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3�46587:96; <>= P VK@:DyI J646GHBND x ∈ X

@^JKLa7:GHB846GHBND
y ∈ Y

d�V6<>58<
X
@^JKL

Y
@^58<�DF7:=U<:b^J67:58=U<EL�b:DF4K@:f�<ED]�7:5�L6@CBN@

x
@^JKLMDF7:; GHB8I 7:JKD

y
bq58<EDF4X<EfmB8I Z:<>; r:Oc��JT@^JT@^9KDsB85N@:fmB�=S@^J6J6<>5EbqB8V6<t46587:96; <>= P =S@[rU9X<zDF<><>J@:D�@a]�G6JKfmB8I 7:J

f : X 7→ Y
O

�t���6���c���'�X���¡ m¢¤£�¥6¦U§m¨`©Qªl« ¦m§m£�¬Q:¦�£t®\§>¦�¯N®H« ¬Q©S°E±:¦�«K¯�°C²U£�¥6¦S²8³:±C¨�°E³:´�£µ¨`¶C¦Y±:¦N´N³Cp°s¯M³Y²8³:±C¨�°E³:´�£µ¨`¶C¦©S³C£�¦�²m¨�³C« ¬u£�¥6¦Q¢K®H©S·N¦�²
N(t)
°s¯�²8³:±C¨�°E³:´�£µ¨`¶C¦¸³C£�°C©a§�¨`¢6§m¨�±:¦¸³¸§>³C©Qªl« ¦z°s¯�£�¥\¨A§�©S³C£�¦�²m¨�³C«K¨A§t³w¯N®H¢l´�£µ¨�°C¢°s¯¸£µ¨`©S¦

t
³[§

N(t) = N0e
−t/τ , t ≥ 0 m¢¹£�¥\¨A§j¦Nº�®K³C£µ¨�°C¢6¬

N0 = N(0)
¨A§h£�¥6¦W¨`¢K¨`£µ¨�³C«�»¼£�¥6³C£g¨A§N¬�½u¥6¦�¢p£�¥6¦h§>³C©Qªl« ¦a½�³[§j´�²8¦N³C£�¦N±N¾S¢K®H©S·N¦�²W°s¯²8³:±C¨�°E³:´�£µ¨`¶C¦S³C£�°C©a§>¿MÀl¥6¦j£µ¨`©S¦j´N°C¢6§m£�³C¢K£

τ > 0
¨A§j³aÁ^¨`¶C¦�¢MªK³C²8³C©S¦�£�¦�²j³C¢l±S¨`£�¨A§a´N¥6³C²8³:´�£�¦�²m¨A§m£µ¨�´S°s¯¦N³:´N¥M©S³C£�¦�²m¨�³C« ¿SÀl¥6¦z£µ¨`©S¦z¢l¦N¦N±:¦N±a£�°¸¥6³C« ¶C¦¸£�¥6¦z¨`¢K¨`£µ¨�³C«�³C©S°C®H¢K£w°s¯t²8³:±C¨�°E³:´�£µ¨`¶C¦W³C£�°C©a§t¨A§¸´N³C«`« ¦N±j£�¥6¦¥6³C« ¯NÂ�£µ¨`©S¦

t1/2
³C¢l±p´N³C¢¡·N¦
¦�¶C³C« ®K³C£�¦N±a¯N²8°C©Ã£�¥6¦¸ªl²8¦�¶E¨�°C®\§
¦Nº�®K³C£µ¨�°C¢l¿¹Ät¦Nº�®H¨`²m¨`¢\ÁÅ£�¥6³C£

N(t1/2) =
N0/2
¬y½�¦zÁq¦�£

N(t1/2) =
N0

2
⇔ N0e

−t1/2/τ =
N0

2
⇔ −t1/2

τ
= ln(1/2)

½u¥\¨�´N¥TÁ^¨`¶C¦m§
t1/2 = τ ln(2)

¿SÀl¥6¦g¯�°C«`« °C½y¨`¢\Á
£�³:·�« ¦h§8¥6°C½c§¸¥6³C« ¯NÂ�£µ¨`©S¦m§�¯�°C²¸§>°C©S¦W©S³C£�¦�²m¨�³C« §>¿
Æ @CB8<>58IA@^; ÇQ5N@^J6I G6=jÈsÉ^Ê:Ë Pg@^589X7:JHÈNÌ>Í ÎwV67qDF46V67:58GKDsÈ�ÊqÉÏxÐ<EfNV6J6<�B8I G6=jÈ�Ñ:Ñ^=

t1/2 4.51× 109
r:<E@^5ND

5.73× 103
r:<E@^5ND

14.3
L6@[rHD ÒUV67:G65ND

Ó <�B
X
@^JKL

Y
9X<�DF7:=U<wJ67:58=U<EL¸DF4K@:f�<ED>OcP�7:JKDFIALH<>5Ð@�46587:96; <>= P d�I B8VhI J646GHBcL6@CBN@ x0 ∈ X

OÐx�V6<f�7:5858<EDF4X7:JKLHI J6RS7:GHB846GHB¸IAD
y0 = f(x0) ∈ Y

OhÔQ7Cdhb�f�7:JKDFIALH<>5EbXI JKDsB8<E@:L¹7^]
x0
b�@TDF=S@^; ;µb�@^; ; 7Cd�@^96; <:b4X<>5FB8G6589K@CB8I 7:J
7^]uB8V6<aL6@CBN@

x0
bKD8@[r

x0 + δx
Ogx�V6<h7:GHB846GHBzfNVK@^J6R:<ED�B87

y0 + δy = f(x0 + δx)
bXDF<><Õ I R:G658<UÌ:O Ì:OÖ <
D8@[r¹B8VK@CBaB8V6<T46587:96; <>= P d�I B8V¤I J646GHB x0

IAD ½�¦�«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N± I ]t@^; ; DF=S@^; ;µby@^; ; 7Cd�@^96; <:bÐ4X<>5FÈB8G6589K@CB8I 7:JKD
δx
; <E@:L�B87�DF=S@^; ;z4X<>5FB8G6589K@CB8I 7:JKD

δy
O1×QB8V6<>58d�IADF<:bQI ]WB8V6<>58<pIAD
@CB
; <E@:DsB
7:J6<'DF=S@^; ;4X<>5FB8G6589K@CB8I 7:J

δx
d�V6IAfNV�; <E@:L6DWB87i@¹;A@^58R:<M4X<>5FB8G6589K@CB8I 7:J

δy
dg<
D8@[r'B8VK@CBjB8V6<
46587:96; <>= P d�I B8VI J646GHB

x0
IAD ¨`«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N± O
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Õ I R:G658<QÌ:O Ì�+-,*.�/�02143 576
P
6987:�1;5=<>5757?�8�<-8@143 8�ACB�1;0ED�FHG45I/�5=02J�K�.4J�K

y L <M/�573 8NK�5EO�K�0 L ?4.4J�K x
K�G�/�02J4P2G402J�K

8RQSJ4?4AIK L 02? f TVU ?VK�G45W/ L P2GXKEY�K�G459.�/�02143 576 P
F L K�G*.;5I/>K�J�/�1;5EO L ?4.4J�K x + δx

8�?ZO[K�G459A70�/>/�57<>.;02?ZO L ?4P.;5I/>K�J�/�1;5EO902J�K�.4J�K
y + δy T

×tJ6<h7^]uB8V6<h=U7qDsBQGKDF<�]�G6;µb6B8V67:G6R:VqB�J67^B�B8V6<WG6J6IS\qG6<:b6=U<E@:DFG658<z]�7:5�B8V6<Wf�7:JKLHI B8I 7:J6I J6RS7^]y@U46587:96; <>=
P @CB x0

IADgB8V6< ²8¦�« ³C£µ¨`¶C¦U´N°C¢l±C¨`£µ¨�°C¢'¢K®H©S·N¦�²
K
OH]t<>J67^B8I J6RU9\r || · || @jJ67:58=YbHI BQIAD�LH<N^KJ6<ELY@:D

K = sup
δx

|| δy ||
||y0 ||
|| δx ||
||x0 ||d�V6<>58<wB8V6<�DFG64658<>=aG6=vIADÐBN@`_:<>JW7CZ:<>5u@^; ;qB8V6<�@^; ; 7Cd�@^96; <:b[DF=S@^; ;l_�I J;^KJ6I B8<EDFI =S@^;\]�587:=�@Q=S@CB8V6<>=S@CB8IAf>@^;4X7:I JqB�7^]�Z\I <>dtnmbH4X<>5FB8G6589K@CB8I 7:JKD

δx
O Ö <hD8@[raB8VK@CBgB8V6<z46587:96; <>=eIAD�dg<>; ; È�f�7:JKLHI B8I 7:J6<ELSI ]

K
IADgDF=S@^; ;µb]�7:5z<Na6@^=U46; <a; <ED8D�B8VK@^J�b�@^9X7:GHBEb
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cT�\�¤�;dfe,�X���1Àl¥6¦t¨`¢K£�¦�²8¦m§m£µ¨`¢\Áw¯�°C²�£�¥6¦z´N°C¢l±C¨`£µ¨�°C¢K¨`¢\ÁU°s¯t³gªl²8°:·�« ¦�© ¨A§�§m£µ²m¨�´�£µ« W·N³[§>¦N±j°C¢M£�¥6¦cªK°[§N§m¨`Â·�¨`« ¨`£µh£�°Hgw¢l±W³z§m£�³:·�« ¦z³C« Áq°C²m¨`£�¥\© £�°z§>°C« ¶C¦Q£�¥6¦cªl²8°:·�« ¦�©e°C¢
³a´N°C©Qªl®H£�¦�²>¿WhQ¦�¢l¦�²8³C«`« [¬u¨ ¯�£�¥6¦cªl²8°:·�« ¦�©¨A§h½�¦�«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N±[¬�¨`£g¨A§�ªK°[§N§m¨�·�« ¦a£�°�gw¢l±[¬g³C©S°C¢\ÁY³C«`«u£�¥6¦�ªK°[§N§m¨�·�« ¦S³C« Áq°C²m¨`£�¥\©a§a£�¥6³C£�´N³C¢�·N¦W®\§>¦N±£�°W§>°C« ¶C¦z£�¥6¦wªl²8°:·�« ¦�©a¬�³a§m£�³:·�« ¦h°C¢l¦E¿g �¯Q£�¥6¦wªl²8°:·�« ¦�©1¨A§t¨`«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N±[¬w¨`£y¨A§¸·N¦�£µ£�¦�²t£�°a²8¦�½y²m¨`£�¦z£�¥6¦ªl²8°:·�« ¦�© ¨`¢'³S½�¦�«`« ÂF±:¦igw¢l¦N±M©S³C¢K¢l¦�²a·N¦�¯�°C²8¦j³C£µ£�¦�©Qªl£g£�°j§>°C« ¶C¦a¨`£�°C¢'³
´N°C©Qªl®H£�¦�²>¿
Ó <�B�GKD�R:I Z:<hDF7:=U<¸<Na6@^=U46; <ED>O
�t���6���c���'�X�kj%ls��m6�6�inu�;o2piqMrsqMtQ�utvn
r
w`o2piqMr@x(yw°C¢6§m¨�±:¦�²�£�¥6¦�´N°C©Qªl®H£�³C£µ¨�°C¢S°s¯

y0 = f(x0)
½u¥6¦�²8¦

f
¨A§a³T±C¨ zt¦�²8¦�¢K£µ¨�³:·�« ¦hÁ^¨`¶C¦�¢j¯N®H¢l´�£µ¨�°C¢l¿|{Ð§m¨`¢\Á'ÀK³CC« °C²j¦I}mªK³C¢6§m¨�°C¢6¬�½�¦¸¥6³C¶C¦

f(x0 + δx) = f(x0) + f ′(x0) · δx + o ( δx ) ⇒ δy = f(x0 + δx) − f(x0) ≈ f ′(x0) · δx³C¢l±U§>°[¬w²8¦N´N³C«`« ¨`¢\ÁT£�¥6³C£
y0 = f(x0)

¬�½�¦�gw¢l±
δy

y0
=

x0 · f ′(x0)

f(x0)
· δx

x0
⇒ K =

∣
∣
∣
∣

x0 · f ′(x0)

f(x0)

