are not F-differentiable). However, from the definition
it easy to see that if a function is F-differentiable then it is also G-differentiable and the two
concepts coincides.

EXAMPLE 1.6. The ground space is R?. Consider the following map f : R — R

3
X .

ﬁyyz' if (x/]/) #0,
floy) =

0, if (x,y) = (0,0).

We check the limit of f along the curve (t) = (t,t3). This curve tends to (0,0) when t — 0.

Lim f(y(t)) —limi _1 #0=£(0,0)
t—0 ¥ 150216 2 N e

So the function is not continuous at the origin, and so it cannot be F-differentiable at (0,0).
Along the axis, the function is identically zero, so the two partial derivatives vanishes at (0,0).
We compute the other directional derivatives along vectors v = (vy, vy) with v, # 0 and vy #0.
f((0,0) + t(vx, vy)) — £(0,0) flt(vx,oy)) 1 ol

0,1(0,0) = lim = lim =lim- —-2—
2f(0,0) =0 t t—0 t =0 t 1608 4 tzv§

3
5 toyvy _
t—0 t4v§ + vf

So directional derivatives along every vector exist at (0,0) and are all 0, so f(0,0) = 0, but f is
not F-differentiable at (0,0).

THEOREM 1.7 (Lagrange’s mean value theorem). Let X, Y be normed spaces, () open subset of X,
f: Q — Y a G-differentiable function in Q). Let x1, xp € Q) be such that Axy + (1 — A)xp € Q for all
A € [0,1]. Then

[f(x2) = f(x1)[ly < 51[110} I fe(Axa + (1= A)x1) |l gx vy - 12 = x1llx,
A€(0,1

where || - || £(x,y) is the norm of the space of linear and continuous functions from X to'Y.
PROOF. Fix ¢ € Y’ and consider the map F : [0,1] — R defined by
E(t) = (@, f(1 = )x1 + tx2) )y v-
This map is derivable, and we have

F'(t) = (@, (fc((1 = t)x1 + txa), (x2 — x1))).

According to classical Lagrange’s Mean Value Theorem, there exists 6 €]0, 1 such that
F(1) — F(0) = F'(8), and so

(9, f(x2))yry = (@, f(x1))yr,y = (@, (fG((1 = 0)x1 + 0x2), (x2 — x1)))
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so we have

(g, f(x2) = f(x1)yr x| < llolly Il f6((1 = 0)x1 + 0x2) | (xv)llx2 — 21| x-
Since we can always choose ¢ € Y’ such that ||¢||ys = 1 and

(@, f(x2) = f(x1))y y = || f(x2) — f(x1) ]|y, the proof is concluded. O

THEOREM 1.8 (Total differential). Let X,Y be normed spaces, Q) be an open subset of X, f : (2 — Y be
a G-differentiable function in Q. If f(. : QO — L(X,Y) is continuous at xo € Q) then f is F-differentiable

at xg € Qand f’(xo) = fé(xo)
PROOF. Consider the function w : X — Y defined by
w(h) := f(xo+h) = f(x0) = (f5(x0), h)-

This map is G-differentiable in a neighbourhood of 0 and wy; () = f;(xo + h) — fL(x0). Since
w(0) = 0, applying the Mean Value’s Theorem, we have

oMy < ASI[J(}D” 16 (x0 + Al) = f6(x0)ll e x,v) - IBllx,
€0,

so by the continuity of f(,, by letting h — 0 we have

llw(h)lly
[kl x
the thesis follows. O

— 0,

DEFINITION 1.9. Let X, Y be normed spaces, () open subset of X, f : (3 — Y a G-differentiable
function at xg € O. If f(xo) = 0 we say that xq is a critical point for f.

DEFINITION 1.10 (Higher order derivatives). Let X, Y be normed spaces, () be an open subset of
X, f : Q — Y be a F-differentiable function. If the Frechét derivative f' : O — £L(X,Y) is
F-differentiable at xy € ), then the map [f’]'(xg) : X — L(X,Y) will be denoted by " (x() and
will be called second-order differential of f at xo. If f" is F-differentiable in (), then

" — L(X, L(X,Y)) is the second order derivative of f. If it is also continuous, then we will say
that f € C2(Q;Y).

PROPOSITION 1.11. Let X, Y be normed spaces. Then the space L(X, L(X,Y)) is isometrically
isomorphic to the space L2(X x X, Y) of the bilinear and continuous function from X x X to Y endowed
with the norm

lollez = sup [l K)]y.

PROOF. Given i € L(X,L(X,Y)) we set
¢(h k) = ((p, 1), k),
obtaining ¢ € £L2(X x X, Y).

Conversely, given ¢ € L2(X x X,Y), for fixed h we have that the map k — ¢(h, k) is linear and
continuous, and so the map h +— ¢(h, -) is linear and continuous from X to £L(X,Y).

The other statements are trivial. O

PrROPOSITION 1.12 (Taylor’s Formula). Let X,Y be normed spaces, Q) be an open subset of X,
f:Q = Yofclass C2(QLY). Let xg € Q, R > 0 such that Bx(xo, R) C Q. Then for every
h € Bx(0, R) we have

Flox+h) = Fx0) + (f (ko). 1)+ 3 (" (x0), ), ) + k),
where i1 : Bx (0, R) — Y is a function satisfying

lim ||r7(h)2||y:
Inlx—0 [|][%
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PROOF. Fixh € B(0,r), ¢ € Y' and define g;,(t) = (i, f(xo + th))y: y for t € [—1,1]. We have
that ¢, € C2(] — 1,1]) and

gn(t) = (¢, f'(xo + th)h)yr y
& (1) = (¢, {f" (o + )l 1))y
According to classical Taylor’s formula applied to g we have:

(9, f(xo + th) = f(x0))yy = (¥, f(x0 + th))yry — (, f(x0))y,y = 8u(1) — g(0) = g;,(0) + %82’(@1)/
for a suitable ¢;, €]0, 1[. This implies

(£ o+ 1) = (o) vrye = {9 (0)hyry + 3 (9, (f” (x0 + ) )y
= (9, F ooy + 50, U (o) W)y + 3 (i (LF (3o + Gal) — £ (x) )y
= (P, 0y + 5 o)l H) by + ()

where 7 (h) := %<1P, ([f" (xo 4+ &) — £ (x0)]h, b))y y. By continuity of f”, we have
n(h)/||h||% — 0 for h — 0, moreover

. (o + ) = Flxo) = £/ (xo)l = 3 F" (xo b )y

Recalling the arbitrariness of ¢, we have

f(xo +th) = f(x0) — f'(x0)h — %<f”(xo)h/h> = (1)l

which concludes the proof. O

< K, ()] < 1¢llylln (m)ly-

PROPOSITION 1.13. Let X be a normed space, () open subset of X, f : X — R be a G-differentiable
function.
(1) If xo € Q is a local maximum or minimum for f in Q) then f((xo) = 0.
() If f € C?and xq € Q is a relative maximum then {{f"(xo),v),v) < 0forallv € X.
(3) If f € C*and xy € Q is a relative minimum then ((f"(xo),v),v) > 0 forall v € X.
() If f € C?and xy € Q satisfies f'(x¢) = 0 and there exists ¢ > 0 such that
({(f"(x0),0),0) < —c||v||% forall v € X, then xq is a relative maximum.
(5) If f € C*and xy € Q satisfies f'(xo) = 0 and there exists ¢ > 0 such that
({(f"(x0),v),v) > c|[v||% for all v € X, then x is a relative minimum.

PROOF.

(1) Let x¢ be a maximum and v € X. By assumption, there exists § > 0 such that if
y p
|lo]lx < éthen f(xo+tv) — f(xp) < 0. Thus

f(xp+tv) — f(x0) >0

lim sup ; =0,

t—0+

By the G-differentiabily assumption, the limit exists and is (f/(xo), v), so we have
(f&(x0),v) > 0forallv € Bx(0,6). Since v € Bx(0,0) if and only if —v € Bx(0,4), we
obtain (f{(x0), —v) > 0, thus (f(x0),v) = 0. By the arbitrariness of v, the proof is
conclude. Use a very similar argument when x( is a minimum.

(2) Let xg be a relative maximum. Then there exists § > 0 such that for all v € X with
|lvllx < é and for all t € [0, 1] we have

X012
Itvll%

0> f(xo +tv) — f(x0) = t? (;((f”(xo),w,w + [lo|I2 n(to) ) ,

where equality is given by Taylor’s formula. Dividing by #? and letting t — 0, we obtain
the thesis.
(3) Use the above argument on — f.
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(4) Assume that f'(xg) = 0 e ((f"(x0),v),v) < —c||o||% for all x € X and a suitable ¢ > 0
independent of v. By Taylor’s formula

1 c v
Flxo+0) — £(x0) < 2 (4" (30),0),0) + (o) < — Sl (1 L)
loll%
Since 17(v)/ ||v]|% — 0 as v — 0, there exists § > 0 such that for all ||v| x < J we have
f(xo+v) — f(x0) <0, thus x is a relative maximum.
(5) Use the above argument on —f.

Summary of Lecture 1

o In this lecture we introduced some concepts of derivatives and differentials in an

infinite-dimensional space, namely
— Frechét differential,
— Directional derivatives,
— Gateaux differential.

e Itis important to stress that the continuity of the linear operator must be assumed in
this setting, while in the finite-dimensional cases is authomatically granted.

o Directional derivatives amounts to property of the slicing function along lines.

o Gateaux differential amounts to have a linearity and continuity among the direc-
tional derivatives, while Frechét differentials gives the strongest conditions.

e We prove some results, like mean value theorem and Taylor’s formula by a scalar-
ization process, i.e., we consider suitable 1-dimensional functions obtained by ap-
plying elements of the dual to the functions, and applying on the scalarized func-
tion the classical calculus theorem in finite dimension.

2. Lecture of 12 november 2018: Implicit function in infinite-dimensional spaces. (2h)

THEOREM 2.1 (Dini’s implicit function theorem). Let X, Y, Z be Banach spaces, D be open subset of
X xY, f: D — Z bea continuous function, (xo,yo) € D be such that f(xo,yo) = 0. Assume that in a
neighborhood of (xo, o) there exists dy f(x,y) (i.e., the Frechét derivative of y — f(x,y)) and is
continuous, and that dy f (xo, yo) is an isomorphism of Y to Z. Then there exist U C X and V C Y, which
are neighborhood of xo and y respectively, and an unique continuous function ¢ : U — V such that:

{(xy)eD: flry) =03NUXV) = {(x¢): xeU},  ¢(x)=yo
We will say that ¢ locally explicits f with respect to the variable x in a neighborhood of xy. Moreover, if
f is F-differentiable at (x¢, o), we have

1
¢'(x0) = — (ayf(xofyo)) 0 dx f(x0,Y0),

where dx f (xo,Yo) is the Frechét derivative of x — f(x,yo) at xo.

PROOF. Set Q = dy f(x0,y0), by assumption Q : Y — Z is linear, continuous and bijective.
Define the map ¢ : X x Y — Y by setting

gxy) =y—Q ' (f(xy),
and notice that, given x, we have that y is a fixed point of g(x,-) : Y — Y if and only if
f(x,y) = 0. Indeed, fromy = y — Q' (f(x,y)) we have Q7' (f(x,y)) = 0. Since Q and Q! are

isomorphisms by assumption, this can be true if and only if f(x,y) = 0.

For every fixed x, we have that ¢(x, ) : Y — Y is Fréchet differentiable (thus also
G-differentiable), denoted by dyg(x,y) : Y — Y the differential of g(x, -), we have

dyg(x,y) =1dy — Q' odyf(x,y),
and so dyg(xp, o) = 0 by definition of Q.

By continuity of dy f(x, y), we have that dyg(x, y) is continuous at (xg, o). Thus for every fixed
0 < a < 1 there exists a neighborhood B(xg, 1) x B(yo, 1) of (xq,y0) contained in D such that
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9vg(x, ¥) |l v,y < a for every (x,y) € B(xo,71) X B(yo,71). Choosen x € B(xo, 1) and

y1,Y2 € B(yo, 1), by mean value theorem we have

lg(x,y1) — g(x, y2)lly < sup [[9yg(x, tyr + (1 = )y2)ll ooy, v)llva — v2lly < allyr — vall,

te[0,1]
i.e., g is Lipschitz continuous in the second variable, uniformly w.r.t. the first variable. Moreover,
g(x0,%0) = yo-
Given u : B(xg,71] — B(yo, 1] continuous, we set Tu(x) = g(x,u(x)). We have

[Tu(x) —yolly = llg(x,u(x)) —g(xo,y0)ly
g(x,u(x)) = &(x,y0) Iy + lI8(x, 0) — g(x0,y0) Iy
ary + [lg(x, yo) — g(xo0, ¥0) lly

Notice that by the continuity of g, there exist § > 0 such that if |x — x| < J we have

llg(x,y0) — g(x0,v0)|ly < (1 —a)ry. Hence, set E = C%(B(xq, 4], B(yo,71]) we have for all u € E
that || Tu — yo||y < r1, and so T maps E into E itself. Since E endowed with the norm of uniform
convergece is a Banach space, and

INIA

[ Tu = Tollo = [[g(x, u(x)) = g(x,0(x)) [l < a[tt = 0[|cc,

with 0 < a < 1, we have that T is a contraction, thus it admits a unique fixed point ¢. In
particular, the graph of ¢ is the zero level set of f (possibly intersected with B(xg, d] x B(yo, r1].

Suppose now that f is differentiable at (xg, o) and set P := dx f (xo, yo). Recalling that
f(x0,y0) = 0, we have
f(xy) = P(x—x0) + Qy —yo) +o(x,y) - (lx = xollx + Iy — vollv),
where o (x,y) vanishes for (x,y) — (xo,y0). Sety = ¢(x) we have f(x, ¢(x)) = 0 and
Yo = ¢(xp), so we obtain
0= P(x—x0) + Q((x) — ¢(x0)) + o (x, ¢(x)) - ([lx — x0llx + [lo(x) = @(x0)[lv),
ie.,
¢(x) = ¢(x0) = —Q 'P(x = x0) = Q"M (¢(x, 9(x)) - ([lx = x0llx + 9 (x) — p(x0)[I¥)),
and dividing by ||x — x||x we obtain:
— + 07 1p(x— B _
£9=0(20)+ QP =20) _ oty gy (1.4 12— 0l ),
[[x — x| x [l — xollx

Since o (x, ¢(x)) vanishes for x — xp, and Q is an isomorphism, it is sufficient to prove that the
function

lo(x) — ¢(xo)lly
[l = x0][x
is bounded in a neighborhood of xy. We have:

lo(x) = ¢(xo)lly _ HQ_1P< X — Xo ) N
lx—xollx — ~ [l = xollx /Iy
—|—||Q*1((T(x,q0(x))|\y- (1 + ||(p(x) : (P(xo)|Y>
I = xol[x
< Q7 'Pliexy) + 1Q ez - llo(x, @(x))llz +

lewmﬂmmw”“ﬁ:ﬁﬁm7

For x sufficiently near to xo, we can assume || Q! lzizy) - llo(x, @(x))]lz < 1/2. Soby
substituting the previous inequality and rearranging the terms we have
l9(x) — ¢(xo)lly
[l — xol[x
the thesis follows. U

<20Q7'Pllgxy) + 1,
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THEOREM 2.2 (Inverse Function’s Theorem). Let X, Y be Banach spaces. Let () be an open subset of
X, x0 € Q, f: Q — Y beof class CL. If the differential of f at x( is an homeomorphism from X to'Y, then
there exist a neighborhood U of xy and an unique map g : f(U) — U such that g(f(x)) = x for all

x € Uand f(g(y)) =y forally € f(U). Moreover, g is differentiable at f(xy) and

Dg(f(x0)) = (Df (x0))~".
PROOEF. Apply Dini’s Theorem to the map F(x,y) = f(x) —y. O

Implicit function theorem has the following consequence:

COROLLARY 2.3. Let X, Y be Banach spaces. Let Q be an open subset of X, xg € Q, f : Q — Y bea C!
map. If the differential of Df (xg) : X — Y is an homeomorphism, then there exists an neighborhood U of
xo and a neighborhood V of yo = f(xo) such that for every y € V the equation y = f(x) admits a unique
solution x € U.

PROOF. We have x = ¢(y) where ¢ : V — U is the implicit function defined by F(x,y) = 0
with F(x,y) = f(x) — y by explicing the x-variable as a function of y-variable. O

REMARK 2.4.
(1) The formula providing the differential of the implicit function can be formally derived
assuming the existence of a Frechét differentiable function ¢ implicitely defined by f in
a neighborhood of xy and writing the Taylor’s formula of the map x — f(x, ¢(x))
around xp, and then proceed as in the second part of the proof.

(2) The strategy of the first part of the proof can be interpreted as follows. We fix x
sufficiently near to xp and we try to solve the equation f(x,y) = 0 in y. We use Taylor’s
formula

foy) = flxyo) +0vf(xy0)(y —yo) +w(ly = yol),
where w : [0, +00[— [0, +o0] is a strictly increasing continuous function satisfying
w(0) = 0. On the other hands, continuity assumptions implies (by possibly changing
the modulus w)

f(xy) = f(x0,y0) + 9y f(x0,y0) (v = yo) + w(|x = xo| + |y = wol),
ie.
Q7 f(xy) =y —yo+ Q' w(|x — x| + |y — wol),
and so (by possibly changing again the modulus w)

y=y—Q 7 fxy) =38(xy).
Thus for fixed x, g(x,y) can be viewed as an approximate solution to f(x,y) = 0. All the
other passages shows that indeed the fixed points y of g(x, -) are exactly the points for
which f(x,y) = 0, and that we can collect all these solutions for fixed x in a graph of a
continuous function of x.

We recall the following result in Functional Analysis.

THEOREM 2.5 (Open mapping theorem). Let X,Y be Banach spaces and A : X — Y linear and
continuous. The following are equivalent:
(1) A is surjective (i.e., A(X) =Y);
(2) A is open at every point, i.e., the image of open set is open;
(3) there exists a constant M > 0 such that for every y € Y there esists x € X withy = Ax and
Ix||x < M||yl|ly. In this case, we will define

reg A =inf{M > 0: forally € Y there exists x € X withy = Ax and ||x||x < M|ylly}.
PROOF. Omitted. See Theorem IL5 p. 28 in [3]]. O

REMARK 2.6. We can interpret reg A as follows. Given y € By(0,1) C Y, we consider the set
A~y of all x € X such that Ax = y. This set is nonempty by surjectivity, moreover it is closed by

continuity, and convex by linearity. Thenreg A := sup  inf |x||.
yEB(0,1) xcA-ly
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Next theorem will allow us to relax the assumption f € C! (we will follow the approach in [8]]) in
the Inverse Function Theorem.

THEOREM 2.7 (Graves). Let X, Y be Banach spaces, xo € X, yo € Y, e > 0, f € C%(Bx(xo,¢€); Y) with
f(x0) = yo. Let A : X — Y be a linear, continuous and surjective operator, and let M > reg A.
Suppose that there exists 0 < 6 < 1/M such that

1f(x1) = f(x2) = Alx1 — x2)[[y < 6]lx1 — x2][x,
forall x1,x € Bx(xo,¢€). Then the equation y = f(x) admits a solution x € B(xo, €) for all
1
B , h =— -
y € By(yo, ce) where c i
PROOF. without loss of generality, up to translation, we can assume xo = 0 and
Yo = f(x9) = 0. Let y € By(yo, ce) where ¢, M, 6, ¢ are as in the statement.

We define by induction a sequence as follows. Set xg = 0 and, by surjectivity, from open
mapping theorem there exists x; € X such that A(x;) =y and ||x1]|x < M|ly|ly <e.

Assume to have defined x;,i = 1,...,n — 1, such that for everyi = 1,...,n — 1 it holds
y— f(xio1) = A(xi — xi), llx; = xi—1llx < M(EM)Hylly.

In particular, we have x; € B(xy, ¢), since

i
Ixillx < Z 16 = xial] < MZ (M) ylly < MZ (6M)ylly
j=1 j=1 j=

M IIylly
T = <e.

Define x,, € X as follows. By surjectivity, there exists x,; such that

Yy _f(xnfl) = A(xn - xn—i)/
since there exists §, such that A¢, =y — f(x,_1), and then it is enough to set x,, = &, + x,,_1.
Moreover, we have also (recalling the inductive step)

18nllx = llxn = xu-allx < Mlly = f(xn-1)ly = MI[A(xn-1) = Alxn-2) + f(xn-2) = f(xa-1) Iy
= M||f(xn—2) = f(xn—1) = Alxn—2 = xp1)lly < Md|lxp—2 — xpallx
< MsM(sM)"Hlylly = M(M)" [lylv.
thus we have as before x; € B(xp, €).

M
Since Y [lxi — xj_qlx = J& < 400, we have that {x, },en is a Cauchy sequence in X, thus

oM
n=1
converges to x € X and by passing to the limitin y — f(x,_1) = A(xy — x,_1), we have
y=fx). O

DEFINITION 2.8 (Strict differentiability). Let X,Y be Banach spaces, ¢ > 0, f € C?(Bx(xo,¢);Y).
We say that f is strictly differentiable at xg if there exists a linear continuous and surjective
operator A : X — Y such that

lim 1f(x1) = fx2) = A(x1 = xa)lly _ 0.

1= 1 — 22| x

A function satisfying the above relation is trivially differentiable at xp, and A = Df(xo) is its
differential at xg.

REMARK 2.9.
(1) Not every differentiable function is strictly differentiable: indeed, if in IR we consider
f(x) = x?sin(1/x) for x # 0 and f(0) = 0, we have that f is differentiable at 0 with
derivative equal to 0, however if we take the sequences x,, = [(n + 1/2)7]~! and
f(xn) = f(yn)
X0 = Yn|

Yn = Xp+1, we have that x,,, v, — 0, but has no limit for n — +oo.
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FIGURE 1. Geometrical idea of the proof of Graves’ Theorem in IR: we consider
a linear operator A satisfying the assumptions, then we construct a sequence as
follows. The first point is the origin, then we look for the intersection of the
line y = Ax with y = ¥ to determine A;, and consider F; which is the point of
graph f with the same first component of A;. A; is defined as the intersection
of the line parallel to y = Ax and passing through F; with the line y = 7, and
F, is the point of graph f with the same first component of A;. We repeat the
construction: given A,_; and F,_1, we define A, as the intersection between the
line parallel to y = Ax and passing through F,,_1 and y = 7, then F,, will be the
point of graph f with the same first component of A,. The assumptions grant
that the sequence of the first components of A, converges to limit point ¥ which
will satisfy 7 = f(%).

(2) Cl-regularity around x is a sufficient condition for strict differentiability at xo.

®)

However it is not necessary. For example, consider the function f : [-1,1] — R whose

epigraph is

epif = ({(il/k,ﬁ) B> 1/K, ke N}U{0} x [O,+oo[) .

Clearly, this map is not differentiable at 1/k for every k € IN, thus is not C! in any
neighborhood of the origin. Given x,y €] —1,1[ and & > 0, there is § > 0 such that if

x,y € B(0,0) then

f@) - fwl
[x Yl
. - . . . 1+ 2k
Indeed, it is easy to see that f is Lipschitz continuous with constant KAtk on

. 1+ 2k
B(0,1/k), thus for k sufficiently large )

< eand ¢ = 1/k. This implies that f is
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strictly differentiable at 0 and Df(0) = 0 even if f is not C! in any neighborhood of the

origin.

Graves’ Theorem requires a sort of uniform approximate differentiability of the map f.
Indeed, if we require that the condition in Graves’ Theorem must hold for every e > 0

and > 0 then we have that f must be strictly differentiable.
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COROLLARY 2.10. Let X, Y be Banach spaces, xo € X and f : X — Y be strictly differentiable at xo.
Suppose that Df(xq) : X — Y is surjective. Then there exist a neighborhood U of xo and a constant
¢ > 0 such that for all T > 0 with B(x, t) C U it holds

By(f(x),ct) C f(Bx(x,7T)), forall x € U.
In other words, f is locally uniformly open at every point in a neighborhood of xo.

PROOF. By strict differentiability, we can choose &€ > 0 such that

[ f(x1) = f(x2) = A(x1 — x2) [y < 0lx1 — x2|x,
is satisfied with 0 < § < 1/M and A = Df(xo) for all x1,x, € B(xg,€). According to Graves’
Theorem, y = f(x) admits a solution x € B(xg,¢) for all y € B(f(x), ce), wherec =1/M — 4.
This means that
By (f(x0),ce) < f(Bx(xo,¢€))-
Given ¥ € Bx(xo,¢) and T > 0 auch that Bx (%, T) C Bx(xg,¢), define f(x) = f(x + %) — f(%) for
all x € Bx(0, 7). We have that f is strictly differentiable at 0 and D £(0) is surjective. But then

By(f(%),ct) C f(Bx(%,7)),
as desired. ]

Now we can introduce a notion of tangent space to the zero-level set of amap f : X — Y. To have
a properly notion of tangent space to Z at xo with f(xp) = 0, we must have an affine space
containing xp and such that the distance between the points x of this affine space and Z if of
higher order with respect to ||x — xg|.

THEOREM 2.11 (Lyusternik). Let X,Y be Banach spaces, () be an open subset of X, xo € Q) and
f : Q — Y be an F-differentiable function with f(xo) = 0. Assume that f' is continuous at xo and that
f'(x0) : X = Y is surjective with ker f'(xq) # {0}. Set

Z:={xeQ: f(x) =0},
then for all € > 0 there exists 6 > 0 such that B(xo,d) C Q) and
dist(x, Z) < ¢||x — xql|, for all x € (xo +ker f'(xg)) N B(xo, é).

PROOF. Since f’ is continuous at xo, we have that f is strictly differentiable at xo. Without
loss of generality, we may assume xo = 0 and f(xo) = 0. Let U be a neighborhood of xy = 0. For
every € > 0 there exists 6; > 0 such that B(x, ¢|x||x) C U for all x € B(0, 7). Moreover, for all
x € ker f'(xg) N B(0, 1), recalling that xp = 0 and f(xg) = 0, we have

£ () = fx) = £/ (x0) (= x0) | _ . IFC) = Fe)l _ o 1@

0= li
o [x = xo =X [ x]] x=xo |x|
xeker f(xq)

and so for all ¢ > 0 there exists 0 < &, < 1 such that || f(x)|| < ce||x|| for all
x € ker f'(xg) N B(0, ;). In particular, we can take 0 < § < 6, so small that the Corollary of
Graves’ Theorem applies with T = ¢||x||, so

By (f(x),ce||x||) C f(B(x,el|x||)), for every x € ker f'(xo) N B(0,),

thus, in particular, from

7

0 € By(f(x),cel[x|]) € f(B(x,ellx]])),
we obtain the existence of ¥ € B(x, ¢||x||) N Z hence
dist(x, Z) < [|T — x|| < ¢l[x|| = ¢llx — xol|,
as desired. ]
REMARK 2.12. We can give a smooth, finite-dimensional version of the Lyusternik’s Theorem as

follows. Let X = R", () C X be open, Y = RF, xo € Q, f:Q— R¥ be a C! function such that
f(x0) = 0. Assume that k < rank (Jac f(xg)) < nandset Z := {x € O : f(x) = 0}. Then

dist(x, Z) 0

b lx —xoll
x—xp€kerJac f(xg)
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LEMMA 2.13 (Orthogonality relations). Let X, Y be Banach spaces, A : X — Y be a linear, continuous
and surjective operator. Then A*(Y') = (ker A)~*, where

(ker A)* = {n € X': (,x)x x = 0forall x € ker A}.
PROOF. Lety € A*(Y’), in particular 7 = A*¢ for a suitable ¢ € Y'. Then
(nx)x x = (A", x)x x = (P, Ax)xr x =0, forall x € ker A,
thus 77 € (ker A)+, and so A*(Y') C (ker A)*.
Conversely, let 7 € (ker A)*. Since (17, x) = 0 for all x € ker A, we must have ker 7 D ker A.
Given y € Y, we prove that 7 is constant on A~!(y). Indeed, by surjectivity, there exists ¥ € X

such that A(%) =y and so A~!(y) = ¥ + ker A. Since ker O ker A, we have that 7(x) = 7(%)
forallx € A~1(y).

So it is well defined the map ¢ : Y — R, with ¢(y) = 5(x) forall x € A~1(y).
The map ¢ is linear: given y1,y2 € Y, « € R, by surjectivity there exist x1, x, € X withy; = Axy
and iy, = Ax,. Then y; + ay, = A(x; + axy), thus

Yy +ay2) = 10 +axa) = n(x1) +an(x2) = (1) +ap(y2).

We prove now that ¢ is continuous. Let G be open in R. We have
v NG ={yeY:ypy)eGl={AxcY:xe X, nx)cG}=A({x € X: 5(x) €G})
= A(71(G)).

By continuity, 7 71(G) is open in X, and by open mapping theorem, A is open, hence
¢~1(G) = A(y71(G)) is open, and so ¥ is continuous. Finally, for every x € X we have
P(Ax) = 57(x) hence = A*p € A*(Y'),s0 A*(Y'") D (ker A)*. O

The following theorem generalized the classical necessary condition for constrained minima
given by Lagrange multipliers rule to the infinite-dimensional case.

THEOREM 2.14 (Lagrange multipliers). Let X, Y be real Banach spaces, and let F : X — R,

® : X — Y be functions of class C'. Define Z = {x € X : ®(x) = 0}, fix xg € Z, and assume that
D' (xg) : X — Y has closed image in Y. If x is a point of relative maximum or minimum for F\z, then
there exist (Ao, @) € R x Y, (Ag, ) # (0,0), such that in X' if holds

AoF' (x0) + (®'(x0))" ¢ = 0,
moreover, if ®'(xq) is surjective, we can choose Ay = —1.

PROOF. Set K = @'(x)X, i.e., the image of ®'(xp). By assumption, we have that K is closed.
(1) Assume K # Y, i.e., '(xp) is not surjective. In particular, there exists 7 € Y \ K, and by
Hahn-Banach we can separate {77} from Kby ¢ € Y/, ¢ # 0, thus ¢(77) < ¢(y) for all
y € K. Since K is a vector space, we have ¢(7) < ¢(ky) = k¢(y) forally € K, k € R.
This implies ¢ g = 0. Thus we choose A9 = 0 and we obtain forall x € X

(AoF'(x0), x) + {(®'(x0))" 9, x) = (@, (®'(x0)x) =0,

as desired.

(2) Assume now K =Y, i.e., ®'(xp) is surjective, and ker &' (xy) = {0}. Then
®’(xp) : X — Y is an isomorphism, and so (®'(xp))* : Y/ — X’ is isomorphism.
Choosing A\g = —1 and ¢ = [(®'(x))*] "1F/(xp) yields the thesis in this case.

(3) Assume now K =Y, i.e., '(xp) is surjective, but ker ®(xy) # {0}. We apply
Lyusternik’s Theorem to ®. Set Ty, = x + ker ®'(xp), we have

lim dist (v, Z) _o.

s o= xollx
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Choose v = xg + th, where t € R\ {0} and & € ker @' (xo), ||i||x = 1. We have

lim dist (xg + th, Z) _o
t—0 |£]

For every t # 0 there exists x; € Z such that
l|x0 + th — x| x < dist (xq + th, Z) + 12,
thus, by setting r(t) = x¢ + th — x¢, we have r(0) = 0 and

r(t) —tr(O) < }im dist (xo + th, Z) Ll =o.
—

/ :1
I#(0)x = lim

t—0

b'e
Define now f(t) = F(x¢) = F(xo + th — r(t)). By assumption, f has a maximum or a
minimum at f = 0, thus f/(0) = 0, i.e., F/(x¢)h = 0. Since this holds for every

h € ker @' (x) N Bx(0,1), by linearity it holds for every € ker ®'(xo), i.e.,

F'(x9) € (ker @' (xg))*. By the orthogonality relations, we have that F’(xq) belongs to
(®'(x0))*Y’, thus we can choose A\g = —1 and ¢ € [(®'(xq))*] 1F'(x0) C Y.

(]

We will introduce now a class of important infinite-dimensional operators. We recall that if V, W
are sets, then VW denotes the set of all mapsp: W — V.

DEFINITION 2.15 (Superposition operators). Let Q) be an open subset of R?, B a Borel subset of
R?, f : Q x B — R a Carathéodory function. Given u : Q — B, define a map ® : B — R by
setting @ (u)(x) = f(x, u(x)). The map @ is called a superposition operator.

PROPOSITION 2.16 (First properties of superposition operators). Let Q) be an open subset of R?
such that £%(Q) < +oo, f : QO x RP — R be a Carathéodory function. Define ® : (RP)? — R by

setting ®(u)(x) = f(x,u(x)).

(1) Ifu: Q) — RP is measurable, then ®(u) is measurable.
(2) If up — u in measure, then ®(u,) — P(u) in measure.
(3) If there exists p,q > 1 such that

[f(x, )] < a(x)+ Dbt
where a € L1(Q; [0, +00[) and b > 0, then ® : LP(Q); R?) — L1((;R) is continuous.

PROOF.
(1) Since u is measurable, there exists a sequence of simple functions {u, },cN pointwise
N
converging to u. The map x — f(x, u,(x)) is measurable, indeed, if u, = }_ ¢y A
j=1

we have

N

o un(x)) =] 1f<x,c<”>>xA<n><x>.

=
Since f is continuous w.r.t. the second variable, we can pass to the limit w.r.t. n thus
x — f(x,u(x)) is measurable as pointwise limit of measurable function.

(2) By assumption, there is a set A" C Q such that .#¢(N) = 0 and for all x ¢ A the map

f(x,-) is continuous. We have to prove that for all fixed € > 0, we have

lim 29 ({x € Q\N : |®(uy)(x) — D(u)(x)] > e}) =0.

n—r+0o

For any k € N \ {0} we define

0y = {x EQ\N: f (x,B(u(x),l/k)) C B(f(x,u(x)),s)}
= {x e Q\N: |f(x,a) — f(x,u(x))| <eforalla GW}
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Using the continuity of f(x,-) forall x € Q\ N/, we have

O = { € Q\ N : sup [f(x,al?) — fx,u(x))| < }

helN

where {zxék)}heN is a countable set dense in B(u(x),1/k) (e.g. B(u(x),1/k) N QPF). Since
(k)

the map x — |f(x,a, ") — f(x,u(x))| is measurable, its pointwise supremum on # is
also measurable, and so (), is measurable since it is sublevel of a measurable function.

We have () C Q1. Moreover, by continuity of f(x,-) on Q\ N, we have
U Ok = Q\ V. In particular, we have 27O\ Q) — 0T ask — +oo. Fix 7 > 0, then
k=1

there exists k > 0 such that for k > k we have 2% (Q\ Q) < /2. Set
Ay = {x €O: uy(x) e B(u(x),l/k)} and, since u, converges to 1 in measure, there
exists 7 > 0 such that for all # > i we have 24 (Q\ A,) < 11/2.
If x € Ay N O we have uy, (x) € B(u(x),1/k) and so |f(x, un(x)) — f(x,u(x))| <
on the other hand .24(Q\ (A, N ) = L4 (Q\ Ay) + 29(Q\ Q) < 7.
Thus, for all # > 0 there exists 77 > 0 such that foralln > 7
2 ({x € Q\N ¢ |@(un) (x) — @(u)(x)] > €}) < 24(Q\ (AN ) <7,
which completes the proof.
(3) Assume now that there exists p,q > 1,a € L1(Q; [0, +o0[), b > 0, such that
|f(x,t)| < a(x)+b|t|P/9. Given u € LF(Q;RP) we have
[P () (x)] = [f(x,u(x))] < a(x) +blu(x)["1,
hence y
1@ () lla = lla(-) s+ blluC) 7T < +eo.
Let now a sequence {u, } yew with 1, — u in LP. We have'
| (1) (x) = @ () ()17 < 2971 [|@ (14 ) ()7 + | () (x) ]
<297 [(a(x) + blun (x)|/)7 + (a(x) + blu(x)|"/)1]
< 4771 207 () + 0 () [P + b7 (x)|P]
< 477 207 (x) + 07| (un (x) — u(2)) + u(x)) P + 07[u(x)|?]
< 4071 {Zaq(x) + 072wy (x) — u(x)|P 4 (2P + bq)|u(x)|”}
< Cla?(x) + un(x) —u ()P + [u(x)[],

where C > 0 is a suitable constant depending on p, g, b. Fix now ¢, > 0. Since ®(uy,)
converges in measure to ®(u), there exists 71 > 0 such that set

Epi={xeQ: |®(un)(x) — du)(x)] > 1},

we have #%(E,) < 1 for all n > 7i. Moreover, we can increase 7 in order to have also
ltn — u|p < eforall n > 7 We have

/Q |®(un) (x) — D(u)(x)|Tdx =
= / |P(uy)(x) — P(u)(x)|dx + /Q\E,l | (uy)(x) — D(u)(x)|7dx

n

[0 —wf*

1During all this computation, we use the following fact. Given v,w € R, w # 0, s > 1, we have PR =
[o] ¢
s (7 + 1) s t4+1)8
(|U|S+ leb RN S . By setting t = %, we have that ‘US wl - < sup ( ;L ) <2571 agitcan easily verified
[of* + [w] (‘L) +1 [l +[wl* ™ jcjo e ©°+1

[w]

by taking derivatives.



78 2. SECOND PART
< C/E [07(x) + [un (x) — u(x)|P + |u(x)|P] dx + e
< C/E [a7(x) + |u(x)|P] dx + Cllun — ull}, +en

< C/E [a7(x) + [u(x)|P] dx + (C + )

Since a%(-) + |u(-)|P € L', and #%(E,) < 1y, for 1 sufficiently small we have
[a7(x) + |u(x)|P] dx < ¢, thus for n sufficiently large we have

n

/Q |®(un)(x) = D(u)(x)[Tdx < (2C+77)e,

hence we have convergence in L9.
O

We present now two results about the differentiability of the superposition operator. For further
details and the proofs, we refer the reader to [1].

PrOPOSITION 2.17 (Differentiability of the superposition operator, case p > 2). Let () be open in
RY, f: QO x R — R be a Carathéodory function. Suppose that there exists p > 2 such that:
(1) the following estimate holds

fx, B)] < alx) + 0]t
where a € LP/(P=1(0); [0, +-00[) and b > 0;
(2) o.f exists and it is a Carathéodory function;
(3) the following estimate holds
0ef (x, £)] < alx) + BItP 2,
where o € LP/(P=2)((); [0, +c0[) and > 0.
Then ® : LP(Q;R) — LP/(P=1)(Q); R) is F-differentiable at every point u of its domain and
(@' ()0] (x) = 01 (x, u(x))o(x)
PROOF. Denote by g = % the conjugate exponent to p.

Recalling the properties of the superposition operator, we can define a continuous map
Y. L[P - L72 by setting
F(u)(x) = 0 f(x, u(x)).
By Holder’s inequality, we have
¥l < Y@, - lloller,
L?

in particular the map v — ¥ (u)v is linear and continuous from L? to L. Given u,v € L?, we
define w,, : L — L1by

wy(v) i= D(u +v) = B(v) = ¥(u)o,

and recall that prove that @ is F-differentiable at u with ®/.(1) = ¥ () amounts to prove that

[lwu ()]s —0.
ol p—0  [lollLe

We have
[lewu (v / If x,u(x) +0(x)) — fx,u(x)) — 9 f(x, u(x))o(x)|7 dx

q

[0¢f (x, u(x) + To(x)) — 0 f (x, u(x))] v(x)dt| dx

—/ |zuv x)|7 dx,
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SHDHZP : ququL/
Lp2

where )
Zup(x) 1= /0 [0¢f (x,u(x) + to(x)) — 9f(x, u(x))] dt.
To conclude the proof we have to show that

lim |zw| » =0.
[ollp—0 L

Nl

Indeed, .
Jo P2 e = [ ‘/01 B0 (x,u(x) + To(x)) — ayf(x,u(x))] dr| | dx

P

1
< [ ¥ u+To) =¥ @)} de
0 Lﬂ

The above integrand tends to 0 as ||v||.» — 0 by the continuity of ¥, thus we have just to prove
that Dominated Convergence Theorem applies to pass to the limit under the integral sign. To
this aim, we use the growth condition on d; f, hence

¥+ 0) ¥ e, < (20l g, + Bl 7o 2o+ Bl 2], )
LP LP

L7 172 52

1 _1_
< (2l g, + 1+ ol 7 + Bl

1 =
< (2l g, + Bl + o) + Bl 7 )
Thus for [|o[|» < 1, since T € [0, 1], there exists a constant C = Cp,, 3, > 0 independent on v
such that

¥ (u+ 7o) — \P(”))”L% < Cpupar
for all ||v||;» < 1and T € [0,1]. Since we are integrating on [0, 1] constants are integrable, thus
Dominated Convergence Theorem applies and we obtain

lim HZHUH LZO,
lloll.p—0 LpP—2

as desired. O
When p = 2 the result is weaker.

PrOPOSITION 2.18 (Differentiability of the superposition operator, case p = 2). Let () be open in
RY, f: Q x R — R be a Carathéodory function. Assume that
(1) we have
[f(x 8)] < alx) +blt],
where a € L?(Q); [0, +oo[) and b > 0;
(2) o+f exists and it is a Carathéodory function;
(3) we have
9:f (x, 1) < M,
for a suitable M > 0.
Then ® : L2(Q;R) — L2(Q; R) is G-differentiable at every point u of its domain and

(D6 ()v](x) = 9 f (x, u(x))v(x).
In the same hypothesis, ® is F-differentiable at ug if and only if f(x,t) = h(x) + tk(x) where h € L*(Q)
and k € L®(Q)) are suitable functions. In that case, ® is F-differentiable at every point of the domain.

PROOF. Omitted, see [1]]. O

Summary of Lecture 2
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o In this lecture we proved the Implicit Function Theorem in Banach spaces, deduc-
ing from it the inverse function theorem.

e We introduced also the concept of strict differentiability, which is an intermediate
concept between Frechét differentiability and being C?.

o We gave also a proper concept of tangent space in Lyusternik’s theorem.

e We arrived to a Lagrange’s Multiplier Rule for smooth constrained problems in
Banach spaces.

3. Lecture of 19 november 2018: Necessary conditions in Calculus of Variations (3h)
We review now some results from functional Analysis, see [3]] for further details.

DEFINITION 3.1 (Convolution). Let f € L'(IRY), ¢ € C®°(R?). Then the map f * ¢ : RY — R
defined by

fro@) = [ f@)ox—y)dy,

is well-defined and is call the product of convolution between f and ¢. We have f x ¢ € C*. We
have the following properties for f € L1(R%), ¢, € C®(RY).

D) fro=9xf;
(2) 0j(f x @) = f*(9j9);
@) (wyp*xg)=(uxy, ).

DEFINITION 3.2 (Mollifiers). A sequence of mollifiers on R? is a sequence of functions
{pn}nen € CX(RY; [0, 4-00[) such that supp p, C B(0,1/1) and / L Pn (x)dx =1foralln € N.
R

LEMMA 3.3 (Fundamental Lemma of Calculus of Variations). Let O C R be open, & € L}OC(Q).
Suppose that for all ¢ € CX(Q) it holds

dx = 0.
[ #(x)p(x) dx
Then « = 0 a.e. in Q).

PROOF. Let ()’ be an open bounded set such that O/ C Q). In particular, there exists 71 > 0
such that for n < 7i we have that O’ 4+ B(0,1/n) C Q. For all ¢ € C®(Q)'), we have that
Pnx @ € CX(Q). We have for all n > 71 and all ¢ € C®((Y) that

0= (a,0n*@) = (a*pn ).

Assume by contradiction that there exists ¥ € )’ such that a x p, (%) # 0. Without loss of
generality, we assume « * p,,(¥) > 0 (the other case can be trated similarly). Thus there exists

d > Osuchthat U = B(%,0) C Q/, a*p,(y) > 0forally € U. If we take ¢(x) = pr(x — X) with
k€N, k> 1/6, then supp ¢ C U, thus a * p,(x) > 0 on supp ¢. Moreover, there exists a set of
positive measure M C supp ¢ such that ¢ > 0 on M. Hence

<a*pn,¢>=/

axpp(x)e(x)dx > / a sk pp(x)e(x)dx >0,
supp ¢ M

contradicting (& * o, ¢) = 0. So ay * p, = 0 on Q). By letting n — oo, and recalling that « * pj,
converges to & in L! (), and hence pointwise a.e., we have that a is a.e. equal to a constant in
(Y, thus by the arbitrariness of (), the same holds on Q. O

COROLLARY 3.4. Let QO C R? be open, « € LL_(Q). Suppose that for all ¢ € CZ(Q) and
jeA{1,...,d} it holds

/Q a(x)0;jp(x)dx = 0.

Then there exists ¢ € R such that « = ca.e. in Q).
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PROOF. Let () be an open bounded set such that O'CO. In particular, there exists 1 > 0
such that for n < 7 we have that O/ 4+ B(0,1/n) C Q. For all ¢ € C°(Q)’), we have that
P * @ € CP(Q) and so also 9; (pn * @) € CX(Q). We have for n > 71 and every ¢ € CX((Y)

0= (&,9j(on * ¢)) = (a*pn, ;) = (9j(a* pu), ¢)
Hence, by the Fundamental Lemma of Calculus of Variations, we have that the smooth map
d;(a * py) vanishes on (', By the arbitrariness of j and the smoothness of d;(a * p,), we have that
o * py, is constant on (). By letting n — oo, and recalling that & * p, converges to a in L!(Q)’), and

hence pointwise a.e., we have that « is a.e. equal to a constant in (), thus by the arbitrariness of
(Y, the same holds on Q. O

COROLLARY 3.5 (Du Bois-Reymond Lemma). Let D = [a, b] be a compact interval in R,
w, B € LY(D;R?). Assume that for all ¢ € C*(D;R?) we have

[ #(x)p(x) + B)g' ()] dx = 0.
Then B € WHLH(D;RY) e B/ = a.
PROOF. After integration by parts, we have for all ¢ € C®(D; R?)

[0+ peg' 0l = [ | [ a(s)ds] ') dx-+ [ e ()
= /D {ﬁ(x) —/axtx(s)ds} ¢ (x)dx.

B(x) — /szx(s)ds =g,

Thus there exists ¢ € R such that

hence

B(x)=c+ ‘/S a(s)ds.

REMARK 3.6.
(1) Since the functions of C®(R?), are dense for the uniform convergence in C(Q) and
Cl(Q)) and the functions, the above results is still true if we replace in the statement
C(Q) with C}(Q) or, just in the case of the Fundamental Lemma of Calculus of
Variations, even by C?(Q)).
(2) The vector-valued case, i.e. « € Lll0 (Q;R™) can be treated in the same way. For
example, let & € L (Q). Suppose that for all ¢ € C*(Q) it holds

loc
/Q a(x)p(x)dx = 0.

Since a(x) = (a1(x),...,am(x)), and ¢(x) = (¢1(x), ..., em(x)), if we choose
j€{L...,m}and ¢; =0ifi # jand ¢; € CZ°(Q), we have that

0= () = [ wx)g(x)dx,

thus by the fundamental lemma in one dimension, we have a; = 0 a.e. By the
arbitrariness of j, we obtain « = 0 a.e.