∣
∣
∣
∣

~ §h³C¢'¦I}\³C©Qªl« ¦m¬g´N°C¢6§m¨�±:¦�²
f(x) =

√
x + 1−√

x
¬
x ≥ 0
¿��X¨`¢l´N¦h£�¥6¦Hgw²N§m£�±:¦�²m¨`¶C³C£µ¨`¶C¦U°s¯

f
©S³CM·N¦²8¦�½y²m¨`£µ£�¦�¢'³[§

f ′(x) =
−f(x)

2
√

x · (x + 1)½�¦j°:·�£�³C¨`¢
K =

|x0|
2
√

x0 · (x0 + 1)³C¢l±p§>°i£�¥6¦aªl²8°:·�« ¦�©#¨A§Y½�¦�«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N±M¯�°C²¹³C«`«
x0 ≥ 0

§m¨`¢l´N¦
K ≤ 1/2

½y¨`£�¥
K ≈ 1/2

¯�°C²
x0 → +∞ ¿�t���6���c���'�X�S�sl�c�q�q o���r
�
pir
�=�h�unu��o2p��c����dXq�q o2�Xx�yw°C¢6§m¨�±:¦�²h£�¥6¦W´N°C©Qªl®H£�³C£µ¨�°C¢'°s¯z£�¥6¦h²8°E°C£�§h°s¯£�¥6¦�ªK°C« C¢l°C©j¨�³C«

p(x) = x2 − 4x + α³[§a³Q¯N®H¢l´�£µ¨�°C¢i°s¯¸£�¥6¦j±:³C£�³
α
¿��X¨`¢l´N¦h½�¦j´N³C¢p²8¦�½y²m¨`£�¦

p(x) = (x − 2)2 + α − 4
¬w¨`£�§¸²8°E°C£�§a³C²8¦

x1 = 2 +
√

4 − α, x2 = 2 −
√

4 − α.

yw°C¢6§m¨�±:¦�²
x1
³C¢l±

x2
³[§w¯N®H¢l´�£µ¨�°C¢6§a°s¯

α
¿SÀl¥6¦U´N°C¢l±C¨`£µ¨�°C¢'¢K®H©S·N¦�²N§h³C£

α0
³C²8¦

K1 =
| α0 |

2 · √4 − α0

(
2 +

√
4 − α0

) , K2 =
| α0 |

2 · √4 − α0

∣
∣ 2 −√

4 − α0

∣
∣
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��°[¬g£�¥6¦S´N°C©Qªl®H£�³C£µ¨�°C¢�°s¯j·N°C£�¥¹²8°E°C£�§W¨A§U³C¢'¨`«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N±aªl²8°:·�« ¦�© ¯�°C²

α0 ≈ 4
¬�£�¥6³C£�¨A§W¢l¦N³C²a£�¥6¦±:°C®K·�« ¦W²8°E°C£

x1 = x2 = 2
¿��Ð°C²

α0 � 4
·N°C£�¥

x1
³C¢l±

x2
³C²8¦W½�¦�«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N±:¿��a°C£�¦j³C« §>°M£�¥6³C£

lim
α0→0

K2(α0) = 1

³C¢l±U§>°T³C« §>°M£�¥6¦j´N°C©Qªl®H£�³C£µ¨�°C¢i°s¯
x2
¯�°C²

α0 ≈ 0
¨A§j³S½�¦�«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N±¸ªl²8°:·�« ¦�©S¿

�t���6���c���'�X� ��l�c�q�q o���r
�
pir
�=��� p���e�pir
�2qMr���qX�	��r
qX� p��6�vx¡Àl¥6¦a´N°C©Qªl®H£�³C£µ¨�°C¢p°s¯t£�¥6¦¸²8°E°C£�§¸°s¯³hªK°C« C¢l°C©j¨�³C«y¨A§U°s¯N£�¦�¢¤³C¢i¨`«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N±aªl²8°:·�« ¦�© ¦�¶C¦�¢i¨`¢i£�¥6¦U´N³[§>¦U½u¥6¦�²8¦j£�¥6¦�²8¦j¨A§m¢�
 £�©j®H« £µ¨ ªl« ¦²8°E°C£�§>¿9yw°C¢6§m¨�±:¦�²W£�¥6¦�ªK°C« C¢l°C©j¨�³C«y°s¯a±:¦¼Á^²8¦N¦
n = 4

½y¨`£�¥Y²8°E°C£�§
xi = i
¬
i = 1, 2, 3, 4

±:¦igw¢l¦N±T³[§
p(x) = x4 + a3x

3 + a2x
2 + a1x + a0 =

4∏

k=1

(x − k)

= x4 − 10x3 + 35x2 − 50x + 24 m£h¨A§WªK°[§N§m¨�·�« ¦Å£�°¹§8¥6°C½y¢¡£�¥6³C£h£�¥6¦¹´N°C¢l±C¨`£µ¨�°C¢¡¢K®H©S·N¦�²
Ki,j
°s¯T£�¥6¦

i
Â�£�¥¤²8°E°C£h½y¨`£�¥�²8¦m§µªK¦N´�£h£�°�³C¢¨`¢2gw¢K¨`£�¦m§m¨`©S³C«\ªK¦�²m£µ®H²>·N³C£µ¨�°C¢i°C¢¹£�¥6¦h§m¨`¢\Á^« ¦ ´N°E¦��´�¨�¦�¢K£

aj
¨A§

Ki,j =

∣
∣
∣
∣
∣

aj · xj−1
i

p ′(xi)

∣
∣
∣
∣
∣

�X³C« ®K¦m§W°s¯
Ki,j
³C²8¦h§8¥6°C½y¢i°C¢p£�¥6¦j°C¢l´N°C©j¨`¢\ÁM£�³:·�« ¦
ªK¦�²m£µ®H²>·N³C£µ¨�°C¢i°C¢

a3 = −10 a2 = 35 a1 = −50 a0 = 24

K1,j
»¼²8°E°C£

x1 = 1
¾ �:¿�� �:¿�� �q¿�� �X¿��

K2,j
»¼²8°E°C£

x2 = 2
¾ ���:¿�� ���:¿�� ���:¿�� �^¿��

K3,j
»¼²8°E°C£

x3 = 3
¾ ���:¿�� ���\¿�� ���:¿�� �X¿��

K4,j
»¼²8°E°C£

x4 = 4
¾ ���^¿�� ���q¿�� �q¿�� �:¿��

��°[¬c²8°E°C£
x3 = 3

¨A§z£�¥6¦z©S°[§m£c§>¦�¢6§m¨`£µ¨`¶C¦z²8°E°C£w½u¥6¦�¢Y½�¦�ªK¦�²m£µ®H²>·¸´N°E¦��´�¨�¦�¢K£
a2 = 35

¿ ��®H²m£�¥6¦�²m©S°C²8¦m¬¢l°C£�¦j£�¥6³C£Q£�¥6¦M´N°C©Qªl®H£�³C£µ¨�°C¢�°s¯
x1 = 1

¨A§S³
½�¦�«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N±jªl²8°:·�« ¦�© ³>Áq³C¨`¢6§m£t£�¥6¦U¶C³C²m¨�³C£µ¨�°C¢ °s¯¦N³:´N¥¹°C¢l¦j°s¯h£�¥6¦j´N°E¦��´�¨�¦�¢K£�§a°s¯h£�¥6¦gªK°C« C¢l°C©j¨�³C« ¿
�¼BWIADW@^;ADF7Y4X7qD8DFI 96; <jB87ÅI J\Z:<EDsB8I Rq@CB8<aB8V6<Tf�7:JKLHI B8I 7:J6I J6RY7^]�@
46587:96; <>= LHI 58<EfmB8; r:bÐd�I B8V67:GHBWGKDFI J6RYB8V6<58<>;A@CB8I Z:<¸f�7:JKLHI B8I 7:J
J\G6=a9X<>5EbK@:D�DFV67Cd�JTI J
B8V6<¸]�7:; ; 7Cd�I J6RU<Na6@^=U46; <ED>O
�t���6���c���'�X��!%l#"�qX�in=o2piqMr%qMtQ�'�ipiru�\�;d��$����oE�\�%x%yw°C¢6§m¨�±:¦�²Å£�¥6¦¹´N°C©Qªl®H£�³C£µ¨�°C¢ °s¯
£�¥6¦Y§>°C« ®H£µ¨�°C¢
x = [x1 x2]

T °s¯S£�¥6¦z¯�³C©j¨`« i°s¯S« ¨`¢l¦N³C²M§m[§m£�¦�©a§ Aεx = b
±:¦¼ªK¦�¢l±C¨`¢\Á�°C¢�£�¥6¦hªK³C²8³C©S¦�£�¦�²

ε 6= 0Á^¨`¶C¦�¢i·�
Aε =

[
1 1 − ε

1 + ε 1

]

, b =

[
1
1

]

Àl¥6¦h§>°C« ®H£µ¨�°C¢p©S³C
·N¦W½y²m¨`£µ£�¦�¢'³[§
x = A−1

ε · b =
1

ε2
·
[

1 −1 + ε
−1− ε 1

]

·
[

1
1

]

=

[
1/ε

−1/ε

]

��¦�£µ£µ¨`¢\Á
ε = 0.01

¬�½�¦T°:·�£�³C¨`¢
x = [100 100]T

¿%�a°C½c¬z´N°C¢6§m¨�±:¦�²T³
§m©S³C«`«lªK¦�²m£µ®H²>·N³C£µ¨�°C¢�°C¢
b
¬Ð¯�°C²¦I}\³C©Qªl« ¦U« ¦�£

b̂ = [0.99 1]T
¿'Àl¥6¦T´N°C²m²8¦m§µªK°C¢l±C¨`¢\Á
§>°C« ®H£µ¨�°C¢�°s¯j£�¥6¦QªK¦�²m£µ®H²>·N¦N±T§m[§m£�¦�©

Aεx = b̂
¨A§

x̂ = [0 1]T
½u¥\¨�´N¥¤¨A§T´N°C©Qªl« ¦�£�¦�« p±C¨ zt¦�²8¦�¢K£c¯N²8°C© £�¥6¦¸ªl²8¦�¶E¨�°C®\§T°C¢l¦E¿¡Àl¥\®\§N¬t¨`¢
¯N²8°C¢K£h°s¯M³Y§m©S³C«`«²8¦�« ³C£µ¨`¶C¦U´N¥6³C¢\Áq¦
»¼½�¦h¥6³C¶C¦ | δb1 |/|b1| = 0.01 = 1%

¾S½�¦h¥6³C¶C¦U³jÁ^²8¦N³C£�¶C³C²m¨�³C£µ¨�°C¢¤°s¯a·N°C£�¥
x1
³C¢l±

x2
¿��Ð°C²a¦I}\³C©Qªl« ¦m¬�½�¦¸¥6³C¶C¦g¯�°C²

x1

| x1 − x̂1 |
x1

=
| 100− 0 |

100
= 1 = 100%.
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Àl¥\®\§N¬K¯�°C²W£�¥\¨A§h¶C³C« ®K¦j°s¯
ε
£�¥6¦W« ¨`¢l¦N³C²¸§m[§m£�¦�© ¨A§h¨`«`«c´N°C¢l±C¨`£µ¨�°C¢l¦N±:¿

� ¢p£�¥6¦j°C£�¥6¦�²¸¥6³C¢l±[¬�§>¦�£µ£µ¨`¢\Á
ε = 1
¬w½�¦U°:·�£�³C¨`¢

x = [1 1]T
³C¢l±[¬X¯�°C²W£�¥6¦W§>³C©S¦�ªK¦�²m£µ®H²>·N³C£µ¨�°C¢i°s¯

b³[§W·N¦�¯�°C²8¦m¬w½�¦QÁq¦�£
x̂ = [0.99 0.98]T

½y¨`£�¥Å³U²8¦�« ³C£µ¨`¶C¦a¦�²m²8°C²W°C¢
x1
¦Nº�®K³C«�£�°

1%
¿���°[¬6¯�°C²¸£�¥\¨A§¸¶C³C« ®K¦°s¯

ε
¬w£�¥6¦h§m[§m£�¦�© ¨A§h½�¦�«`«u´N°C¢l±C¨`£µ¨�°C¢l¦N±:¿
�Ð°C²U³T« ¨`¢l¦N³C²W§m[§m£�¦�© °s¯U°C²8±:¦�²a£µ½�°[¬�¨`£�¨A§U³C« §>°WªK°[§N§m¨�·�« ¦U£�°S§>¦N¦j¨ ¯W¨`£�¨A§W½�¦�«`«w°C²a¨`«`«y´N°C¢l±C¨`£µ¨�°C¢l¦N±®\§m¨`¢\ÁT³zªl¨�´�£µ®H²8¦E¿��Ð¦�£