For this part, we refer mainly to [9] and [10].

DEFINITION 3.7 (Basic problem of Calculus of Variations). Let I :=]a,b[C R be an interval of R,
L:IxR?xRY — R be a measurable function. We will denote the arguments of L by (, x,v),
wheret € I, x € R, v € R?. Let X be a vector subspace of CO(T; R ), and assume that all the
maps of X are a.e. differentiable in I.

We consider the following problem (which will be called the basic problem of Calculus of
Variations):

inf J(x), J(x) = /IL(t,x(t),x(t)) dt.

x(-)eX
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THEOREM 3.8 (Euler’s Equations). Consider the basic problem of C.0.V. with
X = CYLRYNC3(LRY), L € C2 Ifx(-) € X is a solution, then satisfies Euler’s equations:

d oL ) oL .
T (Lx(,5(0) = 220,200, 3(0))

4oL L

Ea—vj(t,x(t),x(t)) = a—xj(t,x(t),X(t)), j=2d =1,
:d oL oL

T3 (b0, 2(0) = 22(x(8), £(1).

In general, we will call extremal every map solving Euler’s equation. Notice that an extremal is not
necessarily a maximum or a minimum of J(-).

PROOF. For every ¢ € C®(I;RY) define g»(A) = J(x + Ag) with A € R. By assumption, g,
has a minimum at A = 0, moreover g, is differentiable at 0. Differentiating under the integral
(which is possible since all the data are smooth) yields

£o(0) = 2 [ L0630+ 29(0), 5(0) + Ap(1)

= /1 [VL(t, x(8) + Aq(t), 2() + Ap(t)) @ (£) + VoL (£, x(t) + Ag(t), 2(£) + Ag(t)) ¢ (t)] dt,

where Vy = (9y,,...,0y,) and Vy = (dy,, ..., 0y, ). Evaluating at A = 0 and recalling that
8¢(0) = 0 we have forall ¢ € C(I)

0= /1 [V L(t, x(t),x(t))@(t) + VoL(t, x(t), x(t)) @(t)] dt,

thus by Du Bois-Reymond Lemma

VLL(t x(t), 2(t)) = %VUL(t,x(t),X(t)),

as desired. O

REMARK 3.9. Functions ¢(-) used in the above proof were classically called variations of the
solution x(-), this gave the names Calculus of Variations and, later, Variational Analysis.

The basic technique is to embed the infinite-dimensional problem in a one-dimensional problem
by considering smooth perturbations of x(-) parameterized by the one-dimensional parameter A
and such that for A = 0 we recover x(-). The perturbation x(-) — x(-) + A¢(+) for fixed

¢ € CX(I) is the simplest one. More generally, we can consider smooth perturbations

x(-) = x5 (+), and the corresponding map A — L(t,x, (), x5 (t)).

This strategy has been implemented in the following theorem, that we present in a very
simplified version.

THEOREM 3.10 (Noether). Consider the basic problem of C.0.V. with X = CO(T; R?) N C?(I;RY),
L € C?. Assume that

(1) there existsa C' map S : R x R? — R such that $(0,x) = x;
(2) L is invariant w.r.t. the action of S, i.e., L (t,S()\,x(t)), iS(A,x(t))) = L(t,x(¢),%(t)).

Then given a solution x(-) of the problem, there exists C € R such that for all t € 1

VoL(t,x(0), #(8)) - 1S, x(E)]p = C.

PROOF. We will write x) (-) = S(A, x(-)). Straightforward computation yields:

T A5 (0] = | Tl 6000 £260) 50 (6)+ Vo0 0) 5 (1) 5 0]
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= [Tt 00 (1) 520) 30 (0) + Vo 32 (8) (1) ()|
= VLt (0 [0 + Vol txa 00 5 | £00)],

recalling that, by smoothness, the derivatives in A and in ¢ can be switched.

Assume now that x(-) is a solution of Euler’s equations, and that the Lagrangian is invariant
d

with respect to the map A — x, (-). This implies that iy [L(t,x)(t),x)(t))] = 0, moreover

VoL(t, x(t),%(t)) = VoL(t, x5 (t), %) (t)) and VL(t, x(t),x(t)) = VL(t, x(t), %1 (t)) by the
smoothness of L.

0= % [L(t x(£), %4 ()]
= Tl ) 200 o)+ 9oL x50 7000
d . d
= VoL(t, x(t),%(t)) - d/\xA(t)} .

Evaluating at A = 0, we obtain that there exists C € IR such that forall t € I

VoL(t,x(6) 1(1)) - e (B)] o = C.

If the Lagrangian is invariant w.r.t. translation in time, we have the following result.
PrROPOSITION 3.11 (Erdmann’s condition). Consider the basic problem of C.0.V. with
X = C%T; ]Rd) NC2(I; ]Rd), L € C2. Assume that L is autonomous, namely o;L = 0, i.e., L does not
depend explicitely on t. W Then if x(-) is an extremal, Erdmann’s condition holds:
L(x(t),x(t)) — x(t) - VoL(x(t),x(t)) = cost.
PROOF. Deriving, we have

% L(x(t), 2(t)) — %(t) - VoL(x(t), 2(£))] =

= VaL(x(t),%(t)) - 2(£) + VoL (x(t), %(t)) - £(£) — £(£) - VoL(x(t), 2(t)) — x(t) - %VUL(X('?),XU))
= | ViL(x(t), (1)) — %VUL(x(t),x(t)) -x(t) =0,
where we used Euler’s equation in the last step. O

Summary of Lecture 3

o In this lecture we introduced the basic problem of Calculus of Variation, i.e., the
minimization of an integral functional J(-) with sufficiently smooth integrands
(Lagrangian function) on a set of smooth functions. We will mainly treat the 1-
dimensional case.

e We postponed the problem of the existence of minimizers, concentrating on the
problem of deriving suitable necessary conditions.

e By the assumptions on the smoothness of the data, we can use the necessary con-
dition J;(%(-)) = 0, where the set of variations used to compute the directional
derivatives is given by compactly supported smooth functions.

e The above condition, together with Du Bois-Reymond Lemma, yields the cele-
brated Euler-Lagrange equations (in integral form).

e Smoothness of the data allows a further differentiation, obtaining classical Euler-
Lagrange equations in differential form.

o In presence of symmetries in the lagrangian function, i.e., invariance of the lagrangian
w.r.t. some transformation groups, we have the conservation of relevan quantities
along the minimizers. For invariance w.r.t. action on the space variables, this is
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expressed by Noether theorem, while for autonomous lagrangian (i.e., invariance
in time) it is expressed by Erdmann’s condition.

4. Lecture of 23 november 2018: Classical problems in C.0.V., conjugate points, sufficient
conditions.(3h)

EXAMPLE 4.1 (Minimal surfaces). Consider the soap bubble problem. In R3, with variables
denoted by (¢, x,y), consider two rings in the planes t = a e t = b centeted on t-axis of radius A
and B, respectively. Assume that a soap bubble surface joins the two rings. According to
D’Alembert’s principle, the equilibrium position minimizes the potential energy, which, in our
case, amounts to minimize the area of the revolution surface joining the two rings. Assuming
that the surface is generated by the rotation of the graph of a smooth map t — x(t) around the

t-axis, we have to minimize
b
X :27t/ x(t)4/1 + x2(t) dt.
) =27 [ x()y/1+20)

The Lagrangianis L = L(x,v) = xv1 + v?, thus by Erdmann’s condition,

[ eaipy — o B
x(t) 1+x2(t)—x(t)\/TT(t)—C

Then
x()(1+22(t) — (D) _
1+ 22() -
and so
x(t)

VI+a2(t)

Squaring and assuming C # 0 (otherwise we have the trivial solution x(t) = 0, we have
x2(t)

o = 1),
thus
) x2(t
x(t) = C(Z) -1
This equation can be solved by separating the variables, and its solution is

x(t) = Ccosh (H—CK> ,

where K, C are constant to be choosen in order to match x(a) = A e x(b) = B (for some choiches
of A and B there may be no solutions). The curve x(-) is called catenary, and the surface of
revolution obtained in this way are called catenoids.

EXAMPLE 4.2 (Brachistocrone). Consider the vertical plane xz, where the x-axis is horizonthal
and the z-axis is vertical and oriented downwards. Consider the two points O = (0,0) and

P = (1,a) with a > 0. We look for a function z : [0,1] — R representing the trajectory along
which a point particle starting from O with null initial velocity will arrive in P minimizing the
travelling time (we assume there is no friction). In particular, it holds z(0) = 0 and z(1) = a.
Without loss of generality, by physical reasons, we may assume that z(-) is not decreasing (recall
that the axis z is pointing downwards). Assume moreover z € C2(]0,1[) N C°([0, 1]).

The length of an infinitesimal arc of the trajectory is ds = /1 + z2(x) dx. Denoted by v(x) the
velocity of the point particle at (x,z(x)), the conservation of mechanical energy yields that

E = Imv?(x) — mgz(x) is costant along the motion. At x = 0 we have v = 0, since we have null
initial velocity, and z(0) = 0, thus E = 0 for all 0 < x < 1. Thus v(x) = 1/2¢z(x). The
infinitesimal time needed to travel along the infinitesimal arc is then

gt 1+ 2%(x)
o\ 2gz(x)
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and so the total time of travel is

1 b 1422(x)
T(z) = \/g/o de.

The integrand is the Lagrangian function

2
L(z,0) := ! J;v ,

which does not depend on £, hence we are in the autonomous case, so Erdmann’s condition
holds, yielding

1+2°(x) . (%) _
S I Y eI e

Recalling that z(x) > 0, we have
1=Cy/z(x)(1+2%(x)),

so C > 0 and we obtain the nonlinear ordinary differential equation
1 dz 2
o= z(x) <1+ (dx(x)> > .

dz _ /1-C%z(x)

dx Cy/z(x)
This equation can be solved by separation of variables

Cyzdz [ar=x

V1—C2%z
We make the following substitutions: first w = /1 — C?z, C2z=1-—w? dz = —2wdw/C?,
second w = cos#, dw = —sinn dy.

Recalling that Z > 0, we have

V1-C%2
2 2 2 fcos2ny—1 sin 2
— L [ V1—wdw= = [sin?ndy = —= [N =24, ST
= CZ/ 1—w?dw 2 /sm ndn CZ/ > dn oc2 Tz Teost.

We have finally (6 = 27)

1 .
x(0) = @(6 — sin6) + cost
1—w? 1
2(9) = ? = @(1 — COSG)
Since we want x > 0 for 0 > 0 and at 0 = 0 we want x = 0, we have
1 .
x(0) :@(9—51119),
1—w? 1
Z(G) — T — ﬁ(l — COSQ),

i.e., a family of cycloids. The value of C is calculated by finding 6 such that x(0) = 1, z(0) = a,
and substituting this value of 6 in the equation for z(-). Clearly we have 6 # 0, since a # 0, and
x(0) > 0forall & > 0. So we have z(0) /x(8) = a, and finally

~ 1—cosf
~ §—sind’
0 —sind
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REMARK 4.3. The proof of Euler’s equation is based on the single-variabile map

g¢(A) := J(x + L) where ¢ is a fixed admissible variation, ¢ € C}(I), which must satisfy the
necessary condition ¢’(0) = 0 since x(-) is a minimum by assumption. However, since 0 is a
minimum for ¢, when g is twice differentiable, we must have also ¢g”'(0) > 0 according to
Taylor’s formula, thus obtaining a second-order necessary condition.

PROPOSITION 4.4 (Legendre’s necessary condition). Consider the basic problem of C.0.V. with
X = CULRY) N CA(L;RY) and L € C%. If x(-) is a solution, then P(t) := 02,L(t, x(t),%(t)) > 0 for
all t € [a,b].

PROOF. Let x(-) be a solution. Consider an admissible variation ¢ € C}(R?), set

x\(t) = x(t) + Ag(t), and let go(A) = J(x,). By Euler’s equations we have g;,(0) = 0. The
second derivative of g, is

&30 = 1 [, 11 (6, 50 (0)9(0) + DL (1,2 (1), 50 (1)) 9(1)]
:APmunmmxmwm%w+%ﬂﬂﬂAﬂJMM¢M¢@+
+ oLt X (1), 20 () @(B)9 () + uL (£, 32 (£), 32 (5)) ¢2(1)] dt

= [ oLt 1a 1), 52(0)93(1) + Buol (1,212 (1), 50 (1)20(N9(1) + P(G(1)] .

Since 2¢(t)p(x) = %[(pz(t)], integration by parts yields

£(0) = [ [3usL 6 x(0) #0102 (0) + 0002 0,300, 3(0) P (0) + PG|

= [ [BusL e x(0) 500020 = G301t x(0), 5020 + P10 |

=[] (2ast e x(0,3(0) = ForLit (0,540 ) 20 + P02

L
= [ [etg?®) + P()yi?(1)| at
Since 0 is a minimum for g, we have g”’(0) > 0, so for every admissible variation

/I {Q(t)q’z(t) + P(t)(pz(t)} dt > 0.

Assume by contradiction that there exists T €]a, b[ such that P(7) < 0. By continuity, there exists
0 > 0 such that B(7,25) C I, P < 0 on B(7,20), and we set I; = B(7,J). Given ¢ > 0, take a map
he € Lip(I), he = 0in I\ I, |h.(t)| = x1,(t) fora.e t € I, and ||kl < &. An example of such map
can be constructed as follows: fix a set of N > 25/¢ points Ae = {t1,...,tn} C Is such that

maxN mm |t; — tj] < e and consider he(t) := dist(t, Ac U (I'\ I)). By taking a sequence of
=1,

g
mollifiers p,, for n sufficiently large we have I; + B(0,1/n) C B(7,20). Then, for n sufficiently

large, we have

J 1@ e pu2(0) + (1) e pu ()]t =0

We have that k¢ * p,, converges uniformly to . on I, thus for n sufficiently large
[[7e % pnlleo < 2||helleo = 2¢, and he * py — he = x1,1in L1. So for n sufficiently large

0< [ [QW)hex 0u(6) + PO) e 0u (1] dt < 462 Qllo + [ P(0)lhe % pul(8)] 1,
By letting n — oo,
0§%ﬂ@h+Ath
)

and by arbitrariness of ¢ > 0

/Pmmza

Is
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contradicting the fact that P < 0 on I;. O

REMARK 4.5. Under the assumptions of Legendre’s necessary condition, we have seen that if
x(+) is a solution, and set g(A) = J(x + A¢p) where ¢ € C?(]a, b|) is an admissible variation,

Sp(A) == J(x + Ag),
P(t) := 95, L(t, x(t), 2(t)),

Q) == 9, L(t, x(1), %(1)) — %aivL(trx(t)/ff(t))r

where ¢ € C(]a, b[) is any admissible variation, we obtain g{,(0) = 0, which implies Euler’s
equations, and from the necessary condition gg(0) > 0, i.e.,

850 = [ [Q)g*) + P()g*(1)] at =,
we obtain the necessary condition P(t) > 0, t € [a,D].

Since Taylor’s formula for function of one variable yields the sufficient condition g’(0) = 0 and
£"(0) > 0 for the function g to have a minimum at 0, in order to have a second-order necessary
condition, a natural conjecture, firstly proposed by Legendre himself, would be: assume that x(-)
solves Euler’s equations and that P(t) > 0, then x(-) is a local minimum in the C'-norm for J(-).
However, Legendre’s conjecture is false, as shown by the following counterexample.

EXAMPLE 4.6 (Conjugate points). In the plane (t,x),let A= (0,0) and B = (T,0), T > 0, two
points. We want to travel from A to B minimizing the functional

()= [ (@20~ ) ar

Euler’s equation yields 2%(t) = —2x(t), which has to be coupled with boundery conditions
x(0) = x(T) = 0, so the trajectory ¥(t) = 0 is an extremal, moreover

P(t) = dpoL(t, x(t),x(t)) =2 >0,
thus may we conclude that X(¢) = 0 solves the problem?

Assume T < 1. Holder’s inequality yields for every 0 <t < T

x(£)] < ’/Otfc(s)ds < /Ot|5c(s)|2ds-tl/2 < (/OTJ'CZ(s)ds)l/z.

Thus, squaring and integrating in [0, T

/Osz(t)dtS/OT (/Osz(s)ds> dt:T/Osz(s)dsS/Osz(t)dt

Recalling that T < 1, we have

T T
J(x) = / 22 (t) dt — / x2(t)dt >0,
0 0
and since J(¥) = 0, we have proved that X is a minimum.

Assume now T > 4. We ask if also in this case it holds J(x) > J(x) = 0. Consider %(t) = t(T —t).
this trajectory is smooth and satisfies boundary condition. Moreover

J(%) = /OT(fz(t) — () dt = '/OT(szt)z (T — )24t = T; - % <0,

thus ¥ is no longer a minimum, hence the conjecture fails.

REMARK 4.7. The (wrong) proof that Legendre proposed for that conjecture was as follows.
Given any differentiable map w(-), we must have for all ¢ € C}(I)

b d 0y
| G®erw)at=o.
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Thus, assuming that P(t) > 0, we have

§'(0) = g"(0) + / OO = [ Q00 + PO + g (w(ge)]| d
—/ + PG + m¢m+wm<ﬁwﬂm
- [ { Q) ) 220001 2]

If we choose w(-) to be a solutlon of

we obtain )
t)
10)= [ @) [“Y o) 1 g0 at.
5 = [P0) |5 o)+ 9] d
so the sufficient condition g;;(0) > 0. This argument fails in supposing the global existence on
[a, b] of a solution of

C+Q_ (v

P(t) P(t)
while in general this solution enjoys only local existence of solution.
Assuming L € C3, the change of variable w(t) = — u(;)(lz)(t) for u # 0 gives the Jacobi’s equation

—%(P(t)u(t)) +Q(Hu(t) =0,

the solution of this equation can be used to reconstruct w(-) if u(-) does not vanish in I.

EXAMPLE 4.8. In the previous example, we have P(t) = —Q(t) = 2 for every trajecetory, thus
according to Legendre’s argument, we have to solve

2

w'(t) = 2 () +2,

2
which yields w(t) = 2tan(f + c), ¢ € R, hence there is no possible choice of ¢ to have such
solution defined on the whole of [0, T] for T > 7, while for 0 < T < 1 we can globally define
w(-) and, indeed, making this argument working. In this case, the Jacobi’s equation is simply
ii(t) = u(t), whose solution is u(t) = Asin(t + ¢), A, ¢ € R, and, again, for every choice of A, ¢,
we have that u(t) vanishes in I =]0, T[ for T > .

DEFINITION 4.9 (Conjugate points). Consider the basic problem of C.o0.V. with
X =CULRY)NCYL;RY) and L € C3, I =]a,b[, and let x(-) € X be an extremal. Define

P(t) := 92,L(t, x(t),%(t)),
Q(t) == 0%, L(t, x(t),%(t)) — é%aiv L(t, x(t), x(t)),

We say thata < ¢ < bis a conjugate point to a along x(-) if there exists a nonconstant solution of
Jacobi’s equation

d .
— = (P(H1(1) + Q(B)u(t) =0,

satisfying u(a) = u(c) = 0 (thus u(a) # 0, otherwise we have the constant solution u = 0). Since
u = 0 is solution, all nontrivial solution of the Jacobi’s equations differs only for a multiplicative
constant.

PROPOSITION 4.10 (Jacobi’s necessay condition on conjugate points). Consider the basic problem
of C.o.V. with X = CO(LRY) N C*(L;RY) and L € C3, T =a, b], and let x(-) € X be an extremal. Then
there are no conjugate points to a in |a, b|.

PROOF. Omitted. O
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THEOREM 4.11 (Jacobi's sufficient condition). Comnsider the basic problem of C.0.V. with
X = CHLRYNC*HLRY) and L € C3, I =]a, b[, and let x(-) € X be an extremal. Define

P(t) := 93, L(t, x(t), x(t)),
QUE) = B (b, x(0),5(01) — 32, L (e, x(1), %(1))

Suppose that there are no conjugate points to a in |a, b] and P(t) > 0 for all t € [a, b]. Then (-) is a local
minimum.

PROOF. By assumption, given a solution of the Jacobi’s equation # which never vanishes in

|a, b], we can use the change of variables w(t) = — u(i)(lg)(t), finding a global solution of
W(H+Q  (w(t))?
P(t)  \P(t)/)
Then Legendre’s argument applies. Set go(A) = J(x + Ag) for all ¢ € Cl(I) we have
) d
0 =80+ [ Lo = [ e+ Pgn + §wne)]

- / [Q<t><o2< )+ POGA(0) + /(09 (6) + 20()g(t)a(r)] dt

- [Pt { +Q“¢ama¢gg”¢w+ﬁaﬂm

WAG ﬁ»)(:) o) + cp(t)} a0
|

Up to now, we have searched solutions in X = C°([a, b]) N C?(]a, b[). However it is easy to give
very simple examples showing that this choice is too restrictive.

EXAMPLE 4.12. Consider the functional
1
J() = [ RO -1,
-1
that we want to minimize with boundary condition x(—1) = 0 e x(1) = 1. Trivially, J(x) > 0.

Let x(-) € C°([-1,1]) N C!(] — 1,1]) satisfying the boundary conditions. Then

1:ﬂn—ﬂ—n:/4moﬂ

-1
If x(t) > 1/2or x(t) < 1/2 for every t €] —1,1] this clearly cannot happen. So there exist
t1,tr €] —1,1] where x(t;) > 1/2 and x(t) < 1/2. Since x(-) € C°(] — 1,1[), according to the
theorem of intermediate values, there exists T €] — 1,1[ with %(7) = 1/2. In particular, there
exists an open interval V C] — 1,1[ such that T € V and %(t) € [1/4,3/4] for all t € V. This
implies that x(+) is strictly increasing in V, so it can vanish in V in at most one point. So in V we
have x(t) # 0 a.e., and this implies J(x) > 0

Define now the Lipschitz map x(t) = 0ift € [-1,0] and x(t) = tif t € [0, 1]. This map fulfills the
boundary conditions and its derivative exists a.e. in | —1,1[ and satisfies x(f) = xo1((t) for a.e.

t € [-1,1], so it make sense to compute J(-) on it (indeed, x(-) € X := Lip([—1,1])), obtaining
J(x(-)) = 0. We conclude that this curves is a (nonsmooth) minimizer of [ in X := Lip([—1,1]). It
is easy to see that in X there are infinite minimizers.

DEFINITION 4.13. Given a compact interval [2,b] C R we define

0 there exists a finite set T C|a, b[ such that x € C!(Ja, b[\T)
PWS([a,b]) :=<x € C'([a,b]): p

and there exist finite lim x(t) forallf € T
t—F
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Lip([a,b]) i= 4 x € Ol b)) : sup X =¥OI U

t,s€(a,b] ‘S - t|
t#£s
0 there exists v € L!(]a, b[) such that
AC(l[a,b]) := C"([a,b]) :
([a,2]) x € C(la b)) ) =x(a +/ s)ds forall s € [a,b]

The element of PWS([a, b]) are called piecewise-smooth functions, the elements of Lip([a, b]) are
called Lipschitz continuous function, the elements of AC([a,b]) are called absolutely continuous
functions. Rademacher’s Theorem, states that a Lipschitz continuous function defined on a
finite-dimensional space is differentiable a.e., moreover we have Lip([a,b]) = W"*([a, b]). We
have also W' ([a,b]) = AC([a,b]) D Lip([a, b]).