{
a11x + a12y = b1

a21x + a22y = b2·N¦S£�¥6¦M« ¨`¢l¦N³C²U§m[§m£�¦�©S¿�Àl¥6¦
´N°C²m²8¦m§µªK°C¢l±C¨`¢\Á¹§>°C« ®H£µ¨�°C¢�¨A§S£�¥6¦S¨`¢K£�¦�²N§>¦N´�£µ¨�°C¢ÅªK°C¨`¢K£h°s¯U£�¥6¦M£µ½�°Y« ¨`¢l¦m§
a11x + a12y = b1

³C¢l±
a21x + a22y = b2

¨`¢¹£�¥6¦
(O, x, y)

ªl« ³C¢l¦S»µ§>¦N¦HguÁ^®H²8¦ �:¿ ��¾:¿ ~ §z½�¦a´N³C¢Å§>¦N¦

Õ I R:G658<jÌ:O É;+@, F�573 3 A702?ZO L K L 02?45EO 3 L ?45E8N/"<v:�<vK�576��k3 5IQ K��@8�?ZOR8�? L 3 3 �iA702?ZO L K L 02?45EOR3 L ?45E8N/�<v:�<vK�576��S/ L P2GXK�� T
°C¢Y£�¥6¦¸« ¦�¯N£�¬y¨ ¯z£�¥6¦z£µ½�°j« ¨`¢l¦m§h³C²8¦¸¢l¦N³C²¸°C²m£�¥6°8Áq°C¢l³C«u³a§m©S³C«`«�´N¥6³C¢\Áq¦h¨`¢Y£�¥6¦W´N°E¦��´�¨�¦�¢K£�§h°s¯h°C¢l¦z« ¨`¢l¦»s°C²h°C¢p·N°C£�¥
« ¨`¢l¦m§¼¾S±:°E¦m§¸¢l°C£g´N¥6³C¢\Áq¦h£�¥6¦¸¨`¢K£�¦�²N§>¦N´�£µ¨�°C¢jªK°C¨`¢K£Q»s³C¢l±U£�¥\®\§t£�¥6¦¸§>°C« ®H£µ¨�°C¢p°s¯z£�¥6¦¸« ¨`¢l¦N³C²§m[§m£�¦�©t¾:¿|��°[¬�¨`¢¤£�¥\¨A§S´N³[§>¦m¬Q£�¥6¦U« ¨`¢l¦N³C²j§m[§m£�¦�© ¨A§U½�¦�«`«�´N°C¢l±C¨`£µ¨�°C¢l¦N±:¿ � ¢i£�¥6¦M°C£�¥6¦�²a¥6³C¢l±[¬t¨ ¯j£�¥6¦£µ½�°U« ¨`¢l¦m§a³C²8¦W¢l¦N³C²¸£�°T·N¦gªK³C²8³C«`« ¦�« ¬�¦�¶C¦�¢'³U§m©S³C«`«u´N¥6³C¢\Áq¦m§W¨`¢¹£�¥6¦j´N°E¦��´�¨�¦�¢K£�§W°s¯a°C¢l¦h« ¨`¢l¦zÁ^¨`¶C¦m§a³« ³C²µÁq¦W¶C³C²m¨�³C£µ¨�°C¢¤°C¢¹£�¥6¦W¨`¢K£�¦�²N§>¦N´�£µ¨�°C¢SªK°C¨`¢K£�¿SÀl¥\®\§N¬w£�¥6¦W« ¨`¢l¦N³C²h§m[§m£�¦�©?¨A§h¨`«`«c´N°C¢l±C¨`£µ¨�°C¢l¦N±:¿

2�t���6���c���'�X�
	sl���qX����n=oE�;o2piqMr%qMt�o�u�Å�Zpi�X�Zr�m6�6�inu�Z�Xx�Àl¥6¦i´N°C©Qªl®H£�³C£µ¨�°C¢v°s¯Y£�¥6¦'¦�¨ Áq¦�¢K¶C³C« ®K¦m§°s¯Y³p¢l°C¢�§mC©j©S¦�£µ²m¨�´Y©S³C£µ²m¨ }'¨A§Å°s¯N£�¦�¢,³C¢�¨`«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N±Tªl²8°:·�« ¦�©S¿�ÀK°¹§>¦N¦
£�¥\¨A§N¬j´N°C¢6§m¨�±:¦�²
£�¥6¦©S³C£µ²m¨�´N¦m§
A
³C¢l±S¨`£�§gªK¦�²m£µ®H²>·N¦N±U¶C¦�²N§m¨�°C¢

Â
±:¦igw¢l¦N±T³[§

A =

[
101 110
−90 −98

]

Â =

[
100 110
−90 −98

]

�a°C£�¦j£�¥6³C£�£�¥6¦S°C¢K« Å±C¨ zt¦�²8¦�¢l´N¦M³C©S°C¢\Á
A
³C¢l±

Â
¨A§a£�¥6³C£

a11 = 101
³C¢l±

â11 = 100
¿¹Àl¥6³C£Q¨A§N¬Q³§m©S³C«`«u´N¥6³C¢\Áq¦m¬�°s¯¸£�¥6¦j°C²8±:¦�²j°s¯

1%
¿��a°C½�¦�¶C¦�²N¬�£�¥6¦j¦�¨ Áq¦�¢K¶C³C« ®K¦m§j°s¯h£�¥6¦W£µ½�°U©S³C£µ²m¨�´N¦m§a³C²8¦

λ1 = 1 λ2 = 2
¯�°C²h©S³C£µ²m¨ }

A

λ̂1 ≈ 1 + 10i λ̂2 ≈ 1 − 10i
¯�°C²h©S³C£µ²m¨ }

Â

��°[¬u½�¦Q¥6³C¶C¦h³a« ³C²µÁq¦h´N¥6³C¢\Áq¦z¨`¢
£�¥6¦¸¦�¨ Áq¦�¢K¶C³C« ®K¦m§h³�¯N²8°C¢K£w°s¯z³W§m©S³C«`«�´N¥6³C¢\Áq¦z¨`¢
£�¥6¦z©S³C£µ²m¨ }\¿jÀl¥\®\§N¬³:´N´N°C²8±C¨`¢\ÁT£�°M°C®H²a±:¦igw¢K¨`£µ¨�°C¢6¬�£�¥6¦�ªl²8°:·�« ¦�© ¨A§h¨`«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N±:¿
~ §T³¹¢l°C£�¦m¬z½u¥\¨�´N¥¤½�¦
±:°¹¢l°C£wªl²8°C¶C¦m¬¸£�¥6¦
´N°C©Qªl®H£�³C£µ¨�°C¢¡°s¯S£�¥6¦
¦�¨ Áq¦�¢K¶C³C« ®K¦m§Y°s¯T³Y§mC©j©S¦�£µ²m¨�´©S³C£µ²m¨ }M¨A§a³M½�¦�«`« ÂF´N°C¢l±C¨`£µ¨�°C¢l¦N±¸ªl²8°:·�« ¦�©S¿

2

{W|�� � ��~W�¸�u���
���'~W���a���������u�Q�
x�V6<��K7q@CB8I J6RU4X7:I JqBtDFrHDsB8<>=1IAD�B8V6<WDF<�BQf�7:JqBN@^I J6I J6RU58<E@^;lJ\G6=a9X<>5ND�LH<N^KJ6<ELY@:D

F(β, t, L, U) = { 0 }+

{

x ∈ R | x = (−1)s · βp
t∑

k=1

ak β−k

} _sÌ:O Ì[n
d�V6<>58<
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• β
b\B8V6<z9K@:DF<:bqIADg@^JTI JqB8<>R:<>5�d�I B8V

β ≥ 2
O�P�7:=U=U7:JMGKDF<ELS9K@:DF<EDg@^58<

β = 10
_`B8V6IADgIAD�B8V6<z9K@:DF<dg<hGKDF<zB87Sf�7:G6JqBmnmb

β = 2
@^JKL

β = 16
O

• L
@^JKL

U
@^58<¸Bsdg7MI JqB8<>R:<>5tJ\G6=a9X<>5ND>OQx�r\46IAf>@^; ; rTdg<WVK@[Z:<

L < 0 < U
OQx�V6<aD8f>@^; I J6RS]�@:fmB87:5

p
IAD�@^JYI JqB8<>R:<>5�D8@CB8IADs]�r\I J6R

L ≤ p ≤ U
O

• t
IAD�@a4X7qDFI B8I Z:<¸I JqB8<>R:<>5g58<>4658<EDF<>JqB8I J6RaB8V6<¸J\G6=a9X<>5�7^]=^KR:G658<ED

ak
b
k = 1, . . . , t

7^]u<E@:fNV �K7q@CBFÈI J6R
4X7:I JqB¸J\G6=a9X<>5EOhx�V6<jG6J6IS\qG6<j58<>4658<EDF<>JqBN@CB8I 7:JÅ7^]�<E@:fNV �K7q@CB8I J6RT4X7:I JqB¸J\G6=a9X<>5z58<2\qG6I 58<ED
a1 > 0

O Ó <�BUGKDUDFV67Cded�VK@CBjVK@^464X<>JKDjI ]tB8V6IADjIADaJ67^BjB8V6<Yf>@:DF<:O�P�7:JKDFIALH<>5Ebw@:Dj@^J�<Na6@^=jÈ46; <:b�B8V6<YJ\G6=a9X<>5
x = 1

@^JKL
F(10, 5,−6, 6)

O�x�V6<>J�bwB8V6<YJ\G6=a9X<>5
x = 1

VK@:DSLHI kl<>58<>JqB58<>4658<EDF<>JqBN@CB8I 7:JKD�+
0.1 × 101

b
0.01× 102

b
0.001× 103

@^JKL
=S@^J\rM7^B8V6<>5ND>O
• s = 0

]�7:5�4X7qDFI B8I Z:<¸J\G6=a9X<>5ND�@^JKL
s = −1

]�7:5�J6<>Rq@CB8I Z:<zJ\G6=a9X<>5ND>O
� @:fNV
<>; <>=U<>JqBQ7^]

F
IAD�D8@^IAL
@ �K7q@CB8I J6RU4X7:I JqBQJ\G6=a9X<>5W_�7:5Q@j=S@:fNV6I J6<¸J\G6=a9X<>5mnmO

� �u�Zq dC�\� �X���?Àl¥6¦h§>¦�£�°s¯���°E³C£µ¨`¢\Á¸ªK°C¨`¢K£�§m[§m£�¦�©
F(β, t, L, U)

¥6³[§h£�¥6¦�¯�°C«`« °C½y¨`¢\ÁWªl²8°8ªK¦�²m£µ¨�¦m§>¿
»s³N¾

F ⊂ R
¿

»s·�¾¤¨ ¯
x ∈ F

£�¥6¦�¢i³C« §>° −x ∈ F
¿

»s´�¾
F
¥6³[§

1 + 2 · ( U − L + 1 ) · ( β − 1 ) · βt−1 ¢K®H©S·N¦�²N§>¿
»s±N¾vÀl¥6¦
« °C½�¦�²Y³C¢l±¹£�¥6¦T« ³C²µÁq¦�²hªK°[§m¨`£µ¨`¶C¦���°E³C£µ¨`¢\ÁSªK°C¨`¢K£¸¢K®H©S·N¦�²N§T³C²8¦m¬¸²8¦m§µªK¦N´�£µ¨`¶C¦�« [¬

xmin
³C¢l±

xmax
±:¦igw¢l¦N±T³[§

xmin = βL−1, xmax = βU ·
(

1 − β−t
)

�g²8°E°s¯�¿ x�V6< ^K5NDsB�B8V658<><W@^JKL
xmin
@^58<tB858I Z\IA@^;µO�P�7:JKDFIALH<>5

xmax
O Ö <hVK@[Z:<

xmax = βU ·
t∑

k=1

(β − 1) β−k = βU · (β − 1) ·
t∑

k=1

(
β−1

)k

= βU · (β − 1) ·
[

1 −
(
β−1

)t+1

1 − β−1
− 1

]

= βU · (β − 1) · 1 − β−t−1 − 1 + β−1

1 − β−1

(1)
= βU · (β − 1) · 1 − β−t

β − 1d�V6<>58<¸I J�_sÌ[n�dg<hVK@[Z:<z=aG6; B8I 46; I <EL
J\G6=U<>5N@CB87:5�@^JKLYLH<>J67:=UI JK@CB87:5�9\r
β
O
2�t���6���c���'�X�	� �Ð¦�£Q®\§U¦I}mªl« ¨�´�¨`£µ« Å½y²m¨`£�¦

F(10, 1,−1, 2)
¿W m£�¨A§

β = 10
¬
t = 1
¬
L = −1

¬
U = 2

¿Àl¥\®\§N¬K¯�°C²h£�¥6¦�ªK°[§m¨`£µ¨`¶C¦
��°E³C£µ¨`¢\Á¸ªK°C¨`¢K£g¢K®H©S·N¦�²N§N¬y½�¦z¥6³C¶C¦a£�¥6¦ ���U¢K®H©S·N¦�²N§t§8¥6°C½y¢p¨`¢¡ÀK³:·�« ¦ �:¿��:¿
p = −1 p = 0 p = 1 p = 2

0.1 · 10−1 = 0.01 0.1 · 100 = 0.1 0.1 · 101 = 1 0.1 · 102 = 10
0.2 · 10−1 = 0.02 0.2 · 100 = 0.2 0.2 · 101 = 2 0.2 · 102 = 20
0.3 · 10−1 = 0.03 0.3 · 100 = 0.3 0.3 · 101 = 3 0.3 · 102 = 30
0.4 · 10−1 = 0.04 0.4 · 100 = 0.4 0.4 · 101 = 4 0.4 · 102 = 40
0.5 · 10−1 = 0.05 0.5 · 100 = 0.5 0.5 · 101 = 5 0.5 · 102 = 50
0.6 · 10−1 = 0.06 0.6 · 100 = 0.6 0.6 · 101 = 6 0.6 · 102 = 60
0.7 · 10−1 = 0.07 0.7 · 100 = 0.7 0.7 · 101 = 7 0.7 · 102 = 70
0.8 · 10−1 = 0.08 0.8 · 100 = 0.8 0.8 · 101 = 8 0.8 · 102 = 80
0.9 · 10−1 = 0.09 0.9 · 100 = 0.9 0.9 · 101 = 9 0.9 · 102 = 90

xu@^96; <UÌ:O Ì�+���G45�?`J46�1;5I/�< L ? F(10, 1,−1, 2) T
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yw°C¢6§m¨�±:¦�²m¨`¢\ÁY³C« §>°M£�¥6¦W¢l¦¼Áq³C£µ¨`¶C¦j°C¢l¦m§a³C¢l±S£�¥6¦��E¦�²8°S½�¦¸¥6³C¶C¦
1 + 2 · ( U − L + 1 ) · ( β − 1 ) · βt−1 = 1 + 2 · [ 2 − (−1) + 1 ] · ( 10− 1 ) · 101−1 = 73

��°E³C£µ¨`¢\Á¸ªK°C¨`¢K£g¢K®H©S·N¦�²N§>¿ ~ « §>°[¬w½�¦¸¥6³C¶C¦
xmin = 10L−1 = 10−1−1 = 0.01, xmax = 10U · (1 − 10−t) = 102 · (1 − 10−1) = 90 m£�¨A§�¨`¢K£�¦�²8¦m§m£µ¨`¢\Áz£�°z¢l°C£�¦�£�¥6³C£�£�¥6¦Q±C¨ zt¦�²8¦�¢l´N¦t·N¦�£µ½�¦N¦�¢S£µ½�°h´N°C¢6§>¦N´�®H£µ¨`¶C¦�¢K®H©S·N¦�²N§�¨A§g¢l°C£u³h´N°C¢6§m£�³C¢K£�¿ m£�¨A§h¨ ¯h£�¥6¦�j¥6³C¶C¦a£�¥6¦h§>³C©S¦W¶C³C« ®K¦j°s¯

p
¿
2

��������� 	�
����
���
������������������ ��
��!"��#�$&%'
�(�)���
FÓ <�BhGKDhf�7:JKDFIALH<>5Eb�]�7:5WDF<>=U46; IAf�I Bsr:b�7:J6; r¹4X7qDFI B8I Z:<UJ\G6=U<>5ND>OUx�V6<U4X7qDFI B8I Z:<U58<E@^;cJ\G6=a9X<>5

x
=S@[r¹9X<d�58I BFB8<>J�b6GKDFI J6RjB8V6<h9K@:DF<

β
bK@:D

x = βp
+∞∑

k=1

ak β−k

]�7:5¸DF7:=U<aI JqB8<>R:<>5
p
O Ö V6<>J¹B8V6IADzJ\G6=a9X<>5¸VK@:DQB87
9X<j58<>4658<EDF<>JqB8<EL GKDFI J6R
@��K7q@CB8I J6RT4X7:I JqB¸J\G6=a9X<>5I J
B8V6<WDF<�B

F(β, t, L, U)
bH7:J6<h7^]ÐB8V6<¸]�7:; ; 7Cd�I J6RSf>@:DF<EDg=S@[rM7Hf>f�G65EO

• �¼] p < L
B8V6<zJ\G6=a9X<>5�IADg; <ED8D�B8V6<>JMB8V6<hDF=S@^; ; <EDsB�58<>4658<EDF<>JqBN@^96; <��K7q@CB8I J6Ra4X7:I JqB�J\G6=a9X<>5EOy3QJ®H¢l±:¦�² ��°C½ 7Hf>f�G65ND>OÐ��JUB8V6IAD�f>@:DF<:bCB8V6<Q58<E@^;HJ\G6=a9X<>5

x
IADyGKDFGK@^; ; ra58<>4658<EDF<>JqB8<ELa9\rWB8V6<��K7q@CB8I J6R4X7:I JqB�J\G6=a9X<>5

0
O Æ 7:58<>7CZ:<>5Eb\DFI JKf�<zI J
B8V6IAD�d�@[rSdg<¸f�7:=U46; <�B8<>; rM; 7\7qDF<tB8V6<¸J\G6=U<>965

x
bKDF7:=U<=U<ED8D8@^R:<zIADQ@^;ADF7jR:I Z:<>JTB87SGKD�96GHB�B8V6<Wf�7:=U46GHBN@CB8I 7:J
46587Hf�<><EL6D>O

• �¼] L ≤ p ≤ U
B8V6<hJ\G6=a9X<>5

x
f>@^J
9X<h58<>4658<EDF<>JqB8<ELMI J

F
Owx�V6<>58<h@^58<:b\V67Cdg<>Z:<>5EbqBsdg7Sf>@:DF<ED

* ak = 0
]�7:5

k ≥ t
Oy��J
B8V6IADQf>@:DF<:b

x ∈ F
@^JKL
DF7UI Btf>@^J
9X<h<Na6@:fmB8; rM58<>4658<EDF<>JqB8<ELMI J

F
O

* ak 6= 0
]�7:5Q@CBQ; <E@:DsB�7:J6<

k > t
Owx�V6<¸J\G6=a9X<>5

x 6∈ F
Oy��J
B8V6IAD�f>@:DF<:b\B8V6<h9X<�BFB8<>5�dg<hf>@^JLH7SIAD�B87M58<>4658<EDF<>JqB�B8V6<WJ\G6=a9X<>5

x
d�I B8VYB8V6< �K7q@CB8I J6RU4X7:I JqBtJ\G6=a9X<>5��u_kaKnh_�58<E@:L-+�+�B8V6<

�K7q@CB�7^]
x , n�LH<N^KJ6<ELY@:D
�
(x) =







βp
∑t

k=1 ak β−k
I ]

at ∈ {0, . . . , β
2 − 1}

βp
∑t

k=1 ak β−k + β−t
I ]

at ∈ {β
2 , . . . , β − 1}x�V6<U58<>4658<EDF<>JqBN@CB8I 7:JÅ7^] �

(x)
I JKDsB8<E@:L¹7^]

x
; <E@:L6DtB87Å@^Jp<>58587:5¸f>@^; ; <EL ²8°C®H¢l±C¨`¢\Á¹¦�²m²8°C² OÖ <hd�I ; ;ÐDF<><¸=U7:58<¸7:JTB8V6IAD�I JÅ@j=U7:=U<>JqBEO

• p > U
Ohx�V6<a58<E@^;uJ\G6=a9X<>5

x
IADt9X<>r:7:JKLYB8V6<jG6464X<>5z; I =UI Bh7^]yB8V6< �K7q@CB8I J6RM4X7:I JqBhDFrHDsB8<>=

F
O3QJ °C¶C¦�² ��°C½ 7Hf>f�G65ND�@^JKL�bHGKDFGK@^; ; r:b\B8V6<Wf�7:=U46GHBN@CB8I 7:JÅDsB87:4KD�d�I B8VÅ@^J
<>58587:5�=U<ED8D8@^R:<:O

xu@`_\I J6RWI JqB87a@:f>f�7:G6JqBg@^;ADF7WJ6<>Rq@CB8I Z:<�J\G6=a9X<>5ND>b:B8V6< �K7q@CB8I J6RW4X7:I JqBgJ\G6=a9X<>5ND
F
@^58<QI JKDFIALH<QB8V6<t96; G6<I JqB8<>58ZC@^;ADg7^]uB8V6<¸]�7:; ; 7Cd�I J6R�^KR:G658<:O

cT�\�¤�;dfe,�X�kj l��u�Zr
q dC�¤�6�ip.-:�Z�%r-nu�0/��4dX�Xx�yw°C¢6§m¨�±:¦�²
F(β, t, L, U)

¿21U¦¹¥6³C¶C¦'§>³C¨�± £�¥6³C£S£�¥6¦
gw²N§m£=guÁ^®H²8¦

a1
°s¯M¦N³:´N¥ ��°E³C£µ¨`¢\ÁUªK°C¨`¢K£t¢K®H©S·N¦�²a¥6³[§S£�°W¯N®H« gw«`«w£�¥6¦T´N°C¢l±C¨`£µ¨�°C¢

a1 > 0
¨`¢�°C²8±:¦�²S£�°³C¶C°C¨�±M©j®H« £µ¨ ªl« ¦a²8¦¼ªl²8¦m§>¦�¢K£�³C£µ¨�°C¢6§>¿

�a°C½�¦�¶C¦�²i¨ ¯8¬Å³C¢l±¡°C¢K« �¨ ¯8¬
p = L

¨`£M¨A§'®\§m®K³C«z£�° ²8¦�©S°C¶C¦i£�¥\¨A§¤´N°C¢l±C¨`£µ¨�°C¢�³C«`« °C½y¨`¢\Á
a1
£�°·N¦ ¦Nº�®K³C«W£�°3�E¦�²8°:¿ Àl¥6¦�²8¦N³C«W¢K®H©S·N¦�²N§¤°:·�£�³C¨`¢l¦N±p¯�°C²

p = L
¬

a1 = 0
³C¢l±

ak 6= 0
¯�°C² ³C£« ¦N³[§m£a°C¢l¦

k = 2, . . . , t
¬j³C²8¦¹´N°C¢6§m¨�±:¦�²8¦N±�³[§
¢l¦�½ ��°E³C£µ¨`¢\ÁMªK°C¨`¢K£W¢K®H©S·N¦�²N§Y°s¯

F
¿41U¦Å´N³C«`«�£�¥6¦�©±:¦�¢l°C²m©S³C« ¨ �E¦N± ��°E³C£µ¨`¢\Á¸ªK°C¨`¢K£g¢K®H©S·N¦�²N§ ¿ÅÀl¥6¦M°C£�¥6¦�²a¢K®H©S·N¦�²N§j°s¯