REMARK 4.14. On PWS([a, b]), Lip([a, b]), and AC([a, b]), it make sense to write the functional of
C.0.V,, since all of them are space of continuous and a.e. differentiable functions on [a, b].
Performing the same computation of the derivation of Euler’s equations, we obtain

- /1 [VL(t, x(t), 2(£))@(t) + VoL(t, x(t), %(t))@(t)] dt,
- [ [_ (/t vxL(s,x(s),x(s))ds> qb(t)-l-Vz;L(f/x(t)/x(t))(i’(t)] dt,
= [ [Fotttato,50) ~ [ Vattoxtoh st as] oo,

so by Du Bois-Raymond Lemma we have that there exists ¢ € R such that for a.e. t € [a,b] the
following Euler’s Equation in integral form holds

VoLt x(), £()) = c + /t ViL(s, x(s), 1(s)) ds.

When x(-) and L are sufficiently smooth, we can derive in ¢, obtaining the classical Euler’s
equation. The curves x(-) satisfying Euler’s Equation in integral form are sometimes called weak
extremals or extremals in the weak sense. Notice that being a solution of Euler’s Equation in
integral form is stronger than being an a.e. solution of the classical Euler’s Equation.

EXAMPLE 4.15. Consider the minimization of the functional
1
J(x) = / X2(t) dt,
0

subject to x(0) = 0, x(1) = 1. According to Jensen’s Inequality, by convexity of r — r2, we have

(/le(t) dt)z < /01 X2(t) dt,

and, since if x(-) € AC([0,1]) the right hand side is (x(1) — x(0))2, we have J(x) > 1 for every

x € AC([0,1]).

Classical Euler’s equation is #(t) = 0, and so the only extremal in C°([0,1]) N C2(]0, 1[) satisfying
the boundary conditions is x(t) = t, and we have that this is a minimum according to Jensen’s
inequality.

In PSW([0,1]), Euler’s equation in the weak sense is 2x(t) = ¢, for a suitable constant ¢, hence
we obtain again as unique solution x(t) = t. Instead, we notice that if we consider the a.e.
solutions of the classical Euler’s requation, i.e., the piecewise smooth functions satisfying

¥(t) = 0 a.e. and respecting boundary condition, we obtain that any piecewise linear map
satisfying the boundary condition is an a.e. solution of the classical Euler’s equation. In

1
particular, for 0 < ¢ < 1if we take x,(t) = SX1-1/e1] (t)(x — 1+ ¢), we have that ¥ = 0 a.e., the
boundary condition are fulfilled, and J(x:) =1/¢ > 1.

THEOREM 4.16. Consider the basic problem of C.0.V. with L € CL. If (x,v) + L(t, x,v) is convex, then
every weak extremal is a global minimum. If moreover it is strictly convex, then the minimum is unique.
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PROOF. By smoothness assumptions on L, epi L admits a supporting hyperplane at each
point, moreover

L(t,xp,v3) — L(f,x1,01) > (Vo L(t, x1,v1), (X2 — x1,02 — v1)).
Let ¥ be a weak extremal and y any other admissible curve. We define the generalized moment
p(t) = VolL(t, x(t),x(t)),
thus Euler’s equation in the weak form gives (in the weak sense)
VixL(s, x(s), %(s)) = p(t).
Thus

EXAMPLE 4.17. Consider the minimization of the functional

1
)= [ R0+ -1

subject to x(0) = 0, x(1) = 0. Trivially, for every x(-) € AC([0,1]) we have J(x) > 0. We prove
that infimum on Lip (g, b]) is actually 0. A minimizing sequence is given by the triangular wave

xa(f) = /0 ' sign(sin(2n7ts) ) ds,

so %y = L a.e. in [0,1], and ||xu o = 5, 50 J(x4) < A-. The infimum is not achieved, and notice
that the Lagrangian is not convex in .

EXAMPLE 4.18. Consider the minimization of the functional
1
1) = [0 +g()at

where g(v) = v+ X)_w 0] (v)v?, and subject to x(0) = 0, x(1) = 1. We have for all x(-) € AC

1
1) = [ [543 (DO dt = x(1) = 2(0) = 1,

and to have equality we must have x(t) = 0, which is not an admissible curve. Thus J(x) > 1 for
all x(-) admissible. A minimizing sequence in Lip([0, 1]) such that J(x,) — 1 can be obtained by
taking

1 1
) = xoa 1y () (=145 )

REMARK 4.19. When we take X = AC([a, b]), unless to what happens in Lip([a, b]), PSW(]a, b]),
C2(Ja,b[) N C°([a, b]), the functional can be no longer G-differentiable. Thus we may have no
longer validity of Euler’s equation not even in the weak form. This implies that if may occurs
that minima in AC cannot be detected by using Euler’s equation.

DEFINITION 4.20. We say that the functional

) = [ 120, 20 at
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to be minimized with boundary conditions x(a) = x, and x(b) = x;, exhibits Lavrent’ev
phenomenon if

inf  J(x) < inf  J(x).

x€AC([a,b]) xeLip([a,b])
x(a)=xg4 x(a)=x,
x(b):xb X(h):Xb

REMARK 4.21. In particular, if Lavrent’ev phenomenon occurs, the usual numerical methods of
minimization with finite elements (that are functions in W) will not be able to approximate
the minimum. Lavrent'ev phenomenon may occurs even for polynomial Lagrangians, thus is not
related to Lagrangian’s smoothness.

EXAMPLE 4.22. The following smooth functional exhibit Lavrent’ev phenomenon (proved in
1926):
(1) Mania, (1934): L(t, x,v) = (t — x3)%0%, x(0) = 0, x(1) = 1;
(2) Ball-Nizel, (1984): L(t, x,v) = rv3 + (x2 — t3)%0!4, for r > 0, coupled with x(0) = 0,
x(1) = k admits as minimizer in AC([0,1]) x(t) = kt?/3 ¢ Lip([a, b]). But then
oxL(t,x(t), 2(t)) ¢ L!, thus not even the weak form of Euler’s equation holds.

PROPOSITION 4.23 (C! smoothness of minimizers). Consider the basic problem of C.0.V. with
X = Lip. Assume that che L(t, x, -) is strictly convex and C', then every minimizer % is C'.

PROOF. By assumption we have

ﬂﬂ:ﬂ@+é%@ﬂa

where & € L®. We want to construct a map o € C” such that
t

Define
S:={t € [a,b] : %(t) exists and weak Euler’s equation holds}.

We have meas(S) = b — a, and so S is dense in [g, b]. Consider now the limit

lim #
lim x(t).
TES

If this limit exists at every ¢, we can define

o(t) = Eint %(t),
TES
noticing that ¥(t) = %(t) for every t € S and o € C%(Ja, b]), as desired.
By contradiction, let t €]a, b[ be such that the above limit does not exists. Since ¥ is bounded in S
(by Lipschitz continuity of %(-)), there are sequences {t; };cy and {s; };en in S such that t; — ¢,
s; — tbut

vi(t) == ian;o x(t) # 115?0 %(s;) =: vp.

At t;,s; weak Euler’s equation holds, thus
ti '
%me@Lﬂm):C+/]%M&ﬂ@j@D%,
a

Si .
9L (s, x(s), %(si)) = C—i—/ dxL(s, x(s), %(s)) ds,
a
by passing to the limit for i — oo and recalling the continuity of d,L, we have
dyL(t, x(t),v1) = 9y L(t, x(t),v2). Since L(t,x, -) is strictly convex, we have
L(t,x(t),v1) — L(t,%(t),0v2) > (9, L(t, %(t),v2),v1 — v2) = (IpL(t, %(t),v1),v1 — v2)
= —[(9oL(t, %(t),v1),v2 — v1)] > —[L(t, %(t),v2) — L(t, %(t), v1)]
= L(t,x(t),v1) — L(t, %(t), v2),
which leads to a contradiction. g
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THEOREM 4.24 (Hilbert-Weierstrass, 1890). Consider the basic problem of C.0.V. with X = Lip.
Assume that L € C?, and 92, L > 0 globally. Then every minimizer is C>. if L € C", r > 2 then the
minimizer is C".

PROOF. Applying the previous result, we have that ¥ € C. So

p(t) := duL(t, % (1), %(t)) = C + /at dxL(s, %(s), %(s)) ds

is of class C!. Since dyy L > 0 Dini’s Implicit Function Theorem applies, thus we obtain () as a
C! function of the other variables, so ¥ € C2. The remaining part of the statement can be proved
by induction. O

THEOREM 4.25 (Tonelli’s Existence Theorem). Consider the basic problem of C.0.V. with
X = AC([a, b)), L continuous, v — L(t, x,v) convex and such that there exist « >0, € R, p > 1
with L(t, x,v) > a|v|P 4+ B. Then the minimization problem admits a solution %(-) € AC([a, b]).

PROOEF. Let p’ be such that1/p +1/p’ = 1. To avoid triviality, we assume inf J(x) < +o0.
xeX
Let {x;};en be a minimizing sequence. Since for i sufficiently large

b b
0< /ﬂ ali(t)|P dt + B(b—a) < /ﬂ Lt x,(£), %(t)) = J(x;) < 2 inf J(x) < oo,

xeX

we have that {¥;};cy is bounded in the reflexive space L? (here we use p > 1), thus we may
assume up to passing a subsequence that there exists o € L? such that x; — ¥ weakly in LF. Since
xi(a) = x4, x;(b) = x; forall i € N and

b
xi(t) = xq +/0 X[o,4 (s)xi(s)ds = xa + <X[0,t]fxi>Lp’,Ln/

by passing to the limit and using weak convergence, we have

t
lim x;(t) = x5 + <)([0,t],v>Lp/,Lp =X, —i—/o v(s)ds,

i—00

thus x;(-) converges pointwise to

t
*(t) = x4 + / o(s) ds,
0
and we have that (-) € AC([a,b]) and satisfies the boundary conditions.
Givena < s <t < b, we have by Holder inequality

s b ,
()~ x(5)| < [ () dw < [ o @)t do < = o7 i

< (2 inf ](x)) t—s|V/7.

xeX

We obtain that the sequence {x;};ci is equibounded and equicontinuous (since it is equi-Holder
continuous), thus it converges uniformly to its pointwise limit %(-).

We prove now that %(-) is a solution. Given M > 0, define
Smi={t€[ab]: |x(t) < M},
and introduce the convex conjugate of L w.r.t. v, i.e. the Hamiltonian function defined by

H(t,x,p) = sup (p,v) — L(t,x,v).
vER"
Since L was continuous, recalling that the integrand is normal, and that we have weak
convergence, by Fenchel-Moreau we have also

J, L w0, 2(@)de = [ sup [ 2(1)) — (1, x(1), p)]di

B SM pe]Rn

= sup | [(p(t),x(t)) — H(t x(t),p(t))] dt
pel>/Sm
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= sup lim [ [(p(t), (D) e — [ lim H(txi(e), pe)) de

peL® 1—00 J Sy Sy 1—>00

= sup lim [(p(t), %:(t)) dt — limsup H(t, x;(t), p(t)) dt (Lemma di Fatou)

peL = /Sy isoo  /SMm

= sup liminf | [(p(t), %;(t)) — H(t, x;(t), p(t))] dt

pEL“ 1—00 SM

<liminf sup | [{p(t), %i(t)) — H(t, x;(t), p(t))] dt

1—00 p€L°° SM

= liminf [ L(t,x;(t), %:(8))] dt

i—00 Sm
= liminf ] (x;) - /WSM L(t, xi(8), %:(1)) dt

< liminfJ(x;) — Cmeas([a,b] \ Sum)

recalling that L(t,x,v) > C. By letting M — +co, we have

b
/ L(t, %(b), £(£)) dt < liminf ] (x;),
a
which concludes the proof. O

THEOREM 4.26 (Clarke - Vinter, 1985). Consider the basic problem of C.0.V. with X = AC([a, b]), L
continuous, v — L(t,x,v) convex and such that there exist x > 0, € R, p > 1 with

L(t,x,v) > a|v|P + B. If L does not depend on t, then every solution is Lipschitz continuous (and so the
Lavrent’ev phenomenon does not occurr).

PROOF. Omitted. Il

REMARK 4.27. We point out the following particular case of Lagrange’s multiplier theorem
applied to constrained optimization problem. Suppose that we want to minimize

b b
/ L(t,x(t), x(t)) dt subject to the integral constraint / f(t,x(t),x(t))dt =0 Thenif X(-) isa
a a

solution, it is an extremal w.r.t. the new Lagrangian AL + A f where (Ao, A) # (0,0) and
Ag € {0,1}.

EXAMPLE 4.28 (Dido’s problem). The legend say that Dido was the first-born daugther of Belus,
king of Tyre, and married Acerbas (called also Sychaeus), who was a priest of Heracles, the
wealthier of all the Phoenicians. Dido’s brother, Pygmalion, blinded by greed, caught by
surprise Sychaeus in the temple, during a sacrifice, and murdered him in front of the altar. For
much time he kept hidden his murder, letting his sister to hope for the return of her husband.
But Sychaeus’ ghost, dead without an honorable burial, came in a Dido’s dream showing her the
altar where was murdered, and advicing her to flee away keeping with her the treasure that he
had hidden in a secret place. Dido left Tyre with many followers and start a long journey,
passing also by Cyprus and Malta.

The goddess Juno had promised them a new land where to establish a new city. Arrived on
Lybic coasts, Dido obtained from Berber king Iarbas the permit to settle down, occupying as
much land “as could be encompassed by an oxhide”; indeed the ancient name of Chartage was
“Byrsa”, that in greek means “oxhide” and in phoenician “fortified place”.

Dido chose a peninsula, cut the oxhide in many fine strips, and in this way was able to
encompass a large portion of land that will be the first settlement of the powerful town of
Carthage. She encompassed an area of about 22 stadion (a stadion is about 185,27 m?).

Dido’s problem (or isoperimetric problem) ask the shape that Dido had to choose in order to
encompass the largest area possible, i.e., among all curves of fixed length with the extremals on a
line, which is the one encompassing the largest area?
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Dido’s problem can be reformulated as problem of C.0.V. as follows: minimize

) = ~AG) =~ [ ),

where x(a) = x(b) = 0, x(t) > 0 with the constraint

b
/ J1+i()dt=0>b—a.
a

We consider the extremals of the Lagrangian

L(t,x,0) = —Agx + AV 1+ 02

If £ > b — athen Ay # 0, thus we can choose Ay = 1. Euler’s equation gives

a [AX} _ 1
dt | V1+ 2 '

thus
L = —t+C
V1+i2 '
Squaring, we have
c—t

so x(t) = /A% — (¢ — t)2 + K and finally
(x = K)? + (t—c)? = A2,
This implies that the solution is the half circle joining x(a) a x(b).

So among all the curves of the same length, the one encompassing the largest area is the circle.

THEOREM 4.29 (Karush-Kuhn-Tucker). Let f: R" = R, g;: R" = R, h; : R" — R be ct
functions,i=1,...,m,j=1,...,1. Let  be a local minimum for f constrained to

C:={xeR": gi(x) <0, hj(x) =0, perognii=1,...,m,j=1,...,1}.
Suppose that one of these condition holds (constraint qualification):

(1) f convex, g; convex, h; affine (Slater’s condition);
(2) for every subset of constraints, the rank of the matrix built by the active inequality constraints
and equality constraints has constant rank.

Define L : R" x R"*! — Ras

m !
L(x,A) = f(x) + Zl Aigi(x) + Zl Ajhi(x),
i= j=

then there exists A € R™*! such that:
(1) VL(x,A) = 0 stationarity;
(2) x € C admissibility;
@ A>0i=1,...,m
(4) /-\igi(f) =0,i=1,...,m.
PROOF. Omitted. O]

THEOREM 4.30 (Fritz John). Let X be a Banach space, f : X = R, g;: X = R, hj: X — R be Ct
functions, i =1,...,m,j=1,...,1. Let x be a local minimum for f constrained to
C:={xeX:gix) <0, hj(x) =0, perognii=1,...,m,j=1,...,1}.

Then there exist Ag € {0,1}, A € R"* con (Ao, A) # 0 such that if we define

m /
L(x,A) = Aof(x) + ;/\igi(x) + ;)\jhj(x)r
i= j=

it holds
(1) VL(x,A) = 0 stationarity;
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(2) x € C admissibility;
3) )11' >0,i=1,...,m;
(4) Kzgz(f) =0,i=1,...,m.

PROOF. Omitted.

Summary of Lecture 4

o If we ask for sufficiently smoothness, we can move from first-order necessary con-
dition to higher order necessary condition (Legendre condition), however try to
strenghten this condition to a sufficient condition in general fails due to the possi-
ble presence of conjugate points.

e Roughly speaking, conjugate points are points where the minimizers solution to EL
equation loose their optimality as minimizers (e.g. antipodal points on a sphere for
the geodesic distance). Conjugate points in physical systems have a strong physical
meaning.

e If it is possible to exclude the presence of conjugate points, then Jacobi sufficient
condition applies.

o In this lecture we meet also three classical problem in Calculus of Variation, nemely:
Soap bubble problem (minimal revolution surface), Brachistocrone problem, Dido’s
problem (isoperimetric problem).

e They can be solved explicitely by using Euler-Lagrange equations or Erdmann’s
condjitions.

e However in some cases, the restriction to work in spaces of smooth curves prevents
to detect the true physical minimizer.

e Indeed, existence of minimizers heavly relies on the space of curves we are inter-
ested in. The usual way to face the problem is to prove existence in the broad space
of AC curves by mean of the Tonelli-Weierstrass theorem, and then prove some
regularity property of the minimizers.

e Unfortunately, it may happen that the infimum on AC curves is stricly less than
infimum on Lipschitz or smoother curves. This is called Lavrentiev’ phenomenon.

e Some convexity or growth condition could help to improve the regularity of the
minimizers, also with the help of the necessary conditions.



CHAPTER 3

Third part

1. Lecture of 3 december 2018: Generalized gradients (3h)

REMARK 1.1. Up to now we considered cases where L is assumed to be smooth. But the
situation dramatically change if the differentiability of L is dropped. A basic example of this
situation can be given by adding to the problem a constraint such as x(t) € V for a.e. t € [a,b],
where V is given. In this case we can define a new Lagrangian L(t,x,v) = L(t,x,v) + Iy (v),
which does not fulfills the smoothness assumptions required up to now. This motivates the need
for other differential tools.

DEFINITION 1.2 (Bouligand tangent cone). Let X be a normed space, E C X be aset, x € E. We
define the Bouligand tangent cone to E at x by setting

TE(x) ;= {Awe X: A >0and 3 E yn—x w= lim J"— 1
r(x) { w E >0and Hyntpen CE yn = x, w JHm Tyn =1

The set TE (x) is a cone, i.e., given A > 0, w € TE(x) we have Aw € TE(x). However it is not
necessarily convex. Another characterization can be given as follows: w € T (x) if and only if

dE (X + tw)
t

lim inf =0.

t—0
DEFINITION 1.3 (Polar cone). Given a (possibly nonconvex) cone C C X, the polar cone of C is
C°:={x" e X": (x*,x)x x <0Oforallx € C}.
We have always that C° is w*-closed and convex.
REMARK 1.4. If C is convex then [T£(x)]° = Nc¢(x).

We recall here some differentiability properties of convex functions.

PROPOSITION 1.5. Let X be a real normed space, f : X — R be a convex function which is
G-differentiable at xo. Then of (xo) = {f(xo)}. Conversely, if f is convex and continuous at xq and
of (x0) = {@o}, then f is G-differentiable at xo and fj(xo) = @o.

PROOF. Forall ¢ € 9f(xg), v € X and h € R we have
f(xo+hv) = f(x0) = h(G,v).
Hence, by G-differentiability at xo we can divide by i > 0 and take the limit

(fb(x0), )5 = tim LEOTIDZICO 5 g

On the other hand, dividing by & < 0 and taking the limit

fxo+ hz;l) — f(xo) < (& v)x x

(f6(x0),0)x x = lim
h—
and so (f5(x0),v)x' x = (,v)x’ x- By the arbitrariness of v, we have f/(xy) = ¢.
We omit the proof of the second part. g

THEOREM 1.6 (Mazur’s differentiability theorem). Let X be a separable Banach space, D C X be a
nonempty open convex subset of X, and f : D — R be a convex continuous function. Then f is
G-differentiable on Dy C D, where Dy is dense in D and it is a countable union of open dense sets.

PROOF. Omitted. 0

97
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PROPOSITION 1.7. Let X be a normed real space, K C X be a nonempty conves set, and f : K — R bea
G-differentiable function. The following are equivalent:

(1) f is convex;

2) f(&) = f(x) + f6(x)(§ — x) forall §, x € K;
(3) the G-differential f. : K — X' is a monotone operator, i.e., for all u,v € K we have

[f6(u) = f(0)](u—v) > 0.
PROOF. Omitted. 0

One of the most important aims of any extension of differentiability theory beyond the smooth,
or the convex case, is to adapt to the nonsmooth case the usual necessary condition for the
minimizers F'(%) = 0 in something like 0 € 0F (). Moving from convex analysis, in the past 30
years a new field of Analysis, called Nonsmooth Analysis or Variational Analysis, has been
developed, in order to face optimization problems by mean of generalized differentiation tools.
In the case of nonsmooth and nonconvex problems, others generalized gradients have been
introduced, in many cases deeply related to the structure of the functional spaces in which the
problem is stated.

Curiosity: Alexander Davidovich Ioffe, one of the worldwide most important experts of
Nonsmooth Analysis, during a conference in Rome in 2009 said that up to his knowledge there
were about 60 non-equivalent definitions of “generalized gradients”. We will not dare to aim at
it, and modestly will give an insight only on the most application-oriented used definitions. The
recent treatise by Boris Mordukhovich, “Variational Analysis”, 2006, Springer-Verlag, in two
handy volumes, of 595 and 627 pages, respectively, is an attempt of systematic exposition of the
topic (references amounts to 1379 items between articles, books and various publications).

Following Ioffe’s approach, we start listing some “desiderable” properies that a “reasonable”
subdifferential d should enjoy. For simplicity we restrict ourselves to Banach spaces.

DEFINITION 1.8 (Subdifferential axioms). Let X, Y be Banach spaces, f, g : X —] — o0, +00],
h:Y —] — oo, +0c0] be functions. Then d must satisfy:
(S0) substantiality: o0f (x) = @D if x ¢ dom f.
(S1) localizability: of (x) = 9g(x) if f = g in a neighborhood of x.
(S3a) contiguity I: if f is convex, then

of (x) = {x* € X': f(x+h)— f(x) > (x*,h) forevery h € X}.

(S3b) contiguity 11: if f is C"! in a neighborhood of x then af (x) = {f'(x)}.
(S4) optimality: if x is a minimum for f, then 0 € of(x).
(Sba) calculability I: if g(x) = Ah(Ax +b) + (¢, x) + a, where A > 0, A : X — Y is linear and
surjective, b € Y, € X', a € R, then 9g(x) = AA*9h(Ax + b) + ¢.
(S5b) calculability II: if p : X X Y —] — 00, +00] is a function such that p(x,y) = f(x) + h(y),
then dp(x,y) C of (x) x oh(y).
(S6) boundedness: if f is Lipschitz continuous in a neighborhood of x with Lipschitz constant
K, then ||x*||xs < K for all x* € of (x).

These axioms are shared by a broad class of subdifferential of common use, and by all the
subdifferential that we subject of our study. Finer classifications can be done, but they will be not
matter of this course. We will introduce some subdifferential commonly used, by startinf from
some possible more or less natural generalization of the subdifferential (or equivalentely of the
normal cone) in the senso of convex analysis, and we will restrict ourselves to the Hilbert space
case.

REMARK 1.9. Let X be an Hilbert space, C # @ a closed convex set. Given x € X there exists a
unique y € C such that ||x — y|| = dc(x) := min{||x — z|| : z € C}. Such a y is the projection of x
on C and it will be denoted by 7¢(x). This geometrical concept can be expressed also as follows:
the ball centered at

X — 7ic(x)

* = me() +de(¥) B ]
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e diraggio ry = dc(x) intersects C in a unique point y = 7t¢(x), i.e. B(x,dc(x)) NC = {m¢c(x)}.

Givenv € X\ {0}, and r > 0 such that rv/||v|| = x — 7tc(x), we know that ﬁ € Ne(mte(x))

and so, by cone property, v € N¢(7tc(x)). We can also say that the ball centered at
v v

y+dc (y + rHv”> of radius r = d¢ (y + r”vH) intersects C in the unique point y, i.e.

0

B(verpepr)ne=1,

This implies that the distance of the points z € C from the center of the sphere is larger than 7,

o (verrr) ’ i
YT o]

2 and so
2 2
z—y—rUH —HrUH > 0, hence
Ikl 9]

and equality holds only at y:

0
o]

v
0< =y —y=2ro/ ol = =2 { o=y} + I =y
that for r > 0 can be rewritten as
1 2
)< = Nz —
(0,2~ y) < 5ol 12— vl

forall z € C. We set 0, = 1/(2r). In the convex case, this construction holds for all

v . . .
X = rHTH + 1y, so it holds for every r > 0, and so passing to the limit for ¥ — +oco we recover the
formula

(v,z—y) <0
for every z € C, v € N¢(y). In the nonconvex case, the above relation may no longer hold true
forallr > 0.

DEFINITION 1.10 (Proximal normal cone). Let X be an Hilbert space, K be a nonempty closed
set. Given y € K we say that v is a proximal normal to K at y if there exists 0y, > 0 such that

o - llz - yl?

(v,z—y) < Oy,o

for all z € C. The set of all proximal normal to K at y will be called the proximal normal cone to
K aty and will be denoted by NE(y). It is a convex cone in X’ = X. We notice that the points
y + rv such that r < 1/(20y,,) have unique projection on K and such projection is exactly y.

Exactly as in the convex case, we define:

DEFINITION 1.11 (Proximal subdifferential). Let X be an Hilbert space, f : X —] — 00, 4+-0c0] be a
Ls.c. function. We say that ¢y € X' = X is a proximal subdifferential of f at x and we will write

Cx €0pf(x)if (Cx,—1) € prif(x,f(x)), i.e. if there exist § > 0 and ¢ > 0 such that

B—f(x) = Gy —x)—o(ly—xI>+ 8= f)I?),
forally € dom f N B(x,d), B > f(y). In particular
f@) = f(x) = Gey —x) —oly — x>+ If () = FIP),
forally € dom f N B(x,9).
PROPOSITION 1.12 (Localization of proximal subdifferential). Let X be an Hilbert space,

f:X =] — 00,400 is a Ls.c. function. We have that &, € dpf(x) if there exist 6 > 0 and o > 0 such
that

FW) = f(x) = (Cxy = x) —olly — x|,
forall y € dom f N B(x,9).

PROOF. Omitted, see [7]. O

THEOREM 1.13 (Clarke’s Density Thereom). Let X be an Hilbert space, f : X —| — 00, +o0] be a
Ls.c. function. There exists a set D which is dense in dom f such that 9f (x) # @ for all x € D.
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PROOF. Omitted, see [7]. O

THEOREM 1.14 (Fuzzy sum rule). Let X be an Hilbert space, f1, fo : X —] — 00, +00] be two L.s.c.
function, x € dom f; Ndom f5, { € o(f + §)(x). Always we have of (x) + 9g(x) C (f + g)(x). If
we suppose that at least one of these conditions holds

(1) f1, fo are weakly Ls.c.;

(2) f1 is Lipschitz continuous in a neighborhood of x,

then for every € > 0 there exist § > 0, x1,xp € B(x,8) with |f(x;) — f(x)| < ¢, i = 1,2 satisfying
¢ € dpfi(x1) +9pfa(x2) +eB(0,1).
PROOF. Omitted, see [7]. O
REMARK 1.15. Under suitable assumptions it is also possible to prove a fuzzy chain rule, see [7].

REMARK 1.16. The proximal normal cone is an intresting and significative geometrical object,
however:

(1) itis strictly related to the Hilbertian scalar product (inducing a norm which is smooth
in X\ {0});

(2) without extra assuptions, the normal cone at a point is convex, but it may be not closed.
Moreover limits of normals may fail to be normals (i.e. the proximal normal cone has
not closed graph);

(3) f(x) = —|x[*/?is a function in f € C1(R) \ CV'!(R), however dpf(0) = @;

(4) fuzzy sum and chain rules are not intuitive and difficult to use: in general we are not
allowed to pass to the limit as ¢ — 0" since df; (x) and 9f,(x) may be even empty!

To circumvent (some of) these difficulties, the following definition is quite natural.

DEFINITION 1.17 (Limiting normal cone). Let X be an Hilbert space, C be closed and nonempty,
x € C. The limiting (or Mordukhovich) normal cone to C at x is defined by

NE(x) = {¢: existx; = x, {; = ¢, with; € NE(x;)}.

In the same way as before, it is possible to define the limiting subgradient: we say that

&y € X! = X is a limiting subdifferential to f : X — RU {+oo} at x € dom f and we will write
Ereopf(x)if (&x,—1) € NeLpif(x,f(x)). Calculus rules have been developed for this
subdifferential, among which we recall the following: given a lL.s.c. function f and a Lipschitz
function g it holds d(f + g)(x) C 9f(x) + 9g(x) (exact sum rule). Of course we have

NE(x) c NL(x). When C is convex all these cones reduces to the normal cone in the sense of

convex analysis.

Nowadays this cone is the most used in particular in a special class of Banach spaces called
(Asplund space), whose tractation is outside the matters of this course. To have a subdifferential
working in a general Banach space it is necessary to introduce another object. The definition of
this object is quite complicated, thus we will give a simplified definition in the Hilbert space case.

DEFINITION 1.18 (Clarke’s normal cone). Let X be an Hilbert space, C be closed and nonempty,
x € C. We define the Clarke’s normal cone NS (x) = @ONE(x). Given f : X — RU {+o0} and

x € dom f, we say that {y € X' = X is a Clarke’s generalized gradient and write ¢, € df(x) if

(& —1) € NG, (x, £(x)).

THEOREM 1.19 (Clarke’s generalized gradient in finite dimension). Let X = R",
f:R" =] — oo, 40| be a locally Lipschitz continuous function in a neighborhood of x € R". Then

9f(x) = (v € R": y; € dom(VF(x)), lim Vf(y) = o}

PROOF. Omitted, see [7] O

The advantages of Clarke’s cone are its closedness and convexity, moreover it is possible to give
simple and intuitive calculus rules. Moreover, for Lipschitz continuous functions it captures all
the relevant information. The main drawback is that it can be very large, becoming useless for
practical purpouses.
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THEOREM 1.20 (Nonsmooth Euler’s equations). Let £ : R" — R be a locally Lipschitz continuous
function, L : R" x R" — R be a globally Lipschitz continuous function. Consider the problem of
minimizing the functional

((x(b)) —i—/bL(x(t),x(t))dt,
on functions x € AC([a,b]) with x(a) = x,. Then if x(-) solves the problem, there exists p € AC([a, b])
satisfying for a.e t €|a, b (p(t), p(t)) € dcL(x(t), x(t)) and —p(b) € apl(x(b)).
PROOF. Omitted, see [6] or [7]. O

Summary of Lecture 1

e Various kinds of generalized differentiation have been proposed in order to deal
with nonconvex and nonsmooth minimization problems.

o Although many possible generalization of subdifferentability are possible, there are
some basic properties which every reasonable subdifferential must enjoy in order to
be considered useful for the optimization purpouses.

e A (possible) way to construct new subdifferentials or normal cones from old ones
is to proceed by successive operations of closure and convexification, i.e., taking
all cluster points of sequences in the graph of the subdifferential computed in the
neighboring points of the point of interests, and then considering its convex hull.

o The starting point, leading to the construction of the proximal normal cone, is to
consider a concept of local projection in a suitable neighborhood of a closed set
(compare with the convex case, where the projection is globally well defined).

2. Lecture of 7 december 2018: Introduction to Control Theory and Differential Inclusions
(3h)

EXAMPLE 2.1. Assume to have a trolley cart of mass m = 1 which is free to slide along a straight
line truck without friction. Suppose that at the time ¢y = 0 the trolley is at the position xg with
speed vy.

If no external forces are acting on the system, the equation of the motion is ¥ = 0, and so

x(t) = xo + vpt. Suppose now that there is an external agent (controller), who is able to pull or
push the cart with a time-depending force u(t) € [—1,1]. The motion equation becomes ¥ = u,
which can be reduced to a first-order system of differential equations by setting X; = xo, X = u.
If the force u changes, the time law x, () (and possibly also the trajectory) of the trolley will
change. We may consider the problem to minimize a certain functional of the trajectory

J = J(xu(-)) by acting on the control u.

EXAMPLE 2.2. Consider a fish population in a lake. A model describing the variation in time of
the number of fishes in the lake is given by logistic equation ¥ = x(a — x), where « is the
maximum number of fishes that can be supported by lake resources

Suppose to manage a fishery, and be intentioned to send a certain number of fishers (in number
u) to catch some fishes. The evolution of the systemcan be described to ¥ = x(x — x) — kxu,
where k > 0 is a parameter measuring the efficiency of fishers. We can have the goal to maximize
the amount of fish catched in a fixed period (in this case, maybe, to catch everything
immediately is not an optimal strategy) or similar goals.

EXAMPLE 2.3. Assume to have to park a car in a free parking space on the side of a road. We can
act on steer and on the spped, however the steer angle is bounded. Common experience tells us
that we can solve the problem by multiple manouvers. But can we mathematically prove that it is
always possible to park the car if the size of the park space is enough?

Control theory related problems arise in many fields of human activities: engineering,
economics, logistics and transportation, biology and even social sciences. A control system is a
system subjected to an external influence possibly varying in time. The input variables are
elaborated to produce the output variables, and the external agent acts in the elaboration
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influencing output in order to achieve some goals (for example, maximization or minimization
of functionals depending on output variables).

We will treat the case in which the system is ruled by an ordinary differential equation

x(t) = f(t,x(t), u(t)) where u(t) € U is the variable controlled by the external agent. The aim
will be to find an optimal strategy (or optimal control) u* minimizing a certain cost related to the
trajectory of the ODE starting from a suitable initial condition.

In the real-world systems, frequently arise situation in which the measurements are affected by
errors (in time or on the position), thus a natural question is how much the optimal strategy is
robust, i.e. sensitive to errors.

We will recall some basic results from ODE theory.

THEOREM 2.4 (Parametric contraction lemma). Let X, T be complete metric spaces, 0 < a < 1,
¢ : T x X — X be continuous and such that

dx (¢(t, x1),¢(t, x2)) < adx(x1,x2),
forall x1,x, € X, t € T. Then for every t there exists a unique x = x(t) such that x(t) = ¢(t, x(t)). The

map t — x(t) is continuous, and

dx(y,x(0)) < ——dx(y,9(t,y)).

PROOF. Fixt € T,and let xg € X. Set x; = ¢(t, x9) and x, = ¢(t,x,_1) for n > 1. We prove
that the sequence {x, },en is a Cauchy sequence in the complete space X: givenm,n € N, m > n

dx (X1, %n) = dx(p(t,x0), P(t, xy—-1)) < adx(xXn, xy—1) < adx(x1,x0)

m—1 m—1 =) n
. : 14
dx (xm, xn) < Y dx(xj1,%)) < Y dddx(xq,x0) < dx(x1,%0) ) of = dx (x1,%0) 7 —
j=n j=n j=n

thus for n, m — oo we have dx (xy, x,) — 0. So {x, },eNn converges in X to an element denoted
by x = x(t). Recalling the continuity of ¢, we have

Pt (1)) = plt, lim x,) = Tim 9(E,%,) = lim 2,01 = x(0).
Uniqueness: given x1 (), x(t) satisfying x;(t) = ¢(t,x;(t)), i = 1,2 we have
dx (x1(t), x2(t)) = dx (¢(t, x1(1)), (£, x2(8))) < adx (x1(8), x2(t)),
and so dx (x1(t), x2(f)) = 0 because a > 0.

Choose now y = x( and construct the sequence x; = ¢(t, xo) and x, = ¢(t,x,—1) for n > 1. Then

n—=1 0o
dx (xn,y) < Y ddx(xy,x) <Y odx(y,¢(t,y))
=0 j=0

Since x, — x(t) as n — o0, by passing to the limit in the above equation we obtain the thesis.

We prove now that t — x(t) is continuous. Let t, — t. The above relation becomes

dx(y,x(\)) < T dx(y, (A, y)).

Choose y = x(t) and A = t,. We have

ax (x(0) x(t)) < —dx (x(0) @ltn, x(1))).

Since t, — t and ¢ is continuous, we have ¢ (i, x(t)) — ¢(t,x(t)) = x(t), and so for n — oo the
right hand side tends to 0, thus x(t,) — x(t). O

THEOREM 2.5 (Brouwer’s fixed point theorem). Let B C R" be homeomorphic to the unit ball in R",
and f : B — B continuous. Then there exists ¥ € B such that f(X) = X.
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LEMMA 2.6 (Gronwall). Let I = [a, b] be an interval of R with a < b < +oo. Suppose that there are
givenu € C°(;R), &, B € LY(I;R), B(t) > 0 for a.e. t € I, satisfying

u(t) <a(t)+ /atﬁ(s)u(s) ds, Vit e L
Then
t ot
u(t) < alt) + / a(s)B(s) exp (/ B(r) dr) s, tel.

PROOF. Define the following absolutely continuous function

o) e (- [(ar) [TBdr,  ser

Deriving, and recalling the sign of 8, we have fora.e. s € I

o(9) = (w6s) = [ pruar) porexp (= [ p(r)dr) < apis)exp (- [ prar).

Since v(a) = 0, integrating we obtain

o(t) < /utoc(s)ﬁ(s)exp (— /as B(r) alr) ds.

We notice that
/atﬂ(s)u(s) ds = exp (/utﬁ(r) dr> o(t)
t t s
< /’J a(s)B(s) exp /ﬂ B(r)dr — /’J B(r)dr | ds,
= [l p)dr
and so the thesis follows recalling the inequality given in the assumptions. O

THEOREM 2.7 (Existence of solutions). Let ) be an open subset of R x R", (ty,xp) € QQ,
g : Q) — R" a function such that

(E1) forall x the map t — g(t,x) defined on Qy := {t € R: (t,x) € Q} is measurable;
(E2) for a.e. t the map x — g(t,x) defined on ) := {x € R" : (t,x) € Q} is continuous;
(E3) for every compact set K C Q) there exist Cy, L such that ||g(t, x)|| < Ck,
18(t, x1) — g(t, x2)|| < Lil|lx1 — x2| forall (t,x), (t,x1), (£,x2) € K.
Then there exists € > 0 such that the Cauchy problem % = g(t,x), x(tg) = xo admits a solution x(-)
defined for t € [to, to + €[.

If moreover () = R x R" and there exist constants C, L such that ||g(t, x)|| < C,

llg(t,x1) — g(t, x2)|| < L||x —y|| forall (t,x), (t,x1), (£, x2) € R x R", then the above Cauchy
problems admits a unique solution x(-) defined on [ty, +oco[. Moreover, the solution depends countinously
on the initial data xg.

PROOF. Omitted. O

COROLLARY 2.8 (Uniqueness). Same assumptions of the previous result. If x1(-) and x,(-) are
solutions of the Cauchy problem x = g(t,x), x(ty) = xo defined on [to, t1[ and [to, to[ respectively, then
x1(t) = x(t) forall t € [tg, min{ty,t2}].

PROOF. Omitted. 0
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3. Lecture of 10 december 2018: Differential inclusions (3h)

DEFINITION 3.1 (Hausdorff distance). Let X be a Banach space, A, A’ C X be compact,
nonempty sets. The Hausdorff distance between A and A’ is given by

dy(A, A") = max{dist(x, A"), dist(x’, A) : x € A, x € A’}
=inf{p: ACB(A,p)e A’ CB(Ap)},
>0

where B(K,r) := {y € X : dist(y,K) < r}. The Hausdorff distance is a metric on the sets of
nonempty compact subsets of X.

DEFINITION 3.2 (Set-valued maps). Let X, Y be Banach spaces. A multifunction or set-valued
function F from X to Y is a map associating to every x € X aset F(x) C Y,i.e.amap F: X — 2Y.
We will write also F : X =2 Y. The domain of F is the set dom F := {x € X : F(x) # @}, while the
graph of F is the set
graphF := {(x,y) : x € domF, y € F(x)}.
We say that F
(1) is closed valued if F(x) is closed for every x;
(2) is compact valued if F(x) is compact and nonempty for every x;
(3) is bounded if there exists a bounded set B C Y such that F(x) C Bforall x € X;
(4) has closed graph if graph F is closed in X x Y;
(5) is upper semicontinuous (u.s.c) at xg € X if for every open set A containing F(xp) there
exists a neighborhood Q) of xj such that F(x) C A forall x € ();
(6) is lower semicontinuous (1.s.c) at xg € X if for all yy € F(x() and for every neighborhood
M of y there exists a neighborhood Q) of xg such that F(x) N M # @ for all x € ();
(7) is continuous if it is both u.s.c. and l.s.c. If F is compact valued, this is equivalent to say
that

lim i (F(y), F(x)) =0,

Yy—x

i.e., F is continuous w.r.t. the topology induced by Hausdorff metric;
(8) is Lipschitz continuous if there exists K > 0 such that

F(x1) € F(x2) + K||x; — x2||Bx(0,1),
for all xq,x; € X.

DEFINITION 3.3 (Measurability of set-valued maps). Let F : R” = IR"” be a set-valued map. We
say that F is measurable if for every C C R" closed, the set

{x eR": F(x)NC # @}
is measurable.

PROPOSITION 3.4 (U.s.c. and closedness of the graph).
o The graph of an u.s.c. set-valued map F : X = Y with closed domain and closed images is
closed. The converse is true if there exists a compact S C 'Y such that F(x) C S forall x € X.
e If X is locally compact, and the restriction Fig of F to K has compact graph for every K C X,
then F is u.s.c.

PROOF. Omitted. O

DEFINITION 3.5 (Selections). Let F : R™ = IR" be a set-valued map. A selection of F is a map
f:R™ — R" such that f(x) € F(x) forall x € X.

LEMMA 3.6. Let U be a compact subset of R™ and f : R" x U — R" be a continuous function. Then
F :R" = R" defined by F(x) := {f(x,u) : u € U} is continuous.

PROOF. Let x € R" and € > 0 be fixed. For all u € U we notice that the map

(y,0) = f(y,0) — f(x,u)
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is continuous and vanishes when (y,v) = (x,u). Thus there exists 6, > 0 such that
€
Fl5,0) ~ flx)l < 5

for every |y — x| < d,. By continuity, there exists p,, > 0 such that |f(y,v) — f(x,u)| < ¢ for
ly — x| < 6y, |[v—u| < pu. By compactness, U can be covered by finitely many balls B(u;, py; ),
i=1,...,N.Setd =min{dy,,...,0uy} >0, wehavedy(F(y),F(x)) < eforall |y — x| <.
Hence F is continuous at x and, by arbitrariness of x, the proof is concluded. 0
THEOREM 3.7 (Carathéodory). Let A C IR" be closed. Then for every x € co A there exist

n+l
Ai = Ai(x) € [0,1], and x; = x;(x) € A,i =1,..,n+ 1such that ) _ Ajx; = x.

i=1

PROOF. Omitted. 0
THEOREM 3.8 (Ekeland’s Variational Principle). Let X be a complete metric space,
P : X —] — o0, +00] be a Ls.c. function not identially equal to +o0 and bounded from below (i.e. there

exists m € R such that (x) > m for every x € X). Then for all ¢ > 0, xog € X there exists Xoo € X such
that

(1) $(xeo) + ed(x0, xe0) < P(x0);

(2) P(xoo) < P(x) +ed(x, xe0) forall x € X \ {Xeo }.
PROOF. For every x,y € X we define the partial order
y <x xif and only if ¢(y) + ed(x,y) < p(x),

noticing that for all x,y, € X we have x <x x, if x <x y and y <x x then y = x and by triangle
inequality if x <x y and y <x z then x <x z. Notice that { : X —] — 00, +-00] is order preserving,
ie., if x; <x xp we have P(x7) < ¢(x2).

To prove the theorem, given xp € X we must find x, € X such that x, =<x xp and x is minimal
wrt. <x, ie. if y # xe theny Ax x, ie,

¥(y) > P(xeo) — ed(xeo, ).

Set
S(x):={y € X: p(y) < p(x) —ed(x,y)} ={y € X: y Zx x} =1] — 00, x],
where in the right hand side we use the order notation.
Since x € S(x) for every x € X, such sets are nonempty, moreover they are also closed since S(x)
is the 1(x)-sublevel® of the Ls.c. function y — (y) + ed(x, y).

The theorem is proved if given xy € X, we can find xe € S(xg) such that S(x«) = {X }, because
this means that if y # xe we cannot? have y <y Xeo, and s0 X is minimal.

Let xg be arbitrary, we construct a sequence by recurrence. Given x,,, we define x,,;1 as follows:
We choose x,,+1 € S(x) such that

. 1
P(xna) < inf P(x) + o7
x€S(xn)
The existence of such an element comes from the definition of inf.

Forany y € S(x,41) (i-e., ¥ <x X11), since x,11 € S(x,) (ie., x,11 <x Xx»), we have y <x x, and
soy € S(xp), thus S(x,) 2O S(x,41) for every n € N.

Given y € S(x,), and recalling that y, x, € S(x,,_1), we have

1 1
d(y, < < inf —_ < —_
P(y) +ed(y,xn) < 9(xn) = xesl(ralc,,,1) P(x) + -1 P(y) + n—1
Y=xXn by def. of x, yeS(xy_1)

Undeed given a sequence {y, }nen C S(x) converging to y € X then we can pass to the liminf in ¥ (y,) < ¢(x) —
ed(x,1n), and, recalling that ¢ is Ls.c., we have ¢ (y) < liminf, e ¥(ys) < ¢(x) —ed(x,y), and soy € S(x).
2Be careful: ¥ ¢ S(xe) means y Ax x, but this does not mean y - x x, since the order relation is not total.
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1
hence for every y € S(x,) we have d(y, x,,) < TS thus the diameter of S(x,) tends to zero.
This implies that {x, },cN is a Cauchy sequence, since x,, x,, € S(x,) for all m > n, thus it

converges to an element xo € (1] S(x,,), moreoverif y € (1) S(x,) then by passing to the limit in

n=1 n=1
d(y, xn) < 1/(e2"1) we have y = Xeo, 50 S(Xeo) C {Xeo} = [] S(xn), and since xeo € S(Xoo0)
n=1
equality holds. O

COROLLARY 3.9 (Localized form of Ekeland’s Variational Principle). Let X be a complete metric
space, P : X —| — 00, +00] be a Ls.c. function not identially equal to +oo and bounded from below. Then
foralle, 6 > 0and x € X satisfying p(x) < inf ¢(x) + € there exist x € X and xeo € X such that

xeX

(1) (o) < (o) and d(xeo, 30) < 5
(2) P(xe) < P(x) + gd(x, Xeo) forall x € X\ {xc0}.
PROOF. Apply Ekeland’s Variational Principle with £/6 instead of é: from

€
Plre) + 5d(x0, %) < Plx0)
by the choice of xo we deduce

() + 5d(x0, %0) < inf P(x) € < Plxeo) +,

xeX
i.e. d(xp, xe0) < 4. All the other conclusions are the same. O
A
3 +
251
2 4

-2 -1.5 -1

C

REMARK 3.10. Ekeland’s Variational Principle’s statement in IR> may be also expressed as
follows: given a point A of the graph of ¢ and an angle 0 < & < 71/2, let C be the cone of vertex
A, half-wideness «, axis parallel to y axis, and having A as point of maximum for the
y-coordinate. Then there exists A’ € graph i N C such that the graph of i, without the point A’,
is entirely contained in the complementar of the cone ¢’ = C + A’ — A, i.e., the translated of C
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along the vector 7 = A’ — A. For a comparison with the statement of the theorem, in this case we
have tana = 1/e.