F
¯�°C²a½u¥\¨�´N¥

a1 > 0
»¼²8¦¼Áq³C²8±\« ¦m§N§°s¯

L
¾M³C²8¦U´N³C«`« ¦N±M¢l°C²m©S³C« ¨ �E¦N± ��°E³C£µ¨`¢\Á¸ªK°C¨`¢K£g¢K®H©S·N¦�²N§ ¿
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Ó <�B�� DWB8G658J�9K@:f7_'7:JiB8V6<T<>58587:5hB8VK@CBjdg<MVK@[Z:<Sd�V6<>J¤587:G6JKLHI J6RYB8V6<T58<E@^;�J\G6=a9X<>5
x
I JqB87¹B8V6<

�K7q@CB8I J6RU4X7:I JqB�J\G6=a9X<>5 �
(x)
O�x�V6<z]�7:; ; 7Cd�I J6RjB8V6<>7:58<>=1V67:;AL6D>O

� �u�Zq dC�\� �X�kj �Ð¦�£
x = βp

+∞∑

k=1

ak β−k

·N¦h³�ªK°[§m¨`£µ¨`¶C¦m¬y²8¦N³C«X¢K®H©S·N¦�²Q½y¨`£�¥
a1 6= 0

¿UÀl¥6¦�¢6¬w³[§N§m®H©j¨`¢\Áj£�¥6³C£y£�¥6¦�²8¦t¨A§z¢l°C¢Å°C¶C¦�² ��°C½c¬y®\§m¨`¢\Áj£�¥6¦
��°E³C£µ¨`¢\Á¸ªK°C¨`¢K£�§m[§m£�¦�©

F(β, t, L, U)
¬w£�¥6¦�¯�°C«`« °C½y¨`¢\Á
¨`¢l¦Nº�®K³C« ¨`£µj¥6°C« ±[§
∣
∣
∣
∣

�
(x) − x

x

∣
∣
∣
∣
≤ β1−t

2

_sÌ:O É:n
�g²8°E°s¯�¿ P�; <E@^58; r:bÐI ]

x ∈ F
bÐdg<SVK@[Z:< �

(x) = x
@^JKLpB8V\GKD | � (x) − x | = 0

OTo\7Kb�B8V6<SI J6<2\qGK@^; I BsrIADhB858I Z\IA@^; ; rp]�G6; ^K; ; <EL�O'×QB8V6<>58d�IADF<:buB8V6<MJ\G6=a9X<>5
x
; I <EDW9X<�Bsdg<><>J�Bsdg7¹f�7:JKDF<Ef�GHB8I Z:< �K7q@CB8I J6R¹4X7:I JqBJ\G6=a9X<>5ND¸_�96; G6<hf�I 5Nf�; <EDgI JMB8V6<¸J6<Na\B�^KR:G658<[nmOyx�V6<¸58<>4658<EDF<>JqBN@CB8I Z:<Q7^]

x
I J

F
IADgB8V6<¸J6<E@^58<EDsB�B87

x
7^]B8V6IADtBsdg7��K7q@CB8I J6RT4X7:I JqB¸J\G6=a9X<>5ND>O¸ÔQ7^B8I J6RTB8VK@CBzBsdg7Tf�7:JKDF<Ef�GHB8I Z:< �K7q@CB8I J6RT4X7:I JqBzJ\G6=a9X<>5NDtd�I B8VB8V6<WD8@^=U<

p
LHI kl<>5Q7:J6<z]�587:=eB8V6<h7^B8V6<>5�9\r

βp · β−t = βp−t
b6dg<¸VK@[Z:< | � (x) − x | ≤ βp−t/2

O

x�V\GKD>bH58<Ef>@^; ; I J6RaB8VK@CB
x > 0

@^JKL
DF7 |x| = x
b6dg<¸VK@[Z:<

∣
∣
∣
∣

�
(x) − x

x

∣
∣
∣
∣
=

| � (x) − x |
x

(1)

≤ | � (x) − x |
βp · β−1

≤
1
2 βp · β−t

βp · β−1
=

β1−t

2d�V6<>58<¸I J6<2\qGK@^; I Bsr
(1)
V67:;AL6D�DFI JKf�<S_�58<Ef>@^; ;lB8VK@CB

ak ∈ {0, 1, · · · , β − 1} @^JKL a1 > 0
n

x = βp
+∞∑

k=1

ak β−k = βp
(
a1 · β−1 + a2 · β−2 + a3 · β−3 + · · ·

)

≥ βp
(
1 · β−1 + 0 · β−2 + 0 · β−3 + · · ·

)

= βp · β−1

x�V6IAD�<>JKL6D�B8V6<h46587\7^]sO
2

�
�4��r
p�o2piqMr �X��� ls�¤� w �
piru�Y�
dC�Zw�pi�2piqMr@x �Ð¦�£
F(β, t, L, U)

·N¦¤³ ��°E³C£µ¨`¢\ÁpªK°C¨`¢K£M§m[§m£�¦�©S¿�Àl¥6¦¢K®H©S·N¦�²W¦¼ªX§a±:¦igw¢l¦N±T³[§
¦¼ªX§

=
β1−t

2

_sÌ:O Êqn
¨A§a´N³C«`« ¦N±M£�¥6¦W©S³:´N¥\¨`¢l¦�ªl²8¦N´�¨A§m¨�°C¢�°s¯¸£�¥6¦
��°E³C£µ¨`¢\Á¸ªK°C¨`¢K£�§m[§m£�¦�©

F
¿

ÔQ7^B8<zB8VK@CB�B8V6<hJ\G6=a9X<>5
1
9X<>; 7:J6RqD�B87M@^J\r��K7q@CB8I J6Rj4X7:I JqBtDFrHDsB8<>=?DFI JKf�<

1 = β1 · β−1 = β1 ·
t∑

k=1

akβ−k

d�I B8V
a1 = 1

@^JKL
ak = 0

b
k = 2, . . . , t

Oyx�V6<hJ6<Na\B��K7q@CB8I J6Rj4X7:I JqBQJ\G6=a9X<>5�IAD
x+ = β1 ·

(
1 · β−1 + 0 · β−2 + · · · + 0 · β−t+1 + 1 · β−t

)
= β1 ·

(
1 · β−1 + 1 · β−t

)

d�V6IAfNVYLHI kl<>5ND�]�587:=
1
9\r

x+ − 1 = β1−t = 2
<>4KD�Owo\7Kb\B8V6<¸58<E@^;lJ\G6=a9X<>5

x = 1 +
<>4KD�; I <ED�<Na6@:fmB8; rI JSB8V6<t=UIAL6LH; <t9X<�Bsdg<><>J

1
@^JKL

x+
b B8V\GKD>bqI BgIAD�587:G6JKLH<ELjB87 � (1+

<>4KD
) = x+

OyÔQ7^B8<t@^;ADF7hB8VK@CBg<E@:fNV
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58<E@^;cJ\G6=a9X<>5
x
D8@CB8IADs]�r\I J6R

1 < x < 1 +
<>4KD¸IAD¸587:G6JKLH<EL¹B87
B8V6< �K7q@CB8I J6R
J\G6=a9X<>5

1
OSo\7Kb�<>4KD¸IADB8V6<WDF=S@^; ; <EDsB�J\G6=a9X<>5�B8VK@CBQdg<hVK@[Z:<tB87M@:L6LTB87UB8V6< �K7q@CB8I J6RU4X7:I JqBQJ\G6=a9X<>5

1
I JY7:5NLH<>5�B87SVK@[Z:<¸@

�K7q@CB8I J6RU4X7:I JqB�J\G6=a9X<>5�R:58<E@CB8<>5gB8VK@^J
1
OÕ 587:=1<2\qGK@CB8I 7:Ji_sÌ:O É:nmbH]�7:5QDF7:=U<

ε̄
d�I B8V

0 ≤ ε̄ ≤ <>4KD�b6dg<hf>@^JYd�58I B8<
∣
∣
∣
∣

�
(x) − x

x

∣
∣
∣
∣
= ε̄ ⇔

�
(x) − x

x
= ±ε̄ ⇔ �

(x) = x ± ε̄ x = x(1 ± ε̄)

xu@`_\I J6R
I JqB87Å@:f>f�7:G6JqBzB8V6<SDFI R:J�b�IµO <:OU@:D8DFG6=UI J6R
ε ∈ [− <>4KD , <>4KD ] b |ε| = ε̄

b�dg<UVK@[Z:<aB8V6<j]�7:; ; 7Cd�I J6R<2\qGK@CB8I 7:J
�
(x) = x (1 + ε), ε ∈ [− <>4KD , <>4KD ] _sÌ:O Í\n

x�V6IAD�<2\qGK@CB8I 7:JYD8@[rHD�B8VK@CB��
(x)
f>@^J
9X<WDF<><>JY@:D�@SDF=S@^; ;�4X<>5FB8G6589K@CB8I 7:J
7^]

x
O

��������� � !������������ �'������� � �(� ����$ 
 �����
x�V6<U=S@^I Ji@^I = 7^]gB8V6IADhDF<EfmB8I 7:J'IADzB87ÅDFV67Cd�DF7:=U<U7^]�B8V6<S46587:96; <>=SDzd�V6IAfNV�@^58IADF<EDtd�V6<>Jidg7:5I_\I J6Rd�I B8V �K7q@CB8I J6Ra4X7:I JqBgJ\G6=a9X<>5ND

F(β, t, L, U)
O Ö <¸LH<N^KJ6<tB8V6<t]�7:G65�@^58I B8V6=U<�B8IAft7:4X<>5N@CB8I 7:JKDw9X<�Bsdg<><>J

x, y ∈ F
@:D _�@qn

x ⊕ y =
�
(x + y)_�9Xn

x 	 y =
�
(x − y)_�fEn

x ⊗ y =
�
(x × y)_�LKn

x � y =
�
(x − y)o\7Kb�<E@:fNV �K7q@CB8I J6R�4X7:I JqBT7:4X<>5N@CB8I 7:J 58<2\qG6I 58<
Bsdg7¤DsB8<>4KD�+ _�I`nU<NaH<Ef�GHB8<YB8V6<¹7:4X<>5N@CB8I 7:J I J

R b _�I I`n58<>4658<EDF<>JqBgB8V6<h7:9HBN@^I J6<ELT58<EDFG6; B�I J
F
Ow3tDQ@^J
<Na6@^=U46; <:b6f�7:JKDFIALH<>5

x ⊕ y
O

_�I`n Ö < ^K5NDsBtf�7:=U46GHB8<
x + y
@:D�@^JY7:4X<>5N@CB8I 7:JT9X<�Bsdg<><>J
B8V6<h58<E@^;lJ\G6=a9X<>5ND

x
@^JKL

y
O

_�I I`n Ö <h58<>4658<EDF<>JqB�B8V6<h58<EDFG6; B
x + y
I J

F
_�f�7:JKDFIALH<>58I J6RKbHI ]uB8V6<Wf>@:DF<:bH7CZ:<>5�@^JKL
G6JKLH<>5 �K7CdtnmO

�t���6���c���'�X��� yw°C¢6§m¨�±:¦�²
F(10, 1,−1, 2)

³C¢l±¹£�¥6¦M£�¥\²8¦N¦ ��°E³C£µ¨`¢\ÁUªK°C¨`¢K£¸¢K®H©S·N¦�²N§
x = 0.1

¬
y =

0.2
¬
z = 0.7

¿UÀl¥6¦�¢6¬w½�¦h¥6³C¶C¦
x ⊕ y =

�
(x + y) =

�
(0.1 + 0.2) =

�
(0.3) = 0.3§m¨`¢l´N¦

0.3 ∈ F
¿ ~ « §>°[¬w½�¦¸¥6³C¶C¦
x � z =

�
(x/y) =

�
(0.1/0.7) =

�
( 0.14285714285714 · · · ) = 0.1

�w¨`¢l³C«`« [¬
1 � (x ⊗ x)