DEFINITION 3.11. Let () be an open subset of R x IR”, U be a compact subset of R™,
f: QO x R™ — R" be continuous, The set of admissible controls is

U:={u:R — U: umeasurable}.

We say that an absolutely continuous function x : [a, b] — R" is an admissible trajectory for the
control system

X = f(t x,u), u(-) e,
if {(t,x(t)) : t € [a,b]} C Q and there exists u(-) € U such that x(t) = f(t,x(t),u(t)) for a.e.
t € [a,b].
To the control system we associate the differential inclusion x € F(t,x) where F : O =% R" is
defined by
F(t,x):={f(t,x,v): ve U}.

We recall the following result.

THEOREM 3.12 (Lusin). Let h € L!([a, b]). Then
(1) for every e > O there exists a compact set K C [a,b] and ¢ € C°(K) such that h = g on K and
meas([a,b] \ K) < ¢
(2) there exists a sequence of pairwise disjoint compacts {Ky, }yen such that ¢ € CY(Ky,) for all
h € N, g = h on every Kj, and

meas ([a, v\ U Kh> =0.

helN

The link between admissible trajectories for the control system and trajectories of the differential
inclusions is clarified in the following result.

THEOREM 3.13 (Filippov’s Lemma on Implicit Functions). Let Q) be an open subset of R x IR", U be
a compact subset of R™, f : Q) x R™ — R" be continuous. A curve x € AC([a, b];R") satisfies

%(t) € F(t,x(t)) fora.e. t € [a,b], where F(t,x) := {f(t,x,v) : v € U}, if and only if there exists

u(-) € U such that x(t) = f(t,x(t), u(t)) fora.e. t € [a,b].

PROOF. Clearly, if there exists u(-) € U such that x(t) = f(t,x(t), u(t)) for a.e. t € [a,b], then
%(t) = F(t,x(t)) for a.e. t € [a,b]. We prove the converse implication. Let @ € U be fixed and
define the set-valued map

{welU: x(t) = f(t,x(t),w)}, ifx(t) € F(tx),
W(t) := K
{w}, otherwise.
Notice that the sets W(t) are compact. Indeed, in the case X ¢ F(t, x) this is trivial, otherwise

since W(t) = [%(t) — f(t,x(t),+)]~1(0) with f continuous, they are closed. Moreover, W(t) C U
so they are also bounded, thus compact. Define the following map ¢ : L!([a, b]; R") — R:

¥(o) = / " d(o(t), W(E)) dt.

We prove that this is a well-posed definition, i.e., t — d(v(t), W(t)) is an element of

LY([a, b];R™). After having proved this, it will be enough to prove that there exists

Voo € L1([a,b]; R™) with )(ve) = 0. Indeed, in this case ve () € W(t) for a.e. t € [a,b], thus
proving the theorem.

Step 1: There exists a sequence of compact sets { Ky } men with Ky NK; = @ and

meas ([a, v\ U Km> = 0 such that x|, v|x,, € CO%(Ky,) for every m € N.
meN
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Proof of Step 1: Since x(+) € AC([a, b]), we have that  and v belong to L!([a, b]). According to
Lusin’s Theorem, there exist { I}, } e and {Ji } ke sequence of compact sets contained in [a, b]
such that ¥ € C°(I;), v € C°(J,) and

meas ([a,b]\ U Ih> = meas ([a,b]\ U ]k> =0.

helN kelN
In particular, there exist N1, Np C [a, b] with meas(N;) = meas(N,) = 0 such that
[a,b] =N;U | I = NaU | J.
helN keN

By taking the intersection, we have

[a,b] = (Nlu U Ih> N (Nzu U ]k>

helN keIN

- (Nm U ]k> u(sz U 1h>u(NmN2)u<U In ]k>

kelN helN helN keN
CNUNU [J IiNJi
h,keN
CNiUNU U I, N .

h,keIN
1, #

For every m = (h,k) € N? set Ky, = I, N Ji. If K, is nonempty, then it is compact and
X|Kyn» V)K€ CO(Ky,) for every m € IN. After having expunged by the list all the indexes m for
which K;; = @, Step 1 is proved. o

Step 2: There exists L > 0 such that d(v(t), W(t)) < ||v(¢t)]| + L for every t € Ky, m € IN.
Proof of Step 2: If t € Ky, then v(t) is continuous. Since W(t) C U and U is compact, there exists
L > 0 such that
sup{|lw|| : w € W(t)} <sup{||w| :we U} <L,
and so

d(o(t), W(t)) = inf Jo(t) —w|| < inf [o(t) = 0[+ [0 —w| = [[o(t)[ + inf [lw] = [o(t)]|+ L.
weW(t) weW(t) weW(t)

This ends the proof of Step 2. o
Step 3: The map t — d(v(t), W(t)) is measurable.

Proof of Step 3: To prove the measurability of t — d(v(t), W(t)), it is enough to prove that its
restriction to every set K, is measurable. To this aim, we will prove that d(v(-), W(+)) is L.s.c. on
K. Let teo € Ky and {t, } e be a sequence in K, such that

limnfd(o(), W(-)) = lim d(o(ta), W(ta)).
teKy,

For every n, let w, € W(t,) be such that d(v(t,), W(t,)) = ||v(tn) — wy||. Such an element exists
since the map h(p) := ||v(t,) — p|| is continuous (notice that here v(t,) is fixed) and W(t,) is
compact. The sequence {w, },en is contained in the compact set U, thus, up to possibly taking a
subsequence, we have w, — We. Moreover, for every n € IN we have x(t,) = f(tn, x(tn), wn).
Recalling that the map %(-) is continuous in Ky, by passing to the limit n — co we have

X(teo) = f(too, X(teo), Weo), and SO Weo € W(teo). But then

liminfd(ov(t), W(t)) = lim d(o(tn), W(tn)) = [[0(feo) — weoll = d((teo), W(teo)),

teKp

which proves Ls.c. at t. o

Step 4: The map ¢ : L'([a, b]) — R satisfies Ekeland’s Variational Principle’s assumptions.
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Proof of Step 4: Clearly 1 is bounded from below, moreover

b b
IP(U):/a d(v(t),W(t))dtg/a (lo(#)]| + L) dt < |[o]l,1 + L(b —a) < +oo.

We prove that ¢ is 1.s.c. Let {v, } ;e an arbitrary sequence in L! with v, — v. By Fatou’s
Lemma, since d(vy,(-), W(-)) is measurable and nonnegative, we have

liminfd(on (), W(t)) dt < liminf [ d(on(t), W(E)) dt = lim inf (0,).

a Nn—oo n—oo  Jf,

Fix ¢ > 0. For a.e. t € [a,b] we have v, () — v(t) and there exists w, € W(t) such that
d(v,(t), W(t)) > ||[va(t) — wn]|| — . By compactness, up to possibly taking a subsequence,
Wy — We € W(t), and so

liﬂigfd(vn(t),W(t)) > ||o(t) — weo|| — € > d(v(t), W(t)) —e.

By the arbitrariness of ¢ > 0 we have liminf, 0 d(v, (t), W(t)) > d(v(t), W(t)), and so

P(v) = /ﬂb d(o(t), W(t))dt < bliminfd(vn(t),W(t)) dt <liminfy(v,).

a n—o0 n—oo

Since this holds true for every subsequence, we have
(o) < liminf¢(on),
and so ¢ is Ls.c. o

Step 5: There exists veo € L!([a, b]; R™) with (v ) = 0, and this concludes the proof of the
theorem.

According to Ekeland’s Variational Principle, there exists v € L! such that

P(000) < P(v) + 4||v — Vo |11 for all v € L. Assume by contradiction that §(ve) > 0. Then
there exists m such that

/ d(veo(t), W(E)) dt > 0.

Let {g;}jen be a sequence dense in R™, and set
Aji={t € Ky: d(ve(t),q;) <2/3-d(veo(t), W(t)) ed(q;, W(t)) <2/3-d(veo(t), W(t))}.

Clearly, | J Aj = {t € Ky : veo(t) € W(t)}. The sets A; are measurable, since

jeEN
d(vo(t),q;) = |vo(t) — ;| and d(veo(t), W(t)) are measurable functions (see Step 3). We will
construct now a map v(t) contradicting Ekeland’s Variational Principle. Since ¢(ve) > 0, there
is at least a j € IN with A; of strictly positive measure. Set v(t) = veo(t) if t ¢ Ajand v(t) = gy if
t € A;. We have that v(t) is measurable, we will prove that this contradicts Ekeland’s Variational
Principle. We have

2
||'U—'UooHL1 = /A]_ |q] _'Uoo<t)’dt < g 4 d(Uoo(t)/W(t))dt

Thus we obtain
§(0) ~ 9(om) = [ (@00, W) ~ dlow(t), W) dt = [ (alar W(E) — d(oms(t) W(2)
< /A %d(vw,w(t))dt—/Aid(voo(t),w(t))dt
1

1
=3 ), A WD) dt < 30— vsll

However, according to Ekeland’s Variational Principle, we have
$(0) = Y(ve0) > =3[0 = veol 1. =
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4. Lecture of 14 december 2018: Closure of the set of admissible trajectories (3h)

REMARK 4.1. We are going to treat now the problem of the closure of the set of admissible
trajectories, i.e., providing sufficient conditions ensuring that the uniform limit of a sequence of
admissible trajectories will be an admissible trajectory. In general this property fails.

EXAMPLE 4.2. Consider x(t) = u(t) for a.e. t € [0,1] where u(t) € {—1,1}. It is easy to construct
a sequence of admissible trajectories {x, },en such that ||x,|lcc — 0, however x(f) = 0 is not an
admissible trajectory.

THEOREM 4.3 (Closedness of the set of admissible trajectories). Assume that the set-valued map
F : [a,b] x R" =2 R" associated to the system is continuous with compact and convex values. Then the
set of trajectories x(-) € AC([a,b];R") such that x(t) € F(t,x(t)) fora.e. t € [a,b] is closed in
C%([a, b]; R™).

PROOE. Let {x,(-)}nen € AC([a,b];R") be a sequence of AC curves satisfying
%y (t) € F(t,x,(t)) for a.e. t € [a,b] and uniformly convergent to x(-) € C%([a, b];R"). In
particular, for n sufficiently large there exists a compact set K C [a, b] x R" such that
(t,xn(t)) € K per ogni t € [a,]. Thus we have equiboundedness of the trajectories. By
continuity of F, this implies boundedness of F on [4, b] x K, so equi-Lipschitz continuity of x,(-).
This implies that x(-) is Lipschitz continuous, and so a.e. differentiable in [a, b].

To end the proof, is thus enough to show that for all T €]a, b[, where x(7) exists, we have

X(1) € F(7,x(7)). By contradiction, let T €]a, b[ be such that this property is not true. We strictly
separate the compact and convex sets F(7,x(7)) and {x(7)} by an affine hyperplane, thus there
existse > 0, p € R”, ||p|| = 1 such that

(Py) < (p,x)—4e,

for all y € F(t, x(7)). By continuity of F, there exists > 0 such that if |t — 7| < ¢ and
|x" — x(7)| < J then

{py) < {p,3) =3¢,
forally € F(t,x').

Recalling that the map t — x(t) is differentiable at T, we can choose T’ € [t, T + [ such that

x(T,) — X(T) _ x(‘r)

(i
Moreover, by uniform convergence, we can choose n sufficiently large such that

() —x(1)  xa(7) —xa(7)

< &

(o -1 <&
This implies
(p, 2 =20y () 4 g, 5D iy
> (p, () - [ =00y
o xu(t) —xp(t)  x(')—x(7) x(')—x(7) .
—<p,X(T)>— e =+ o — T - o —T —X(T)
> (p, (1)) — X (') — x5 () B x(t') — x(7) B x(t') — x(7) — %(1)

> (p,x(T)) — 2e.
However, recalling that (p,y) < (p,x) — 3eforally € F(t,x’), we have also

0, 2 =200y - L [T (o) s < (px() 3

and so (p, %(7)) —2e < (p, (1)) — 3¢, which is a contradiction. O
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REMARK 4.4. Notice that the statement requires the convexity of F (t, x), not the convexity of U.
These two facts in general are not equivalent.

THEOREM 4.5 (Continuity of Input-Output Map). Let U be a compact subset of R™,
f:R xR" x U — R" be a continuous function such that x — f(t,x,u) is of class C'. Assume also
that there exist C,L > O such that |f(t,x,u)| < Cand ||0xf(t, x,u)|| < L for all
(t,x,u) € R x R" x U. Fix ¥ € R". The input-output map is the function associating to every control
u(+) € LY([0, T]; U) the unique solution x,(-) € C°([0, T|;R"™) of #(t) = f(t, x(t), u(t)) with
x(0) = x. In the above assumptions, the input-output map is continuous.

PROOF. In the above assumption we have existence and uniqueness for the solution of the
Cauchy problem for every T > 0. Set A = L'([0, T]; U) and X = C%([0, T];IR"), define
@ : A x X — X by setting

®(u,w)(t) = £+ /Otf(s,w(s),u(s)) ds.

The theorem is proved if we show that & satisfies the assumptions of the parametric contraction
lemma, in this case x,(-) is the fixed point of w — ®(u, w). We endow X with the equivalent
norm ||w||x = max{e~2M|w(t)| : t € [0, T]}.

We prove that u — ®(u, w) is continuous. Let {1y }ren be a sequence in A converging to u € A.
We have

@ 0) (1) ~ @ @) ()] < [ 1f(s,10(5)(5)) — 1, 00(5), )] .

From every subsequence {uy } of {uy }ren is possible to extract a subsequence {uy } a.e.
pointwise converging to u, and by the boundedness of f is possible to use the Dominated
Convergence Theorem

Jim [, 0) (1) — @) (0] < [ Tim |f(s,0(5) 0 (5)) — (5, (6),uls)] dt =0,

By arbitrariness of {uy }, we conclude that

lim || ®(u, w) — P(u,w)|e = 0.
k—ro0

Suppose now that w,w’ € X and set ||w — w'||x = J. Then |w(s) — w'(s)| < Je?* for every
0 < s < T. We thus have

e 2H @ (u,w) (1) — P(u,w') ()] < e /Ot |f(s,w0(s), u(s)) — f(s,w'(s),u(s))| ds

t t 5
< 672“/ Llw(s) —w'(s)|ds < e*ZLt/ Lée*s ds < >
0 0

1
So ||P(u,w) — (u,w')||x < 3 ||lw — w'||x. The thesis follows by parametric contraction
lemma. 0
REMARK 4.6. In the above assumptions, the input-output map is continuous, but not Lipschitz

continuous. It becomes Lipschitz contininuous if we endow A with the metric of the convergence
in measure, i.e. for every uy, uy € A we define d(uq,up) = meas{t € [0, T] : uy(t) # u(t)}.

We recall now some results about ordinary differential equations.
DEFINITION 4.7 (Adjoint system). Consider the system
¥(t) = A(Dx(),
x(0) = xo,
where A(t) € Mat,xn(R). The adjoint system is p(t) = —p(t) A(t). We will call fundamental matrix
associated to the system the matrix M(t,s) € Mat,x,(IR) defined as the solution of
orM(t,s) = A(f)M(t,s),
M(S,S) = Id]Rn,
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PROPOSITION 4.8. In the previous notation, we have:
(1) Suppose ||A(t)|| < L. then the solutions of the system satisfy |x(t)| < eL(t=10)|xo].
(2) We have M(t,s)M(s,t) = IdRn.
(8) Given the system

x(T) =xq,

{x(t) = A()x(t) + h(t),

its solution is t
x(t) = M(tD)xc + | M(t,3)h(s) .
T

(4) If A(t) = A is constant, then M(t,s) = eA(=5),
(5) The i-th column of M(t, T) solves

x(t) = A(H)x(t),
=,
(6) The map A(-) — M(+, ) is continuous from L' ([a, b]; Mat,«n(R)) to C°([a, b]; Matyxn(R)).
PROOF. Omitted. O

We will study now further regularity properties of the input-output map. In particular, we will
study the differentiability w.r.t. the initial point and w.r.t. the controls. In the first case, we will

set g(t,x) := f(t,x,u(t)).

THEOREM 4.9 (Differentiability w.r.t. initial state). Consider the equation x(t) = g(t, x(t)) with
x(tg) = xg and denote with x(t, xo) its solution. Let ¢ € CO(R x R™) be of class C! in the x-variable
and such that |g| < M, [0xg| < L. Let vy € R™ be fixed, with |vg| = 1. Let vy, (t) be the solution of
0(t) = 9xg(t, x(t,x0))v(t) with initial condition v(ty) = vy. Then x(t, xo) is differentiable at xo and the
directional derivatives satisfy

. x(t,xo+€v) — x(t,x0)
Oxo () = ll—% €

with uniform convergence in [to, T].

PROOF. For sufficiently small ¢ > 0, define x¢(t,vy) = x(t, xg + €vp) and
Ye(t,v0) = x(t,x0) + €vy, (t). To prove the theorem, it is enough to show that

lim xe(t,vp) g%(t/ vp) -0

€

Notice that x¢ (-, vg) is a fix point of w — P (xy + evy, w) defined by
t
D(x + evy, w) = x0 + €vg +/ g(s,w(s))ds,
fo

which is a contraction (¢ = 1/2) w.r.t. to the previously defined norm || - ||x. According to
parametric contraction lemma

1 2
g”ys — Xellx < g”ys — D(ye, u +ehu)||x
Thus it is enough to prove that

lim sup ! =0

&0 e (t,7)

t

Xo + €vg + /t 2(s,ye(t,v9)) ds — ye(t, vo)
0

Notice that

86,5, 0)) = g6,3(5,70) + €03y (5)) = 805, 1(5,30)) + [ 70 (805,505, 70) + e 5))) do
= g¢(s,x(s,x0)) + /01 0x8(s, x(s,x0) + €00y, (5))evy, (s) do,

Uy (1) — 0y, (0) = /t: 0x8(s,x(s,x0))vx, (s) ds.
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Thus

t
X0 + €vg + /t Q(s,ye(t,v9)) ds — ye(t,vg)
0

t t 1
= |xo + €vp + /t <(s,x(s,x0)) ds + ./t /0 0x8(s,x(s,x0) + €00y, (5))evy, (s) dods+
0 0

—x(t, Xo) — €Uy, (t)|

t
=|xo + /to g(s,x(s,x0)) ds — x(t,v9) + e(vg — vy, (t))+

t 1
+/ / 0x8(s, x(s,x0) + eov(s))evy, (s) dods
tg 40

t bl
=¢|— t axg(s,x(s,xo))vxo(s)ds+/t /0 0xg(s,x(s,x0) + €00x, (5))vx, (s) do ds
0 0

toel t ol
=¢ —/to ./0 Bxg(s,x(s,xo))vxo(s)dads+/t0 ./0 0x8(s,x(s,X0) + €00x, (5))vx, (s) do ds

t 1
=¢ /tU/O [0x8 (s, x(s, x0) + €0vx, (5)) — 9xg(s, x(s, x0))] vx, (s) do ds

Consedered a compact neighborhood of the trajectory x(t, xo), we can pass to the limit
(uniformly) under the integral sign by the regularity of g applying the Dominated Convergence
Theorem, the statement on the directional derivatives thus follows.

To prove the differentiability, is is sufficient to apply the Total Differential Theorem proving that
the directional derivatives are continuous st xo. Consider a sequence {¢, },en with &, — xo. We
prove that vg, (t) — vy, (t). By parametric contraction lemma, we already know that x(-, &;)
uniformly converges to x(-, xg) in [to, T]. Set A (t) = 9xg(t, x(t,¢n)) and A(t) = 9xg(t, x(t, x0)).
For n sufficiently large, we have ||A,(t) — A(t)|] < K and so, by dominated convergence

T
Jim Ay = Allps = lim, [ An(t) =A@ dr = [ lim [14x(1) = A9)] e =0,

to n—oo

T
1

By the properties of fundamental matrix, M, (f, T) uniformly converges to M(t, T) where M,, and
M are the fundamental matrices of the systems solved by vz, and vy, respectively (i.e., ruled by
g(t,x(t,¢n)) and g(t, x(t, x)) respectively). Therefore, v, (-) uniformly converges to vy (-). O

REMARK 4.10. In the same way as above, it can be proved that the input-output map is
differentiable also w.r.t. the initial time £

5. Lecture of 17 december 2018: Dependence w.r.t. controls. Density. (3h)

PROPOSITION 5.1. Assume the hypothesis on f to grant local existence and uniqueness, consider
x(t) = f(t,x(t),u(t)), x(0) = xo, and denote by x(t, u) its solution evaluated at time t. Suppose that
(x,u) — f(t,x,u) is of class C' and that there exists L > 0 such that ||9x f||co + ||0uf|lec < L. Let

Au € L. Then there exists
(t,u+eAu) —x(t,u) 0

X f
lg% - = gx(t,u—ksAu)‘s:O :/0 M(t,5)0uf(s,x(s,u),u(s))Au(s)ds

where M(t,s) is the fundamental matrix of 0(t) = Iy f (£, x(t, u), u(t))v(t).

PROOF. Let z(t) be the solution of

Z(t) = A(t)z(t) + ouf (t, x(t, u), u(t))Au(t),
z(0) =0,

where A(t) := 9y f(t, x(t,u), u(t)). We have

2(t) = /OtM(t,s)auf(s,x(s,u),u(s))Au(s)ds.
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Thus it is enough to prove that

a—sx(t,u + eAu)e—g = z(t)
uniformly in [0, T], i.e.,
lim x(t,u+ eAu) — x(t,u) — ez(t)

e—0 3

=0.

Set x¢(t) = x(t,u + eAu) and y.(t) = x(t,u) + ez(t), we estimate |x¢(t) — y¢(t)|. The map x,(-) is

a fixed point of

w — P(w, u+eAu) = xo + /Otf(s,w(s),u(s) + eAu(s)) ds.

and @ is a contraction (x = 1/2) w.r.t. the norm || - ||x previously defined. By parametric
contraction lemma

1 2

g”xs —Yellx < g||CI>(x0 + €00, Ye) — Yellx-

So it is sufficient to prove that

lim sup -
e04ci0,7) €

x0+/ f(s,ye(t,v0), u(s )+Au(s))dsy£(t)‘ =0.