Á^¨`¶C¦m§j³C¢i°C¶C¦�² ��°C½
	Mgw²N§m£�¬y½�¦j´N°C©Qªl®H£�¦
x ⊗ x =

�
(x × x) =

�
(0.1 × 0.1) =

�
(0.01) = 0.01¢l¦I}:£�¬Q½�¦
´N°C©Qªl®H£�¦

1 � 0.01 =
�
(1/0.01) =

�
(100)

	t§m¨`¢l´N¦
100
¨A§aÁ^²8¦N³C£�¦�²S£�¥6¦�¢¤£�¥6¦M©S³�}:¨`©j®H©²8¦¼ªl²8¦m§>¦�¢K£�³:·�« ¦
��°E³C£µ¨`¢\Á¸ªK°C¨`¢K£g¢K®H©S·N¦�²¸¨`¢

F
¬g³C¢'°C¶C¦�² ��°C½,¨A§gªl²8°E±C®K´N¦N±:¿

2�¼BgIADwI JqB8<>58<EDsB8I J6RhB87W4X7:I JqBg7:GHBwB8VK@CBg=U7qDsBg7^]lB8V6<zf�7:=U=U7:JS46587:4X<>5FB8I <EDy7^]�B8V6<t7:4X<>5N@CB8I 7:JKDyd�I B8VM58<E@^;J\G6=a9X<>5NDt@^58<hJ67^B¸DsB8I ; ;uZC@^; IALYI J
F
O Õ 7:5t<Na6@^=U46; <:bXR:I Z:<>JY4X7qDFI B8I Z:< �K7q@CB8I J6RM4X7:I JqBzJ\G6=a9X<>5ND

x
@^JKL

y
bHdg<¸=S@[rMVK@[Z:<

x ⊕ y = xI ]
y
IADS; <ED8DUB8V6<>J�VK@^; ]h7^]zB8V6<¹LHIADsBN@^JKf�<Å9X<�Bsdg<><>J

x
@^JKL�B8V6<¹J6<Na\B��K7q@CB8I J6Ri4X7:I JqBMJ\G6=a9X<>5

x+
O��JKLH<><EL�b6; <�B

x = βp
t∑

k=1

akβ−k

x�V6<>J�b6dg<¸VK@[Z:<
x+ = βp

(
t∑

k=1

akβ−k + β−t

)

= x + βp · β−t
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@^JKL
DF7Udg<¸R:<�B

x+ − x = βp−t = 2 βp−1 · <>4KD>Owx�V6<>J�b6dg<¸VK@[Z:<

x ⊕ y =







x
I ]

y < βp−1 · <>4KD
x+
I ]

βp−1 · <>4KD ≤ y ≤ βp−1 · <>4KD3Q;ADF7Kb:@:D8DF7Hf�IA@CB8I Z:<�@^JKLULHIADsB858I 96GHB8I Z:<�;A@[dQDc=S@[r:b^<>Z:<>JjJ67^BwJ6<Ef�<ED8D8@^58I ; r:b[]�@^I ;µOwP�7:JKDFIALH<>5cB8V6<�]�7:; ; 7Cd�I J6R<Na6@^=U46; <ED>O
�t���6���c���'�X��� yw°C¢6§m¨�±:¦�²S³>Áq³C¨`¢

F(10, 1,−1, 2)
³C¢l±M£�¥6¦a£�¥\²8¦N¦ ��°E³C£µ¨`¢\ÁhªK°C¨`¢K£�¢K®H©S·N¦�²N§

x = 0.1
¬

y = 2
¬
z = 80

¿%{Ð§m¨`¢\Á'¦I}\³:´�£¸³C²m¨`£�¥\©S¦�£µ¨�´m¬z¨`£t¨A§��C¢l°C½y¢�£�¥6³C£
(x × y) × z = x × (y × z) = 16

¿
{Ð§m¨`¢\Á ��°E³C£µ¨`¢\Á¸ªK°C¨`¢K£�³C²m¨`£�¥\©S¦�£µ¨�´m¬g½�¦¸¥6³C¶C¦

x ⊗ y =
�
(x × y) =

�
(0.1 × 2) =

�
(0.2) = 0.2³C¢l±

(x ⊗ y) ⊗ z =
�
(0.2× 80) =

�
(16) = 20Àl¥\¨A§�¨A§�£�¥6¦z·N¦m§m£�²8¦m§m®H« £�½�¦z´N³C¢U¥6³C¶C¦Q½y¨`£�¥M°C®H² ��°E³C£µ¨`¢\Á�ªK°C¨`¢K£�§m[§m£�¦�© §m¨`¢l´N¦ �

(x×y×z) =
�
(16) =

20
¿ � ¢'£�¥6¦S°C£�¥6¦�²h¥6³C¢l±[¬

x ⊗ (y ⊗ z)
²8¦�£µ®H²m¢6§j³C¢�°C¶C¦�² ��°C½�§m¨`¢l´N¦

y × z = 160
½u¥\¨�´N¥p¨A§¸Á^²8¦N³C£�¦�²£�¥6¦�¢T£�¥6¦t©S³�}:¨`©j®H© ²8¦¼ªl²8¦m§>¦�¢K£�³:·�« ¦z¢K®H©S·N¦�²�¨`¢

F
¿���°[¬u£�¥6¦¸¦I}\¦N´�®H£µ¨`¢\Áj°C²8±:¦�²z°s¯Q£�¥6¦¸°8ªK¦�²8³C£µ¨�°C¢6§Q©S³C·N¦W¨`©QªK°C²m£�³C¢K£�¿

�t���6���c���'�X�����%l#"��¤�\�;dXpir
�i�����Zw`oXx�yw°C¢6§m¨�±:¦�²S£�¥6¦ ��°E³C£µ¨`¢\ÁjªK°C¨`¢K£�§m[§m£�¦�©
F(10, 3,−2, 2)

³C¢l±£�¥6¦¹£�¥\²8¦N¦ ��°E³C£µ¨`¢\ÁYªK°C¨`¢K£j¢K®H©S·N¦�²N§
x = 0.123

¬
y = 45.6

¬
z = −45.5

¿ Àl¥6¦'´N°C©Qªl®H£�³C£µ¨�°C¢v°s¯
x + y + z = 0.223

©S³CT·N¦j±:°C¢l¦W¨`¢p£µ½�°S½�³C[§>¿
»¼¨ ¾ 1U¦j´N°C©Qªl®H£�¦

w = x ⊕ y
³C¢l±S£�¥6¦�¢

w ⊕ z
¿ 1U¦z¥6³C¶C¦

w = x ⊕ y =
�
(0.123 + 45.6) =

�
(45.723) = 45.7³C¢l±

w ⊕ y =
�
(45.7− 45.5) = 0.200

»¼¨`¨ ¾ 1U¦j´N°C©Qªl®H£�¦
u = y ⊕ z

³C¢l±S£�¥6¦�¢
x ⊕ u
¿ 1U¦z¥6³C¶C¦

u = y ⊕ z =
�
(45.6− 45.5) = 0.100³C¢l±

x ⊕ u =
�
(0.123 + 0.100) = 0.223

��°[¬y¨`¢Y£�¥6¦@gw²N§m£�´N³[§>¦h£�¥6¦W³:·m§>°C« ®H£�¦¸¶C³C« ®K¦W°s¯z£�¥6¦W¦�²m²8°C²z¨A§
0.10 = 10%

½u¥6¦�²8¦N³[§z¨`¢Å£�¥6¦z§>¦N´N°C¢l±S´N³[§>¦½�¦h¥6³C¶C¦j¢l°
¦�²m²8°C²>¿ �Ð°E°��C¨`¢\ÁÅ´�« °[§>¦�« 
£�°M£�¥6¦U¦I}\³C©Qªl« ¦m¬g½�¦j©S³CS§>¦N¦a£�¥6³C£�¨`¢'£�¥6¦�gw²N§m£�´N³[§>¦a½�¦S³:±:±
x
³C¢l±

y
gw²N§m£�¿,Àl¥6¦m§>¦
£µ½�°Å¢K®H©S·N¦�²N§T³C²8¦
º�®H¨`£�¦
±C¨ zt¦�²8¦�¢K£¸¨`¢¤§m¨ �E¦Y³C¢l±Å§>°¹½�¦M« °E°[§>¦T§>°C©S¦
°s¯M£�¥6¦±C¨ Á^¨`£�§T°s¯
x
½u¥6¦�¢YªK¦�²�¯�°C²m©j¨`¢\Á¹£�¥6¦U§m®H©S¿¤Àl¥6¦M¢l¦I}:£�§m®H©

w ⊕ z
¨A§M±:°C¢l¦T´N°C²m²8¦N´�£µ« ¹·�®H£Q®\§m¨`¢\ÁÅ£�¥6¦±:³C£�³

w
½u¥\¨�´N¥M¥6³[§h³C« ²8¦N³:±CM³¸Á^²8¦N³C£�¦�²m²8°C²>¿���°[¬c£�¥6¦¸£µ½�°U¦�¢l±C¨`¢\Á �E¦�²8°[§h°s¯t£�¥6¦�gw¢l³C«X²8¦m§m®H« £

0.200
³C²8¦¢l°C£�´N°C²m²8¦N´�£�¿UÀl¥\¨A§¸¨A§z¢l°C£y£�¥6¦W´N³[§>¦¸½u¥6¦�¢Å½�¦h²8¦N³C²m²8³C¢\Áq¦¸£�¥6¦h´N°C©Qªl®H£�³C£µ¨�°C¢p³[§z§8¥6°C½y¢Å¨`¢Å£�¥6¦z§>¦N´N°C¢l±´N³[§>¦Å»¼¨`¨ ¾:¿ �a¦�²8¦m¬t½u¥6¦�¢�½�¦T´N°C©Qªl®H£�¦

u = 0.100
£�¥6¦S£µ½�°p¦�¢l±C¨`¢\Á �E¦�²8°[§M³C²8¦T´N°C²m²8¦N´�£¸³C¢l±Y§>°

u
¨A§´N°C²m²8¦N´�£�£�°j£�¥\²8¦N¦a±:¦N´�¨`©S³C«Hªl« ³:´N¦m§>¿ ~ §W³M´N°C¢6§>¦Nº�®K¦�¢l´N¦m¬y¢l°M¦�²m²8°C²a³8ª:ªK¦N³C²N§h½u¥6¦�¢¹½�¦j´N°C©Qªl®H£�¦

x⊕ u³C¢l±S£�¥6¦�gw¢l³C«�²8¦m§m®H« £w¨A§j´N°C²m²8¦N´�£�¿
�t���6���c���'�X���X� �Ð¦�£

f(x) =
√

1 + x − √
x
¿ yw°C¢6§m¨�±:¦�²
£�¥6¦¹´N°C©Qªl®H£�³C£µ¨�°C¢,°s¯

f(49)
¿� m¢,¦I}\³:´�£³C²m¨`£�¥\©S¦�£µ¨�´m¬t½�¦j¥6³C¶C¦

f(49) =
√

50 −
√

49 = 0.07106781186548...
¿u{Ð§m¨`¢\Á

F(10, 1,−1, 2)
³C¢l±³[§N§m®H©j¨`¢\ÁS£�¥6³C£ √

ξ
¨A§a´N°C©Qªl®H£�¦N±S¨`¢i³ ��°E³C£µ¨`¢\Á¸ªK°C¨`¢K£�§m[§m£�¦�©�³[§ �

(
√

ξ)
¬w½�¦j°:·�£�³C¨`¢

�
(
√

50) =
�
(7.07106781186548) = 7

³C¢l± �
(
√

49) =
�
(7) = 7.³C¢l±U§>°

f(49) = 7 − 7 = 0
½y¨`£�¥p³C¢'³:·m§>°C« ®H£�¦a¶C³C« ®K¦j°s¯¸£�¥6¦W²8¦�« ³C£µ¨`¶C¦U¦�²m²8°C²

|� (f(49)) − f(49)|
|f(49)| |0.07106781186548...− 0|/0.07106781186548... = 1 = 100%
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~ ±C¨ zt¦�²8¦�¢K£g½�³CM£�°M¦�¶C³C« ®K³C£�¦
f(49)

« ¦N³:±[§h£�°T³T·N¦�£µ£�¦�²¸²8¦m§m®H« £�¿ �a°C£µ¨`¢\ÁM£�¥6³C£
f(x) =

√
1 + x −

√
x =

(√
1 + x −√

x
)
·
(√

1 + x +
√

x
)

√
1 + x +

√
x

=
1√

1 + x +
√

x½�¦j°:·�£�³C¨`¢p¨`¢
F(10, 1,−1, 2)

f(49) =
�
(

1
� ( � (√

50
)

+
� (√

49
))

)

=
�
(

1
�

( 7 + 7)

)

=
�
(

1
�

( 14)

)

=
�
(

1

10

)

=
�
(0.1) = 0.1

½y¨`£�¥T³C¢Å³:·m§>°C« ®H£�¦z¶C³C« ®K¦h°s¯�£�¥6¦h¦�²m²8°C² |0.07106781186548...−0.1|/0.07106781186548...≈ 0.41 =
41%
¿ ~ ·�¨`£a°s¯Å´N°C©j©S¦�¢K£�¿�Àl¥6¦Y²8¦m§m®H« £h¨A§Å´�« ¦N³C²m« �·N¦�£µ£�¦�²T¨`¢¡£�¥6¦T§>¦N´N°C¢l±'½�³C�¦�¶C¦�¢¡¨ ¯T¨`£h¨A§T§m£µ¨`«`«®H¢6§>³C£µ¨A§�¯�³:´�£�°C²mp±C®K¦M£�°Å£�¥6¦U¥\¨ Á[¥ ¦�²m²8°C²>¿ �a°C½�¦�¶C¦�²N¬z£�¥\¨A§U§m¨`©Qªl« ¦Y¦I}\³C©Qªl« ¦M§8¥6°C½c§M£�¥6³C£Q§>°C©S¦�£µ¨`©S¦m§£�¥6¦¸²8¦m§m®H« £�°s¯z£�¥6¦W¦�¶C³C« ®K³C£µ¨�°C¢'°s¯h³�¯N®H¢l´�£µ¨�°C¢p´N³C¢p·N¦h¨`©Qªl²8°C¶C¦N±j§m¨`©Qªl« U²8¦�¶E²m¨`£µ£µ¨`¢\ÁU£�¥6¦y¯N®H¢l´�£µ¨�°C¢Å¨`¢p³±C¨ zt¦�²8¦�¢K£u½�³C:¿jÀl¥\¨`¢\ÁC§z·N¦N´N°C©S¦z¦�¶C¦�¢T©S°C²8¦Q¨`¢K£�¦�²8¦m§m£µ¨`¢\Áh¨ ¯�½�¦z´N°C¢6§m¨�±:¦�²�£�¥6³C£y³C²m¨`£�¥\©S¦�£µ¨�´¸°8ªK¦�²8³C£µ¨�°C¢6§³C²8¦W®\§m®K³C«`« 
±:°C¢l¦W®\§m¨`¢\Á
°C¢l¦W©S°C²8¦"guÁ^®H²8¦S»¼£�¥6³C£g¨A§N¬

t + 1
guÁ^®H²8¦m§¼¾ 	w¨`¢p£�¥\¨A§W½�³C[¬�£�¥6¦a²8¦m§m®H« £�°s¯h£�¥6¦ªl²8¦�¶E¨�°C®\§a¦�¶C³C« ®K³C£µ¨�°C¢�·N¦N´N°C©S¦m§

f(49) =
�
(

1
� (√

50
)

+
� (√

49
)

)

=
�
(

1

7 + 7

)

=
�
(0.07142857142857...) = 0.07

½u¥\¨�´N¥Å¨A§h£�¥6¦j·N¦m§m£�ªK°[§N§m¨�·�« ¦j²8¦m§m®H« £�®\§m¨`¢\Á
F(10, 1,−1, 2)

¿
3tDtdg<af>@^JpDF<><h]�587:= B8V6<a4658<>Z\I 7:GKDQ<Na6@^=U46; <ED>bX7:4X<>5N@CB8I 7:JKD�7:J �K7q@CB8I J6RM4X7:I JqBzJ\G6=a9X<>5NDtIADQJ67^B¸@^J<E@:DFrÅBN@:DC_lO
x�V6I J6RqDh9X<Ef�7:=U<M=U7:58<S@^JKLi=U7:58<Sf�7:=U46; IAf>@CB8<EL'd�V6<>J�dg<SVK@[Z:<U=S@:D8DFI Z:<S@^; R:7:58I B8V6=SDd�V6<>58<¸B8V67:GKD8@^JKL
B87M=UI ; ; I 7:JKD�7:5t=U7:58<h7^] �K7q@CB8I J6RS4X7:I JqBt7:4X<>5N@CB8I 7:JKDQ@^58<WLH7:J6<:Og��JpDFGKfNVÅf>@:DF<ED>bKI BIAD�GKDF<�]�G6;�B8V6<¸]�7:; ; 7Cd�I J6RÅ_�I JH]�7:58=S@^;`n
�
�4��r
p�o2piqMr �X�kj l#"-oE��/�p��ip�o �%qMtQ� r¡�6�i�Mq dXp�o�u�%x ~ ¢ ³C« Áq°C²m¨`£�¥\©Ã¨A§U§m£�³:·�« ¦ ¨ ¯T³C¢l±p°C¢K« Å¨ ¯U§m©S³C«`«¦�²m²8°C²N§�¨`¢M£�¥6¦t±:³C£�³a³C¢l±¸¨`¢M£�¥6¦ ��°E³C£µ¨`¢\ÁgªK°C¨`¢K£y°8ªK¦�²8³C£µ¨�°C¢6§t±:°E¦m§�¢l°C£lÁ^²8°C½i®Eª
£�°E°¸©j®K´N¥6¿ � £�¥6¦�²m½y¨A§>¦m¬£�¥6¦j³C« Áq°C²m¨`£�¥\© ¨A§h¨`¢6§m£�³:·�« ¦ ¿
Ó <�B�� DwB8G658JT9K@:f7_U7:JMB8V6<¸f�7:=U46GHBN@CB8I 7:J�b\I J
DF7:=U< �K7q@CB8I J6Ra4X7:I JqB�DFrHDsB8<>=Yb\7^]

f(x) =
√

x + 1−√
x
OÖ <z=S@[rSDF<><tB8V6<t]�7:58=aG6;A@a@:Dg@aDFI =U46; <¸@^; R:7:58I B8V6= d�V6<>58<zDF7:=U<t7:4X<>5N@CB8I 7:JKDg@^58<tLH7:J6<zI JMB8V6<zI J646GHB

x
I Ji7:5NLH<>5tB87Y7:9HBN@^I JpB8V6<S58<EDFG6; B

f(x)
OTo\I JKf�<:bÐ@:Dzdg<UVK@[Z:<UDF<><>J�b�B8V6<U58<EDFG6; BhIAD¸R:58<E@CB8; r¹@Ckl<EfmB8<EL9\rTB8V6<W587:G6JKLHI J6RS<>58587:5ND>b6dg<aD8@[rMB8VK@CBQB8V6IAD�]�7:58=aG6;A@SIADQG6JKDsBN@^96; <:Ot×QB8V6<>58d�IADF<:b6B8V6<W7^B8V6<>5Q]�7:58=aG6;A@

f(x) = 1/(
√

x + 1+
√

x)
IADw@¸DsBN@^96; <�DFI JKf�<�587:G6JKLHI J6R¸<>58587:5ND�B8VK@CBw7Hf>f�G65wLHG658I J6R¸B8V6<Q@^; R:7:58I B8V6= LH7J67^BzR:587Cd�B87\7T=aGKfNV�Ozo\7KbX]�7:5QB8V6<jD8@^=U<
_�dg<>; ; È�f�7:JKLHI B8I 7:J6<ELKn�46587:96; <>= dg<a=S@[r
VK@[Z:<W9X7^B8VpDsBN@^96; <@^JKL
G6JKDsBN@^96; <W@^; R:7:58I B8V6=SD>O���<Ef>@^; ;�B8VK@CBEbH]�7:5t@UR:I Z:<>J
46587:96; <>=Yb6I BQIAD�J67^Bt@^; d�@[rHD�DFI =U46; <¸B87R^KJKLY@DsBN@^96; <¸7:J6<:Oyx�V6IAD�IADgB8V6<Wf>@:DF<¸7^]uB8V6<hJ6<Na\B�<Na6@^=U46; <:O

�t���6���c���'�X��� j�yw°C¢6§m¨�±:¦�²W£�¥6¦j´N°C©Qªl®H£�³C£µ¨�°C¢i°s¯h£�¥6¦�ªK°[§m¨`£µ¨`¶C¦a¨`¢K£�¦¼Á^²8³C« §
In =

1

e

∫ 1

0

xnexdx, n ∈ N = {0, 1, 2, · · ·}

 m£�¨A§a¦N³[§mM£�°U§>¦N¦h£�¥6³C£
I0 = 1 − e−1 = 0.6321205588285577...

¿��p°C²8¦N°C¶C¦�²N¬�¨`¢K£�¦¼Á^²8³C£µ¨`¢\Á
·�zªK³C²m£�§N¬½�¦zÁq¦�£�£�¥6¦W²8¦N´�®H²N§m¨`¶C¦W²8¦�« ³C£µ¨�°C¢
In =

1

e

{

[ xnex ]10 −
∫ 1

0

nxn−1ex

}

= 1 − nIn−1.

�w¨`¢l³C«`« [¬a¨`£h¨A§Å¦N³[§m'£�°i´N¥6¦N´ �'£�¥6³C£
limn→+∞ In = 0

§m¨`¢l´N¦
½�¦T¥6³C¶C¦i»¼²8¦N´N³C«`«�£�¥6³C£
1 ≤ ex ≤ e

¬
x ∈ [0, 1]

¾
0 ≤ 1

e

∫ 1

0

xnexdx ≤ 1

e
· e
∫ 1

0

xndx =
1

n + 1



�� � � &�#"�����
����� ���"��� �%�=$H���
	�) Ì:Ì
�a°C½c¬c´N°C¢6§m¨�±:¦�²�£�¥6¦z´N°C©Qªl®H£�³C£µ¨�°C¢
°s¯

In
¯�°C²�§>°C©S¦gÁ^¨`¶C¦�¢

n > 1
½y¨`£�¥U£�¥6¦Ð¯�°C«`« °C½y¨`¢\Áa£µ½�°a³C« Áq°C²m¨`£�¥\©a§��

��������	�
�������

§>¦�£
I0 = 0.6321205588285577� � Ä ������� ¢
Ik = 1 − kIk−1� ���

��������	�
�������

´N¥6°E°[§>¦W§>°C©S¦
N
½y¨`£�¥

N � n§>¦�£
IN = 0� � Ä ������� Â ��� ¢
Ik−1 = (1 − Ik)/k� ���

Àl¥6¦�gw²N§m£Q³C« Áq°C²m¨`£�¥\© ¨A§j®H¢6§m£�³:·�« ¦a½u¥6¦�²8¦N³[§a£�¥6¦a§>¦N´N°C¢l±Y°C¢l¦j¨A§W§m£�³:·�« ¦E¿¹Àl¥\¨A§S´N³C¢¤·N¦U¦N³[§m¨`« T§>¦N¦�¢i¨`¢£�¥6¦�¯�°C«`« °C½y¨`¢\Á guÁ^®H²8¦

0 10 20 30
10

−5

10
0

10
5

10
10

10
15

10
20

n

| I
n |

UNSTABLE
STABLE

�w¨ Á^®H²8¦ �:¿��������� "!$#&%('�%*)+��,-�/.
In =

∫ 1

0
xnexdx

.��0"1�) 2"340534,�%76�'98 #$34:;�/.
n
#&:5)<,&=>'?:5%('A@8 3�'�,B1>'�,�#&,�:5%('A@8 3

'98 =A��04)<%<CD �EGFH��0?%<C�3I:5%('A@8 3�'98 =A��04)<%<CD KJG3�C�'�693?#&:3L1
N = 2n

E

1U¦S´N³C¢�¦I}mªl« ³C¨`¢¤£�¥6¦M±C¨ zt¦�²8¦�¢K£t·N¦N¥6³C¶E¨�°C®H²T°s¯a£�¥6¦U£µ½�°Å³C« Áq°C²m¨`£�¥\©a§>¿ yw°C¢6§m¨�±:¦�²S£�¥6¦�gw²N§m£Q°C¢l¦E¿��W®K¦£�°
£�¥6¦U²8°C®H¢l±C¨`¢\Ájªl²8°E´N¦m§N§N¬�£�¥6¦U§m£�³C²m£µ¨`¢\ÁY¨`¢K£�¦¼Á^²8³C«
I0
£�¥6³C£Q¨A§M³:´�£µ®K³C«`« 
§m£�°C²8¦N±
¨`¢6§m¨�±:¦M£�¥6¦M´N°C©Qªl®H£�¦�²¨A§S¢l°C£