We have

¢ [0 [ 7G5,y u(s) + emu(s)) ds ()| =

Xp + /Otf(S,ys(S),u(s) +eAu(s))ds — x(t,u) — gz(t)‘

t t
X0 + /0 f(s,x(s,u) +ez(s),u(s) + Au(s)) ds — xo — /0 f(s,x(s,u),u(s))ds — sz(t)’

/t[f(s x(s,u) +ez(s),u(s) +eAu(s)) — f(s,x(s,u),u(s))] ds — ez(t)’

/ / f(s,x(s,u) + oez(s), u(s) + ceAu(s))| ds — sz(t)‘

M= M= = = M=

/ / dxf (s, x(s,u) + oez(s), u(s) + oeAu(s))]ez(s) ds+

+/ / duf (s, x(s,u) + oez(s), u(s) + ceAu(s))]edu(s) ds+

— [ AGeR(s) + (s, x(s, ), u(s)pedus) ds

< ./Ot _/(;1 0xf (s, x(s,u) + oez(s), u(s) + ceAu(s)) — A(s)| - |z(s)| ds+

+ /Ot /01 19w f (s, x(s,u) + oez(s), u(s) + ceAu(s)) — duf (s, x(s,u),u(s))| - |Au(s)| ds

By Dominated Convergence Theorem, the limit is 0. The assumption of boundedness of the
derivatives of f can be relaxed, requiring only their continuity.

We will consider now the following problem: given a control system with admissible control
value set U, is it possible to construct another system approximatively equivalent to the give one
with smaller control value set U’ C U?

THEOREM 5.2 (Density of the trajectories). Assume the hypothesis on f to grant local existence and
uniqueness, let x(t) = f(t,x(t), u(t)), where u(t) € U and U C R™ is compact.

(1) The set of solutions generated by piecewise constant controls is dense (w.r.t. uniform
convergence) in the set of solutions.

O
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(2) Let U’ C U be closed and such that for every t, x we have
co{f(t,x,u): ue U} D{f(t,x,u): ue U}.

Then every trajectory of the original system generated by a measurable control u(-) satisfying
u(t) € U a.e. can be approximated in the uniform convergence norm by a trajectory generated
by a measurable control u'(-) satisfying u'(t) € U'.

PROOF. Let L > 0be such that |f(t,x1,u) — f(t,x2,u)| < L|x1 — xp].

The first assertion follows from the result about continuous dependence of the input-output map
on controls: indeed, the piecewise constant functions are dense in Ll according to the Ll-norm,
thus given a control u(-), generating the trajectory x,/(-), it is possible to construct a sequenceof
piecewise constant controls {u, },cN converging in L! to u. The corresponding solutions x;, (-)
are uniformly convergent to x,(+).

Suppose now to have a trajectory x,, of the original system, generated by a control u(-) € %, and
let us prove that we can uniformly approximate it by trajectories generated by controls taking
values in U’.

Define the function ¢(t) := e'* — 1 and for every e > 0 we define the tubular neighborhood of
the trajectory x,(-) by setting

Te:={(t,x): t€[0,T], |[x —x(t)] < ep(t)}.
Consider the set
F = {u':[0,7] — U' measurable : (t,x,(t)) € I forallt € [0,7]}.

On F we define the following partial order: u} < u} if dom(u}) C dom(u}) and u/2|dom(u’1) = uj.

Given a totally ordered chain {u} : i € I}, set dom(uf,) = | J uj and if t € dom(ul,), set

iel
u'(t) = u)(t) where i satisfies t € dom(u}). Such ug, is an upper bound of the chain, so by Zorn's
lemma there are maximal elements.

Let ii be a maximal in F. If dom (i) = [0, T| the proof is finished. Otherwise, suppose by
contradiction that intdom(i7) =|0, [ with T < T, for all t €]0, T[ holds |x, () — xz(t)| < ep(t)
. . xu(T) — xa(7)
with equality att = 7. Set w = (7, x,(7),u(7)), v = ——— We prove that we can
q y f( ll( ) ( )) |xu(T)—x11(T>| P
choose u; € U’ such that
eL
(f(t,xu(7),u7),0) > (w,v) — 5

n
Indeed, by convexity assumption, w = Z a;f(t,x,(7),0;) withe; € [0,1],v; €U, i=0,...,n

i=0
n

and Z «; = 1. If by contradiction for every i = 0,...,n we had
i=0
<f(T/ xu(T)rUi)/ Z)> < <w, U>/

by multiplying for «; and summing up

(w,v) = i(:)ai<f(r,xu(r),vi),v> < i(:)ai<w,v> = (w,v),

which leads to a contradiction. So the choiche of u is always possible.

We prove now that there exists 6 > 0 such that if we set ii(t) = u; in [T, T + J[, the solution xy is
contained in I's. This will conclude the proof contradicting the maximality of i, indeed it will be
a proper extension of ii to [0, T 4 J[. To this aim, we estimate the right derivative at T of

|y (£) — xa(t)| — oy (t): it will be enough to show that such a derivative is negative. Indeed,

%“xﬁ(t) —xu(t)] —ep(t)],_.. = (w— (T, xa(1), ux),0) — eLe

= (w — f(T,2u(7), uz),0) + (f (T, (1), uz) = f(7,xa(T),0) — L™



116 3. THIRD PART

el

< D3 + |f(T/ xu(T), ur) — f(T, xa(T)| — eLel™
el e

< D) + L|xy(t) — x5(7)| — eLe

L
< 5 Hely(r) —elel”

L
= % +eL(el™ —1) — eLe!™

eL
< —— <

7 = 0

REMARK 5.3. The assumptions of the previous theorem require
co{f(t,x,u): uel} D{f(t,x,u): uecl}.

In general it is not true that this is granted by taking U’ C U such that co(U’) = co(U). In other
words, to convexify the set of admissible velocities is not enough to convexify the set of
admissible control values.

However if the system is affine w.r.t. u, i.e., f(t,x,u) = A(t,x) + B(t, x)u then this is enough:
given U’ C U such that co(U’) = co(U) we have

co{f(t,x,u) : ue U} ={f(t,x,u): ucco(l)} ={f(t,x,u): ucco(l)} 2{f(t,x,u): ucl}

DEFINITION 5.4. Consider the control system x(t) = f(t, x(t),u(t)), x(0) = %, where
u(-) € % :={u : [0, +o00[— U measurable} Define the reachable set from X at time :

Rz(t) = {x(t) : x(-) is solution of the system }.
In general, R¢(t) is not compact, not even if U is compact.

PROPOSITION 5.5 (Compactness of the reachable set). Assume the hypothesis on f to grant local
existence and uniqueness. Consider the control system x(t) = f(t,x(t),u(t)), x(0) = %, with

u(-) € % :={u:[0,+oo[— U measurable} and set F(t,x) := {f(t, x(t),u(t)) : u € % }. Suppose
that F(t, x) is compact and convex, and that the graphs of the solutions are all contained up to time t in a
common compact K. Then Rg(t) is compact.

PROOF. Since Rg(t) C K, such a set is bounded. We prove its closedness. Suppose to have a
sequence {&; }neN in Rz (f). Then §; = xy,(t) where xy,(-) is the solution generated by the
control u; € % . Since all the trajectories are contained in a common compact set, the set of their
velocities must be bounded, by smoothness of f. So these trajectories are equibounded and
equiLipschitz continuous by continuity of F and compactness of F(t, x). Thus up to a
subsequence they uniformly converges to X« (), and in particular §; — oo = Xeo(t). By
convexity, we have that x(-) is a solution, and so e € Rx(t). O

DEFINITION 5.6 (Chattering controls). Assume the hypothesis on f to grant local existence and
uniqueness. Consider the control system x(t) = f(t,x(t), u(t)), x(0) = x, with

u(-) € % :={u:[0,+o00o[— U measurable} and set F(t,x) := {f(t,x(t),u(t)): u € %}. Let
Fi(t,x) := co(F(t, x)). Consider a new set of controls

ut .= {u* = (0g,...,00,up,...,uy) €[0,1]" 1 x U1},

and set for every u* € U*
n

FE(tx,ut) = Y 6if(t x,u;).

i=0
By Carathéodory’s Theorem, we have

Fo(t,x) i= {f*(t, x(t), ub (1) : uf € %%},

where %% := {u : [0, +-0o[— U measurable} is called the set of chattering controls.



6. LECTURE OF 21 DECEMBER 2018: PONTRYAGIN’S MAXIMUM PRINCIPLE AND DYNAMIC PROGRAMMING PRINCIPLE (3HJ

COROLLARY 5.7. Assume the hypothesis on f to grant local existence and uniqueness. Consider the
control system x(t) = f(t,x(t),u(t)), x(0) = x, where u(-) € % := {u : [0, +o00[— U measurable}.
Suppose that U is compact and that the graphs of solutions up to time t are all contained in a common
compact K. Then R?z(t) = Rx(t), where Rgz(t) is the reachable set for x(t) = f2(t, x(t), ub(t)),

x(0) = %, where u*(-) € %*.

PROOF. We can identify U with a subset of U?, since the map u — (1,0,...,0,u,u,...,u)is
bijective. This implies that we can identify % with a subset of % and Rz (t) with a subset of
R,ﬁE (t). We will always made this identification in the following of the proof. Trivially U C U¥,
and so Re(t) C Rg(t). According to the previous result, we have that R () is closed, so
Rz(t) C sz(t). Moreover, we have co(F(t,x)) D F(t,x), so the trajectories generated by % are

dense in the set of the trajectories of the system generated by % #, thus Rx(t) D Rg(t), the thesis
follows. O

COROLLARY 5.8 (Bang-bang Theorem). In the above assumptions, suppose
x(t) = A(t)x(t) + h(t, u(t)). If A(-) and h are continuous and U is compact then Rgc(t) = Ry (t).

PROOF. Omitted. 0

REMARK 5.9. In the three previous results, the assumtpions requiring that the graphs of the
considered trajectories must be contained in a common compact can be replaced by the
following condition of uniform growth: there exists C > 0 such that |f (¢, x, u)| < C(1+ |x|) for all
(t,x,u). Indeed, in this case we have |x| < C(1+ |x]), so if x(#) # 0 we have

d

d
01 < | x| < 1+ 1x)
Thus if x(t) # 0 we have |x(¢)| < r(t) where 7(t) = ( +7(t)), r(0) = |x(0)|. Solving this
equation, we have that if [x(t)| # 0 we have |x(t)| < e“*(|%| +1) =1 < e“T(|x| +1) —1:=R.

Thus x(t) € B(0, R), which is compact.

6. Lecture of 21 december 2018: Pontryagin’s Maximum Principle and Dynamic Programming
Principle (3h)

DEFINITION 6.1 (Mayer and Bolza problems). Suppose to have a control system
x(t) = f(t,x(t),u(t)), x(0) = x with % := {u : [0, T] — U measurable }, a cost function
P : R xR" - R,and aset S C R"*! called target set.

The Mayer’s problem is to determine a control (called optimal control) realizing

inf ¢(T,x(T))

uew
among all the admissible trajectories of the system satisfying (T, x(T)) € S.
In many cases, we have S = R x S, where S C R" is a given closed set. In this case the endpoint
constraint (T, x(T)) € S simply becomes x(T) € S. With a slightly abuse of terminology, in this
case we will called also S the target set.

The Bolza’s problem is to determine a control realizing

inf [ L(t,x(6) u(t)) dt + 9(T,x(T)),

ue /0
where L : R x R" x R" — R is a function called current cost among all the admissible
trajectories of the system satisfying (T, x(T)) € S.

Bolza’s problem can be reformulated as Mayer’s problem by considering the new auxiliary
variable xy, and adding to the system the equation xo(t) = L(t, x(t), u(t)) with xo(0) = 0.
Defined a new cost ¥ (xg, x) = xo + ¢(x), and a new target set S = R x §, the problem set up in
R"*2 is a Mayer’s problem.

The existence of optimal controls in many cases can be proved easily through standard
arguments of 1.s.c. and compactness.



118 3. THIRD PART

THEOREM 6.2 (Existence of optimal controls). Consider a Mayer’s problem with closed target
S Ce R and Ls.c. cost function (). Assume one of the following conditions
(1) Rx(T) is compact and ({T} x Rz(T)) NS # @;
(2) the dynamics f is continuous, satisfying |f(t,x,u)| < C(1 + |x|) for a certain C > 0, and the
associated set-valued map has convex values.
(3) Rx(T) isclosed, ({T} x Rx(T)) NS # @, and () is coercive;

Then there exists an optimal control.

PROOF.

(1) By compactness of Rz(T) and closedness of S, we have that {T} x Rz(T) NS is
compact. Since §(-) is L.s.c., it admits a minimum (T, x7) € {T} x R¢(T) N S. Recalling
that xp € Rg(T), this implies that there exists a control 1*(-) generating an admissible
trajectory whose endpoint is xt.

(2) Consider a minimizing sequence u, : [0, T] — U of admissible controls, generating the
corresponding sequence of trajectories x,(+), i.e., such that
nEme(T, xu(T)) = inzf/ (T, x,(T)) and (T, x,(T)) € S. The growth condition on f

uc

ensures that there exists a compact set K such that x,,(t) € Kforallt € [0,T], n € N,
thus by the smoothness of f, we have that x,(+) are equiLipschitz continuous and
equibounded, thus, up to a not relabeled subsequence, we may assume that {x,(-) }sen
uniformly converges to e (-). The growth condition implies the compactness of F(t, x),
and by assumption we have that F(t, x) is convex, thus x«(-) is an admissible trajectory,
and so it is generated by an admissible control U« (+). Thus, recalling 1.s.c. of ,

inf ¢(T,x,(T)) = lm (T, x,(T)) > ¢(T,x(T)) > inf (T, x,(T)),
uc# nrteo uc%

we conclude that X (-) is an optimal trajectory and ue () is an optimal control.

(38) Same as in item 1., recalling that a lower semicontinuous coercive function admits a
minimum on every closed sets.

O
LEMMA 6.3 (Lebesgue points). Let ¢ € L'([0, T];R). Then for a.e. T € [0, T| we have
1 1 T+e d 0
im — t) —g(t)|dt =0.
tim o [ [g(t) —g(v)
The points T where the above limit exists and vanishes are called Lebesgue’s point of g.
PROOF. Omitted. O

We will now state in a simplified form the following result, yielding necessary conditions enjoyed
by an optimal control.

THEOREM 6.4 (Pontryagin’ Maximum Principle). Consider a Mayer’s problem with

¢(x(T)) = —p(x(T)). Suppose f € CO, ¢ differentiable, and x — f(t,x,u) of class C. Let

u* € L®([0, T];R™) an optimal control generating the optimal trajectory x*(-). Let p*(-) be the solution
of the adjoint system

{p(t) = —p(t)0xf(t,x* (), u* (1))
p(T) = Ve(x*(T))

Then for a.e. t € [0, T] we have

(p™ (1), f(£,x7 (), u™())) = max(p™(t), f(£,x"(£),u)).

uel

PROOF. Since t — g(t) := f(t,x*(t),u*(t)) is in L}, it is enough to prove the statement for all
Lebesgue points of g. Let T € [0, T] be a Lebesgue’s point of g. We will prove the result for t = 7.
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Given e > 0, set ug(t) = u*(t)(1 — X[r—ez[) + WAJr—e,7) Where w € U is arbitrary. Let x¢(-) be the
trajectory generated by u,. Recalling that x,(T —¢) = x*(7 — ¢), we have

Xe(T) = xe(T—€) + i f(t, xe(t), w)dt,

(1) = x*(T—€)+/i £l 3 (8), u () dt,

f(t xe(t), w) — f(T,x" (1), u*(T))] dt+
b [ IR @ @) = flox (0,0 () a

By definition of Lebesgue’s point, for ¢ — 07 the second term in the right hand side vanishes. By
Dominated Convergence Theorem,

lim Xe(T) — x*(7T)
e—0t €

= f(r,x"(1),w) = f(T,x" (1), u™ (7)) =: {.

In the time interval 7, T], we have that x,(-) satisfy the same differential equation of x(-), but
with a different inital data x.(7) # x*(7). By the theorem about the differentiability of the
input-output map w.r.t. initial data, denoted by y.(-) the trajectory generated by u* starting from
x*(7) + ¢ at time T, we have that for f > 7 it holds

o Vel = (1)

= o(t)
e—0 3
where 0(t) = dxf (t, x*(t), u*(t))v(t) and v(7) = ¢. If x*(-) is optimal, then ¢(y(T)) < ¢(x*(7))
for all e > 0. Since ¢ is differentiable, we have
d
02 79(ve(T)) = (Vo (ye(T)), o(T))-

Moreover, we notice that

%@(f)/v(f)) = —(p(H)axf(t, x7 (1), u™ (), v(t)) +

thus (p(t),v(t)) is costant at all t € [t, T| and (p(T), v(T)

(£), 9 f (£, x7(8), u"(£))o(t)) = 0.

(p
) = (p(1),v(7)). By definition,
T,x*(1), u*(7)). Thus

(7)

)) = (Vo(x"(T)),0(T)) <0

p(T) = Ve(x*(T)) and v(7) = ¢ = f(T,x* (1), w) — f(T
(p(1),&) = (p(1), f(T,x*(7),w) — f(T,x" (1), u
so for all w € U we have

{p(0), f(T,x" (1), w)) < (p(7), f(T,x7(7),u* (7)),

the thesis follows. O

REMARK 6.5. In many applications and exercise, we will try to construct an optimal control
candidate by solving the adjoint system and defining

(1) = argmax(p” (1), (1, 5" (1), ).

The Pontryagin’s Maximum Principle yields only necessary conditions, not sufficient ones.
However in many cases it leads to isolate good candidates.

DEFINITION 6.6. Suppose that a Mayer’s problem with target S C R"*! and terminal constraint
(T,x(T)) € Sis given. Consider the admissible trajectories x; () such that x; ,(s) = y and
(T, x54(T)) € S. We define the value function V(s,y) = inf, ., (T, x5, (T)).

THEOREM 6.7 (Dynamic Programming Principle). In the hypothesis granting existence and
uniqueness of the trajectories, suppose that S is closed. Then the value function V is nondecreasing along
the admissible trajectories, and it is constant along the optimal trajectories.



120 3. THIRD PART

PROOF. Let x(-) be an admissible trajectory generated by the control u(-), to < t1, x(t1) = x1
e x(to) = x¢. Suppose by contradiction that there exists ¢ > 0 such that V(t;,x1) = V(ty, x0) —&.
Thus by definition there exists an admissible control v(-) such that, for the trajectory x,(-)
generated by v and satisfying x,(t1) = x1, we will have ¢(T, x,(T)) < V(t1,x1) +€/2. Butin
this case we can define a new control () = u(t) fortg <t < t; and (t) = v(t) forty <t < T,
and let £(+) be its associated trajectory satisfying £ (o) = x¢. Since £(t;) = x1, we have

o € €
Y(T,2(T)) < V(t,x1) + 5 = Vlto, x0) — 3,
contradicting the definition of V(ty, xo).
If u* is an optimal control and x* is an optimal trajectory satisfying x*(tp) = xo, then necessarily
V(to, x0) = (T, x*(T)). Since V is nondecreasing along the admissible trajectories, we have
V(T,x*(T)) > V(t,x*(t)) > V(to, xo) for every ty < t < T, but since the first and the last terms
of this inequality are equal, we have equality. O

THEOREM 6.8. In the assumptions of the previous theorem, let Q C R™! be an open set such that
QNS #@. IfV € C(Q) then, defined the Hamiltonian function

H(t,x,p) :=min(p, f(t,x,u)),
uel
the Hamilton-Jacobi-Bellman equation holds:

oV (tx)+ H(t,x,0,V) =0,

V(T,x) = ¢(x).

PROOF. By assumption, along the admissible trajectories we have

SVLy(0) 20,

ie., (0:V(t,y(t)), f(t,y(t),u(t))) > 0so the left hand side in the Hamilton-Jacobi-Bellman
equation is nonnegative. By contradiction, assume that it is strictly positive, i.e., there exists
0 > 0 such that for all w € U, ty, xg it holds

0V (to, xo) + <axV(t0, xo0), f(to, xo, w) > 6.
By continuity, for every (¢, x) in a neighborhood W of (o, xy) we have
9tV (t,x)+ (0xV(t,x), f(t, x,w) > 6.

Let u € % be an admissible control, and let x,(-) be its corresponding trajectory such that
xy(tg) = xo. There exists § > 0 sufficiently small such that (¢, x,(t)) € W for all u € % . Thus for
all u € % we have

V(t+6,xu(t +6)) — V(to, x0) :/t SV () di

= tm[atv(t, xu(t)) + 0V (t, xu(t)), f (£, xyu(t), u(t))] dt > 6.

fo

By taking the infimum on u, we have

inf V(t+6,x,(t+6)) > V(to, xo) + 66.
uew

However, the infimum w.r.t. u of the left hand side is attained on optimal trajectories, and its
value is V(tg, xg) by the dynamic programming principle, and this leads to a contradiction. [

REMARK 6.9. If we have a Bolza problem with running cost L(¢, x, u), the Hamiltonian function
becomes

H(t,x, p) = min[(p, f(t, x,u)) + L(t, x,u)].

The minimum time problem corresponds to the case =0, L(t,x,u) = 1.
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REMARK 6.10. The dynamic programming principle provides additional conditions to be used
in addition to Pontryagin Maximum Principle in particular in the cases where disambiguation is
needed (for instance, when p(t) = 0). It can be proved that the value function is characterized to
be the solution of this equation, i.e., if the cost found by using a control u(-) coincides with the
value of the solution of the HAmilton-Jacobi equation, then u is optimal.

REMARK 6.11. In almost all the case of interest, the value function is not C!, thus a classic
solution of Hamilton-Jacobi may not exists. Nonsmooth analysis allows to interpret such an
equation by mean of generalized gradients, thus defining solutions (enjoying also uniqueness
property) of such an equation, which are called viscosity solutions.

Linear Quadratic Regulator (LQR) is control system widely used in modeling, and it can be
considered as a prototype of many problems.

DEFINITION 6.12 (LQR - finite time horizon). Let Q, M € Mat,,(IR) be positive semidefinite
symmetric matrices, R € Maty, . (R) be a positive definite symmetric matrix, A € Mat,x»(R),
B € Maty, x,; matrices, ty, T € R, typ < T. Consider the control system in IR”

x(t) = Ax(t) + Bu(t),
x(tg) = xp € R",
with u € R™.
Our aim is to minimize the following cost (also called performance index):
T

Jr(u(-)) =/ ((Qx(t), x(t)) + (Ru(t),u(t))) dt + (Mx(T), x(T)).

to
The matricex Q, M, R are called respectively the current state cost, the final state cost, and the input
cost matrix.

In order to solve the problem, we use the dynamic programming principle. Indeed, for
to <t < T we define

T
Vi) = inf { [ ((QN() (9) + (Ruto) ) s+ (Ma(T)x(T) |
subject to xX(s) = Ax(s) + Bu(s) and x(t) = x. We have in particular that Vr(x) = (Mx, x) for all
x € R™

We notice the following facts: given A € R, we have V;(Ax) = A2V;(x), x +— Vi(x) is continuous,
and

[Vi(x1 + x2) + Vi(x1 — x2)].

N —

Vi(x1) + Vi(x2) =

Indeed, since the system is linear, if x(-) is a solution associated to some control u#(-) and starting
from x, then also Ax(-) is a solution associated to the control Au(-) and starting from Ax. Thus

Vi(Ax) = inf {/T ((QAx(s), Ax(s)) + (RAu(s), Au(s))) ds + (MAx(T), Ax(T)) } ,
u(-) Wt

subject to x(s) = Ax(s) + Bu(s) and x(t) = x, hence V;(Ax) = A?V;(x). The other property can
be verified similarly. Finally, the continuity w.r.t. x is given by the linearity of the system.

In general, a continuous map W(-) : R? — R satisfying W(Ax) = A2W(x) and

W(x1) + W(xa) = 5 [W(xt +32) + W = 1)),

satisfies also W(x) = (Px, x), where P = (p;;); j—1,..a € Maty,4(RR) is the symmetric matrix
. o 1
defined by p;; = W(e,’) and pij = Pji = E[W(xi + x]) — W(x,» — x])]
In this way we obtain that V;(x) = (P(¢)x, x) where t — P(t) is a continuous map and P(t) is a

symmetric matrix for every t € [fo, T]. In particular, we have also 9;V;(x) = (P(t)x, x) and
9xVi(x) =2P(t)x.



122 3. THIRD PART

Our problem is a special case of Bolza problem where L(t, x, 1) = (Qx, x) + (Ru, u), and so
H(t,x, p) = min [(p, Ax + Bu) + (Qx, x) + (Ru,u)] = (p, Ax) + (Qx, x) + min [{p, Bu) + (Ru, u)]
The function to be minimized is strictly convex, smooth and coercive in u, thus the minimum is
characterized bu putting the differential equal to zero, i.e. BTp + 2Ru = 0, and so

U= —%R’lBTp. The Hamilton-Jacobi equation is given by 9;V;(x) + H(t, x,9:V¢(x)) = 0, i.e.

(P(t)x,x) + (2P(t)x, Ax) + (Qx,x) — (2P(t)x, BR™'BTP(t)x) + (BTP(t)x, R"'BTP(t)x) =0,
i.e. recalling that P(t) = PT(t)
(P(t)x, x)+(ATPT(t)x, x) + (P(t)Ax, x)+
+ (Qx,x) — (2P(t)BR™'BTP(t)x,x) + (P(t)BR™'BTP(t)x,x) = 0,
holding for every x, hence we obtain the matrix Riccati equation
P(t) + ATP(t) + P(t)A+ Q — P(t)BR'BTP(t) = 0,
coupled with terminal condition P(T) = M. Moreover, the optimal control is linear and is given
by u(t) = —R™IBTP(t)x(t).
All the previous consideraton easily extends to smooth time-depending matrices A = A(t),
B = B(t), R=R(t), Q = Q(t).
Now we will discuss the case of infinite time horizon, i.e., T — +o0.
DEFINITION 6.13 (LQR - infinite time horizon). Let Q, M € Mat,«,(IR) be positive semidefinite

symmetric matrices, R € Maty, . (IR) be a positive definite symmetric matrix, A € Mat,»,(R),
B € Maty, .,y matrices, ty, T € R, ty) < T. Consider the control system in IR"

{x(t) — Ax(t) + Bu(t),

x(to) =xp € R",

with u € R™.
Our aim is to minimize the following cost:
—+oo
Joo(u(-)) = /to ((Qx(#), x(£)) + (Ru(t), u(t))) dt.

It is clear in this case, since the integral is over an half line, that it may happen that
J(u(-)) = +oo, thus the minimization problems has no meaningful sense.

To tackle this difficulty, we make the following strong assumption (complete controllability): for
every T > 0, x € R" there exists a control steering x to 0 in time 7. It can be proved (Kalman rank
controllability condition) that this is equivalent to ask

rank[B|AB|A%B|...|A"1B] = n.

If Ty < T; we have
Ty Ty
Q0,0 + (Ru(t), (1)) e < [ (1), x(1) + (Ru(t), u())
0 0
thus it make sense to approximate the infinite horizon problem with a sequence of finite-horizon

problems: the map T +— Jr(u(-)) is monotone increasing, thus Jo(u#(-)) can be written as limit
for T — o0 of J7(u(-)) (it can be +00).

We thus consider the matrix solution P(t, T) of

P(t)+ ATP(t) + P(t)A+ Q— P(+)BR™1BTP(t) = 0,

P(T) =0

and we notice that if we set

Vi 1) = it { [ (4Qx(),x(s)) + (Rus), () ds},
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we obtain V;(x, T) = (P(t, T)x, x) and the map T — V;(x, T) is monotone increasing. Thus we
have existence of the limit
P(t)= lim P(tT).
T—+o0

By using standard flow properties for ODE, it can be proved that P(t) solves

P(t)+ ATP(t) + P(t)A+Q — P(t)BR'BTP(t) = 0, t >t

moreover V;(x,00) = (P(t)x, x).

Given a control i defined on [t, t 4+ 7] and steering x(t) to 0 in time 7 (the existence of such a
control is due to complete controllability assumption), we can extend #(+) to all [¢, +oo[ by
setting ii(s) = 0 for s > t + T, thus we have that [ (ii(t)) < +oo. This ensures that the infimum
of Joo(+) is finite. Set now #(t) = —R~1BTP(t)x(t). We want to prove that it is optimal. Assume
that there exists #(-) such that [ ((+)) < Jeo(if). It turns out that there exists T such that we
have for the restrictions

Jr(a(-)) <Jr(a)

but this is impossible, since 7(-) achieves the minimum of Jr(-).






APPENDIX A

Background remarks

1. Remarks on ordered set

DEFINITION 1.1 (Partial order relation). Let X be a set. A relation <x on X is called a partial
order relation on X if it is reflexive, antisymmetric and transitive, i.e., for all x,,z € X we have
* X =2x X,
o ifx Xy yandy <x xtheny = x,
o ifx Xx yand y <x z then x <x z.
The pair (X, <x) where X is a set an <x is a partial relation on it, is called partially ordered set or
poset. We will write also y =x x tosay x <x y.

DEFINITION 1.2 (Totally ordered chains and sets). Let (X, <x) be a partially ordered set. A
subset S C X is totally ordered (or a totally ordered chain) if for every x,y € S with x # y either

x Xx yory Xx x,1ie., every pair of elements of S are comparable by <x. If the whole of X is a
totally ordered chain, we will say that <x is a total order relation on X, and X is called a totally
ordered set.

DEFINITION 1.3 (Minimality, maximality, upper and lower bounds). Let (X, <x) be a partially
ordered set, S C X. We say that
o m € X is minimal for <x if x <x m implies x = m.
M € X is maximal for <x if x >x M implies x = M.
x € X is a lower bound for S if x <x sforall x € S.
x € X is an upper bound for Sif x =x s forall x € S.

LEMMA 1.4 (Zorn). Let (X, <x) be a partially ordered set. Assume that every totally ordered chain S of
X admits an upper bound xg € S. Then in X there are maximal elements for <x.

DEFINITION 1.5 (Infimum and supremum). Let (X, <x) be a partially ordered set, S C X.

o We say that S has an infimum if there exists z € X such that
(1) z 2x sforeverys € S,
(2) for any x € X satisfying x <x s for all s € S we have x <x z.
If such a z exists then it is necessarily unique (assume to have z1,z; € X satisfying the
above properties, then we have z; <x z and zp <x z1, 50 21 = z3), and it will be called
the infimum of S w.rt. <x and denoted by inf S.
e We say that S has an supremum if there exists z € X such that
(1) z =x sforeverys € S,
(2) for any x € X satisfying x >=x s for all s € S we have x >x z.
If such a z exists then it is necessarily unique (assume to have z1,z, € X satisfying the
above properties, then we have z; >x zy and zp <x z1, 50 z1 = z3), and it will be called
the supremum of S w.r.t. <x and denoted by sup S.

REMARK 1.6. Let X be a set, (Y, <y) be a partially ordered set, f : X — Y be a map. We will use
the following notation

inf f(x) =inf{f(x): x € X},

xeX

sup f(x) = sup {f(x) : x € X},

xeX

noticing that in both cases the set { f(x) : x € X} C Y, and the infimum and supremum are
considered w.r.t. <y.

125



126 A. BACKGROUND REMARKS

DEFINITION 1.7 (Lattices). Let (X, <x) be a partially ordered set. We say that
o (X, <x) is a join-semilattice if for every x1,xp € X the set {x1, x2} admits a supremum.
In this case we define x1 V xp = sup{xy,x2},
o (X, =x) is a meet-semilattice if for every x1, x; € X the set {x1, xp} admits an infimum. In
this case we define x1 A xp = inf{xq, x2},
o (X, =x) is a lattice if is both a join-semilattice and a meet-semilattice.
By induction, (X, <x) is a join-semilattice (resp. meet-semilattice, lattice) if and only if every
finite subset of X admits a supremum (resp. an infimum, both a supremum and an infimum). We
say furthermore that

o (X, <x) is a complete join-semilattice if every S C X admits a supremum.
o (X, =x) is a complete meet-semilattice if every S C X admits an infimum.
o (X, =x) is a complete lattice if every S C X admits both an infimum and a supremum.

EXAMPLE 1.8.

o The extended real line R U {£o0} = [—0c0, +-00] is a complete lattice with respect to the
usual order relation, in view of the topological completeness of real line. We set
inf@® = +co and sup @ = —oco.

e Given a set S, the power set P(S) := {F: F C S} is a complete lattice: given A C P(S)
we have

supA= [ A infA= ] A
AcA AcA

If A=Q,wetakesup® = @ and inf@ = S.

DEFINITION 1.9 (Order topology). On a totally ordered set (X, <x) we can define the open
intervals w.r.t. the order

Jx, +ool:={t € X: x Ixt, t#x},
| —oo,x[:={teX:t3xx, t#x},
| — 00, +00[ := X.

Jxyl={teX: xxt=xy, t#x,t#y},

The order topology is the topology generated by all the open intervals w.r.t. the order.

2. Remarks on weak topology
We refer to Chapter 3 of [4] for all the proofs and further details on this section.

DEFINITION 2.1 (Weak topology). Let X be a set, (Y, 7;)ic; be a family of topological spaces and
F = {fi}ic1 be a family of functions such that f; : X — Y;. Since there exists at least one
topology Tx on X such that the functions f; : X — Y; become continuous for all i € I (itis
sufficient to take the discrete topology Tx = P (X)), and recalling that the intersection of an
arbitrary family of topologies is still a topology, there exists a coarser topology Tx on X such that
the functions f; : X — Y; become continuous for all i € I. This topology is the intersection of all
the topologies whith such a property, and it will be called the weak topology (X, .#) w.r.t. Z.

PROPOSITION 2.2 (Basis for the weak topology). Let X be a set, (Y;, T;)ic; be a family of topological
spaces and F = { f;}ic1 be a family of functions such that f; : X — Y;. Then a basis for the weak
topology w.r.t. F is given by

i€l
in the sense that every open set of the weak topology w.r.t. F can be written as an arbitrary union of
elements in 2.

B = {mfjl(Af) : ] C 1, ] finite , A;j open subset of Y for all j € ]} ,

PROPOSITION 2.3 (Continuity for the weak topology). Let X be a set, (Y;, T;)ic be a family of
topological spaces and . = { f; }ic| be a family of functions such that f; : X — Y;. Let (Z,tz) be another
topological space. Then a map g : Z — X, where X is equipped with the weak topology w.r.t. &, is
continuous if and only if f; 0 g : Z — Y; is continuous for all i € 1.
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We consider now the following particular case:
e Y, =Rforalli €I, thus.# C YX := {f:X —=Y: ffunction};
e X is a normed space, endowed to the topology given by its norm || - ||x (we will call it
the strong topology on X);
o 7 =X':={l:X—R: {islinear and continuous w.r.t. the strong topology on X.}

DEFINITION 2.4 (Weak topology on normed spaces). Let X be a normed space, the topology
o(X,X") is called the weak topology on X (we omit to specify w.r.t. X). Given a sequence {xy }xeN
in X and x € X we say that xj weakly converges to x if if converges w.r.t. (X, X’). In this case, x is
the weak limit of {xy }ren and we will write x; — x.

THEOREM 2.5 (Properties of the weak topology on a normed space). Let X be a normed space. The
weak topology o (X, X") enjoys the following properties:
(1) The weak topology is Hausdorff (equivalently, if the weak limit exists, then it is unique).
(2) xx — xifand only if (¢, xx)x x — (L, x)x x n R forall £ € X'
(3) Given xo € X, a basis of neighborhoods of xg for (X, X") is given by finite intersection of sets
of the form
Vip={xeX: |({,x—x0)x x| <r}
wherer > 0,0 € X'.
(4) If x, — x strongly (i.e., according to the norm of X, equivalently if ||x, — x||x — 0) then
Xp — X, the converse in general does not hold.
(5) If xy — x then || x| x is bounded and ||x||x < lir{rl)glfﬂxnﬂx.
(6) If xup — xand || fu — fllx — Othen fu(xn) — f(x).
(7) The weak and the strong topology coincide on X if and only if X is finite-dimensional, otherwise
the weak topology is strictly coarser than the strong topology.
(8) A convex set C C X is closed w.r.t. the strong topology if and only if it is closed w.r.t. the weak
topology o(X, X').

PROPOSITION 2.6. Let E and F be two Banach spaces and let T : E — F be a linear operator. Then T is
continuous in the strong topologies on E and F if and only if it is continuous from E endowed with
o(E, E') topology into F endowed with o (F, F').
EXERCISE 2.7. Let X be an infinite-dimensional normed space.
e thesetS:= {x € X: ||x||x =1} is not closed w.r.t. (X, X’) and its closure w.r.t. the
weak topology is {x € X : ||x||x <1};
e theset B(0,1) := {x € X : ||x|| <1} is not open w.r.t. ¢(X, X’) and its interior w.r.t. the
weak topology is empty.
DEFINITION 2.8 (Bidual space). Let X be a normed space. We define its bidual space X" by setting
X"=(X"Y ={f: X = R: fislinear and continuous }.
Given x € X, we define the evaluation on x 6, : X' — R by setting 6x(¢) = £(x) forall £ € X’

PROPOSITION 2.9 (Properties of the evaluation). Let X be a normed space, for all x € X we have
Oy € X". The map | : X — X" defined as ] (x) = 6y is linear and continuous w.r.t. the strong and weak
topologies on X and X", and we will write

ox(€) = (J(x), O)xn x = (Jx, £) xn x-

DEFINITION 2.10 (Reflexive spaces). We say that a normed space is reflexive if ] : X — X" is an
homeomorphism.

DEFINITION 2.11 (Weak* topology). Let X be a normed space. The weak* topology o (X', X) on X'
is the weak topology on X' w.rt. # = {Jx: x € X} C X". Given a sequence {x; }ren in X" and
x* € X' we say that x; weakly* converges to x* if if converges w.r.t. (X', X). In this case, x* is the
weak* limit of {x }ren and we will write x; — x*.

PROPOSITION 2.12. Let X be a normed space. The following properties hold:
(1) the weak™ topology is Hausdorff;
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(2) given f € X', a basis for the set of neighborhoods of f in the weak* topology is given by

V=A{feX: |[(f-foxi)xx| <e foralliel},
where 1 is finite, x; € X foralli € I and e > 0;
Let { fu }nen be a sequence in X', f € X', {x, }nen be a sequence, x € X. Then:
(1) fu —* f (ie., fy weakly* converges to f) if and only if (fu, x)x x = (f, x)x x forall x € X;
(2) If fu — f strongly, then f, — f weakly in o(X', X"), and if f, — f weakly in o(X', X"") then
fn =" f (ie., weakly*, or in o(X', X));
(3) If fu —* f, then || fu|| is bounded and || f|| < liminf || f,||;
4) If fu =" fand x, — x strongly in X, then (fy, xn) — (f, x).
We recall now the following fundamental theorems:

THEOREM 2.13 (Banach-Alaoglu-Bourbaki). The closed unit ball B’ := {x* € X' : ||x*||x» <1} of
X' is weakly*-compact.

THEOREM 2.14 (Kakutani). The closed unit ball B := {x € X : ||x||x < 1} of X is weakly compact if
and only if X is reflexive.
3. Remarks on Sobolev spaces

Let I be a nonempty open interval of R. Assume that ¢ : I — R is of class C!(I). Then, according
to the formula of integration by parts we have for every ¢ € C}(I) (i.e. ¢ € C'(I) is zero outside
a compact subset of I):

I
J 2w @ dx = [pGg T — [ ¢/ px)dx = - [ ¢/(x)p(x) dx
since lim ¢(x) = lim ¢(x) = 0. We notice that the last term require much less regularity on
x—inf [ x—sup I

i to be defined, since it does not require ¢ to be C!(I), butjust L| (I) (i.e. for every K compact
subset of I we have ¢ € L'(K).
This suggest the following;:

DEFINITION 3.1 (Weak derivative in R). Let I be a nonempty open interval of R. Let f : I — R
be a function of L{._(I). We say that g € L} (I) is the weak derivative or derivative in the weak sense
of f if for every ¢ € C}(I) we have

[ 8@ p(x)dx = = [ f(x) ¢/ (x)d

If a function g satisfies the above relation, then is unique and will be denoted by f’. For smooth
functions, the weak derivative and the classical one coicide.

The above definition can be easily extended to the several variable’s case:

DEFINITION 3.2 (Weak derivative). Let () be a nonempty open subset of R". Let f : (3 — Rbea
function of L{, (€2). We say that g; € L{. (I) is the i-th weak partial derivative or i-th partial
derivative in the weak sense of f if for every ¢ € C!(I) we have

J 80 o dx = = [ £(x)ap(x) dx

If a function g; satisfies the above relation, then is unique and will be denoted by 9y, f. For
smooth functions, the weak derivative and the classical one coincide.

DEFINITION 3.3 (Sobolev space). Let () be a nonempty open subset of R”, 1 < p < oo, we define
the Sobolev space WP (Q):

WYP(OR) ;= {f € LP(UR) : Vf:= 3y, f,...,x,f) € LF(Q;R")}.

If p = 2 we set H'(Q;R) = W'2(Q;R). Sobolev spaces are Banach spaces when equipped with
the norm:

HfHWW(Q;]R) = Hf”LP(Q;]R) + ||Vf||LP(Q;1Rn)-



3. SOBOLEV SPACES 129

In the case 1 < p < +oco0 we can use also the equivalent norm:

1/p
”f”WLP(Q;]R) = <||f|Lp Q;R) + Z |ax f||Lp QR > :

The space H 1 (Q; R) is an Hilbert space with the scalar product:

(ff2)mom) = v f2)2or) + (VA V) 2ary
The space W7 ((Q); R) is separable for 1 < p < +co and reflexive for 1 < p < +-o0.

THEOREM 3.4 (Approximation by smooth functions). Let Q) be an open subset of R", u € WP (Q)
with1 < p < 4o00. Then for any open subset w compactly contained in () there exists a sequence
{untnen C CZ(R") such that u, o — win LP(Q) and Vuy,,, — Vi, in LF(w;R"). If Q = R" or
Q) has Lipschitz continuous boundary, there exists a sequence {un fnen C CZ°(R") such that u,q — u
in WP (Q).

THEOREM 3.5 (Characterization of Sobolev space). Let Q) be an open subset of R", u € LP((};R)
with 1 < p < +oo and let p' be such that 1/p +1/p’ = 1. The following are equivalent:

(1) u € WHP(O; R);
(2) there exists C > 0 such that for every ¢ € C°(C;R) and i =1, ..., n it holds:

‘/ X)0x, p(x) dx| < CHGDIHLP’(Q]R)
(3) There exists C > 0 such that for every open subset w compactly contained in Q) and h € R with
|h| < inf 50 dist(y, w) it holds (tyu(x) = u(x + h))
Ittt = ullp () < Clh|
Moreover, we can take C = ||Vul|1p(q;rm)-

In the case p = 1, we have still that (2) and (3) are equivalent, and (1) implies both of them.
Function satisfying just (2) or (3) are called function of bounded variation and form the set BV (Q2).

COROLLARY 3.6. Ifu € W'P(Q) and Vu = 0 a.e., then u is constant on each connected component of
Q.

PROPOSITION 3.7 (product rule). Let Q) be an open subset of R". If u,v € L*(Q) N WP (Q) with
1< p < oo then uv € WYP(Q) N L®(Q) and 9y, (uv) = vdx,u + udy,v for everyi =1,...,n.

DEFINITION 3.8 (Higher order Sobolev spaces). Given () C IR"” open and nonempty, and m > 1
we define by induction the following spaces:

WP (O;R) := {u € LP(Q,R) : Vu € W™ LP(Q;R")}.

and set H" (Q; R) = W™2(R). We norm W"?((Q); R) by summing all the L” norm af all the
(mixed) derivatives of order from 0 up to m, obtaining also in this case a Banach space. In a
similar way, H™ is an Hilbert space.

THEOREM 3.9 (Sobolev embedding theorem). Let 1 < p < n, and set % = % - % Then for every
q¢p.p]

WP (R"R) C LI(R"; R)
with continuous injection, and there exists C = Cy,, > 0 such that

< C||Vu " or every u € WY (R™; R).
I )} gy < CIVMlrmny,  for every u € W (R

THEOREM 3.10 (Limit case p = n). Forevery q € [n, 0|
W (R",R) C LI(R"; R)

with continuous injection.
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THEOREM 3.11 (Morrey). Let p > n, then
WIP(R";R) C L®(R";R)
with continuous injection, and there exists C = Cp,, > 0 such that for every W# (R"; R) we have
u(y) —u(x)| < Clx —y[*[[Vul|Lr,

with « = 1 — (n/p). This means that in this case every function of W' (R";R) admits an Holder
continuous representative.

THEOREM 3.12. Assume that Q) is an open subset of R" with dQ) bounded and of class C', or Q) is an
half space. Let 1 < p < oo. Then
WP (Q) c LP (Q), for p < n;
Wi(Q) C L1(Q), forn < q < oo;
WY (Q) C L®(Q), for p > n;

where % = % — %, and all the injections are continuous. Moreover, if p > n there exists C = Cn,p,Q >0

such that for every WP (R"; R) we have
u(y) —u(x)] < Cla —y*[[ullwrr,
withae =1— (n/p).

THEOREM 3.13 (Rellich-Kondrachov). Assume that Q) is an open bounded subset of R" of class C.
Let1 < p < cc. Then

*

WP (Q) C LV (Q), for p < n;
Wh(Q) C L1(Q), for n < q < oo;
WP (Q) c C%(Q), for p > n;

where % = % - %, and all the injections are compact. In particular, for all p, N we have

WLP(Q) C LP(Q) with compact injection.
In many cases there may arise the problem of giving value 0 at the boundary of a set. This notion
must be handled with care, since the boundary of an open C! subset of R" is a set of null

measure in R".
We proceed in a different way:

DEFINITION 3.14 (Null trace at the boundary). We denote by Wé’p (Q) the closure of C!(Q) with
respect to the norm of W7 (Q). With this definition, we have that u € W7 (Q) N C°%(Q) with

1 < p < +o0 belongs to W&’p (Q) if and only if u = 0 on (), thus recovering the classical
definition. We set H}(Q)) = W§’2(Q). The space Wg’p (Q) inherits the norm of W (Q) and is a
Banach space. The space H}(Q2) equipped with the scalar product of H!(Q)) is an Hilbert space.

THEOREM 3.15 (Poincaré’s inequality). Assume1 < p < oo and that Q) is bounded. Then there exists
C =C(Q,p) > 0such that

1,
[ullr < CIVullr ey for all u € Wy (Q).

In particular, |Vu||p» defines on W&’p (Q)) an equivalent norm on W&’p . In the case of H}(Q), the scalar
product (Vuy, Viuy) 2 is a scalar product that induces on H} (Q) a norm equivalent to the norm of
HL Q).

0

REMARK 3.16. Poincaré inequality holds also if () has finite measure or if it has bounded
projection to a straigth line.
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DEFINITION 3.17 (Dual spaces). For1 < p < oo we set W 1# = (Wé'p)’, where % + % =1,

and by H1(Q) the dual of H}(Q2). We identify L2(Q)) with its dual, but we do not identify H}
with its dual. We have

H(Q) c L2(Q) c HY(Q),
with continuous and dense injections.

PROPOSITION 3.18 (Characterization of the dual). Let F € W= (Q) with 1 < p < +co. Then
there exists fo, ... fu € LV (Q) such that

(F, v>W71,p,,wé,p = /Q fo(x) v(x)dx +i_il/0fi(x)axiv(x) dx, forallv € W,

and ||F||, -1, = maxi=1,n || fill;,y. Moreover, if () is bounded, we can take fo = 0.
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