I0
·�®H£�¬t¨`¢6§m£�¦N³:±[¬

Î0 :=
�
(I0)
¿ 1U¦ �C¢l°C½�£�¥6³C£ �

(I0) = I0(1 + ε)
½y¨`£�¥

ε ∈ (− ¦¼ªX§ , ¦¼ªX§ ) ¿~ §N§m®H©S¦m¬6¯�°C²h§m¨`©Qªl« ¨�´�¨`£µ[¬g£�¥6³C£�³C«`«Ð£�¥6¦j°C£�¥6¦�²a°8ªK¦�²8³C£µ¨�°C¢6§j³C²8¦j¦I}\³:´�£�¿���°[¬w½�¦¸¥6³C¶C¦m¬
Î1 := 1 − I0(1 + ε) = (1 − I0) − εI0 = I1 − εI0

Î2 := 1 − 2 · Î1 = 1 − 2 · (I1 − εI0) = (1 − 2I1) + 2 · 1 · εI0 = I2 + 2! · εI0

Î3 := 1 − 3 · Î2 = 1 − 3 · (I2 + 2! · εI0) = (1 − 3I2) − 3 · 2! · εI0 = I3 − 3! · εI0

�g²8°E´N¦N¦N±C¨`¢\ÁM¨`¢p£�¥\¨A§h½�³C[¬�½�¦�gw¢l±
În = In + (−1)nn! · εI0³C¢l±U§>°S£�¥6¦j¦�²m²8°C²h¨A§ | În − In | = n! · εI0
½u¥\¨�´N¥Å½�¦W©S³CT¦I}mªK¦N´�£g£�°WÁ^²8°C½ ³[§a³Q¯N®H¢l´�£µ¨�°C¢'°s¯

n
¿

yw°C¢6§m¨�±:¦�²g¢l°C½i³C« Áq°C²m¨`£�¥\© �\¿��X®Eª:ªK°[§>¦g£�¥6³C£l£�¥6¦�°C¢K« h¦�²m²8°C²w¨A§g¨`¢6§m¨�±:¦
IN
³C¢l±t£�¥6³C£Ð³C«`«6°8ªK¦�²8³C£µ¨�°C¢6§³C²8¦j±:°C¢l¦j¦I}\³:´�£µ« :¿SÀl¥\®\§N¬�½�¦¸¥6³C¶C¦

ÎN = IN (1 + ε)
¯�°C²h§>°C©S¦

ε ∈ (−eps, eps)
¿ 1U¦zÁq¦�£

ÎN−1 =
1 − IN (1 + ε)

N
=

1 − IN

N
− IN · ε

N
= IN−1 −

IN · ε
N

ÎN−2 =
1 −

(
IN−1 − IN ·ε

N

)

N − 1
=

1 − IN−1

N − 1
− IN · ε

N · (N − 1)
= IN−2 −

IN · ε
N · (N − 1)
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 m¢p£�¥\¨A§h½�³CS½�¦�gw¢l±
În = ÎN−(N−n) = In − IN · ε

N · (N − 1) · · · (n + 1)��°[¬M£�¥6¦p¨`¢K¨`£µ¨�³C«W¦�²m²8°C²
ε IN
¨A§¹§8¥\®H£M±:°C½y¢�·�¤£�¥6¦Mªl²8°E±C®K´�£T°s¯¹£�¥6¦�±:¦�¢l°C©j¨`¢l³C£�°C²Sªl²8°C¶E¨�±:¦N±�£�¥6³C£

N · (N − 1) · · ·n ¨A§h« ³C²µÁq¦E¿
��������� � � 
�� ����������� �'������� ��� � ��
�$ ��� � � ��$ � # ��
���
	����������� � ������� � ���
x�V6<aDsB87:58I J6RS7^]wI JH]�7:58=S@CB8I 7:JKD�7:J¹@Mf�7:=U46GHB8<>5NDQIADQ9K@:DF<ELY7:JÅ<>; <EfmB8587:J6IAfhLH<>Z\IAf�<EDQd�V6IAfNVÅVK@[Z:<h7:J6; rBsdg7SDsBN@^96; <hDsBN@CB8<ED>Ox�V\GKD>blI B¸IAD \qG6I B8<aJK@CB8G65N@^;ÐB87TGKDF<aB8V6<j9K@:DF<

β = 2
]�7:5tB8V6< �K7q@CB8I J6RT4X7:I JqBhDFrHDsB8<>=YO Ö <UDFV67CdB8V6<h=S@^I JYIALH<E@j7^]uB8V6<Wf�G65858<>JqB8; rM@:LH7:4HB8<EL �K7q@CB8I J6RU4X7:I JqBtDFrHDsB8<>=Yb6f>@^; ; <EL
� � � � � �CÍY_���JKDsB8I B8GHB8<W7^]

� ; <EfmB858IAf>@^;�@^JKL � ; <EfmB8587:J6IAf>D � J6R:I J6<><>5NDNnmOyx�r\46IAf>@^; ; r:b\B8V6<>58<h@^58<zBsdg7ULHI kl<>58<>JqBQZC@^; G6<EDg]�7:5
t
+

• t = 24
]�7:5�B8V6<WDFI J6R:; <¸4658<Ef�IADFI 7:J b

• t = 53
]�7:5�B8V6<WLH7:G696; <¸4658<Ef�IADFI 7:J�O

x�V6<TJ6<Na\B ^KR:G658<TDFV67CdQDj@pDFI J6R:; <M4658<Ef�IADFI 7:J¤4K@CBFB8<>58J�Oi3tDadg<
f>@^J�DF<><:byB8V6<>58<
@^58<MÍ��grqB8<ED
_�7:J6<
�grqB8<hIADt@SDF<�Bt7^]

8
f�7:JKDF<Ef�GHB8I Z:<h96I Bmng]�7:5zDsB87:58I J6R �K7q@CB8I J6RS4X7:I JqBtJ\G6=a9X<>5ND�GKDFI J6RMDFI J6R:; <h4658<Ef�IADFI 7:J�Ox�V6<h58<ELY7:J6<hIAD�GKDF<EL
]�7:5�B8V6<aDFI R:J�b6B8V6<WR:58<><>J
7:J6<ED�]�7:5�B8V6<W<NaH4X7:J6<>JqBt<>JKL
B8V6<W96; G6<W7:J6<EDg]�7:5QB8V6<=S@^JqB8IAD8D8@6O

Õ I R:G658<aÌ:O Í +�, < L ?4P23 5�.�/�57A L < L 02? .Z8NK>K�5I/�?WQS0�/@K�G45H/�57.�/�57<>57?XKC8NK L 02?�0�QMK�G45��Z0f8NK L ?4P�.;0 L ?XK�?`J46�1;5I/�< L ?4< L O�5�8A7026W.4J�K�5I/ T�� 0�K�5"K�GZ8NK@K�G45�?`J46�1;5I/@0�Q-1 L K�<�QS0�/HK�G45�698�?XK L <><�8 L < 23
< L ?4A75�K�G45��4/�<vKH1 L K L <�8�3 F@87:�<H5��XJZ8�3 K�0

1
8�?ZO9K�G`J4<HO�0X57<H?40�K�?4575EO9K�0 1;5�<vK�0�/�5EO �kG L O4O�57? 1 L K�� T
��J¤58<E@^; �K7q@CB8I J6R¹4X7:I JqBUDFrHDsB8<>=SD>bw@:Da7:J6<
f>@^J¤I =S@^R:<:buB8V6I J6Ri@^58<M=U7:58<Tf�7:=U46; <NaiB8VK@CBjB8V6IADjDFI JKf�<DF7:=U<hDF<2\qG6<>JKf�<h7^]c96I BNDQ@^58<¸GKDF<ELTB87S58<>4658<EDF<>JqB�7^B8V6<>5�B8V6I J6RqD�5N@CB8V6<>5�B8VK@^JYJ\G6=a9X<>5ND>O! :GKDsB�B87SR:I Z:<@^JpIALH<E@6bXB8V6<U58<EDFG6; B¸7^]g@
LHI Z\IADFI 7:J

0/0
58<�B8G658J'@

NaN
_�ÔQ7^BN@:ÔQG6=a9X<>5mnQI J Æ @CB8;A@^9�Oa3 Ôt@:Ô VK@:DI BND�7Cd�JT58<>4658<EDF<>JqBN@CB8I 7:J#"[OoqB8I ; ;µb6B8V6<h=S@^I J
IALH<E@:D�@^58<zB8V6<h7:J6<¸4658<EDF<>JqB8<ELTV6<>58<:O

{W|%$ &('M����)g� �Ð���
3eLHI *Mf�G6; Ba<NaH<>5Nf�IADF<UVK@:Dh@ÅDsBN@^5hJ6<E@^5hI BNDhJ\G6=a9X<>5EO
o\7:=U<S7^B8V6<>5h<NaH<>5Nf�IADF<EDhf>@^Ji9X<U]�7:G6JKL'I JiB8V6<DFI =aG6;A@CB8I 7:JKD>O
Ì:O�3 46587:96; <>=eVK@:DgI J646GHB

x = 1
Owx�V6<¸f�7:5858<EDF4X7:JKLHI J6Ra7:GHB846GHB�IAD

y = 10
O Ö V6<>J

x = 1 + 10−3B8V6<Tf�7:5858<EDF4X7:JKLHI J6RY7:GHB846GHBa9X<Ef�7:=U<ED
y = 100

OT�sDhB8V6<M46587:96; <>=�dg<>; ;w7:5WI ; ;gf�7:JKLHI B8I 7:J6<EL�+
, I Z:<T@^Ji<EDsB8I =S@CB8I 7:Ji7^]�B8V6<Tf�7:JKLHI B8I 7:JiJ\G6=a9X<>5

K
O.- 3QJKDFdg<>52+WI ; ; È�f�7:JKLHI B8I 7:J6<ELid�I B8V

K ≈
9000
O /

ÉHO Ó <�B
F(10, 3,−2, 3)

O�P�7:JKDFIALH<>58I J6R¤7:J6; r�4X7qDFI B8I Z:<pJ67:58=S@^; I 0><EL�J\G6=a9X<>5ND>btf�7:=U46GHB8<
xmin
b

xmax
@^JKLTB8V6<h=S@:fNV6I J6<¸4658<Ef�IADFI 7:JT<>4KD>O

Ê6O Ó <�B
F(β, t, L, U)

Og�sDQI BQB858G6<hB8VK@CBQB8V6<W46587HLHGKfmBt7^]
x ∈ F

@^JKL
y ∈ F

IADt@^; d�@[rHD�@^JÅ<>; <>=U<>JqB7^]
F
+']t7\<EDhB8V6<M@^JKDFdg<>5WfNVK@^J6R:<UI ]�dg<M@[Z:7:IALpG6JKLH<>5a@^JKL'7CZ:<>5��K7Cd�+1- 2QI JqB2+a=S@[r\9X<UI BaIADGKDF<�]�G6;�B87Mf�7:JKDFIALH<>5

F(10, 1,−1, 2)
O /

35476�8�9;:=< >�< 9@?�:5AB:5>B?�:5CD< 9FEHGBI;>B?J8�KL:59NMPOQ?SR5T@:VU 9;8W?�XYRZ?�[ RW\L]SE^?`_aKL:cbS6 8�ABdeRZ?J\;< ?Zb�< 9f?�g;:=O58�dhdeRW9;CciN< 9;C;8%j�E
AB:Q?�I;AB9FEHk@lWkeRW9;CYAB:Q?�I;AB9FmF?�g;:�6 8�[ [ 8%jn< 9;ohAB:5K;AB:5>�:59@?SRZ?�< 8�9V8W6�?�g;:�k@lWkh8�KL:5A�RZ?�< 8�9;>�RWK;KL:%RWAB>�8�9p?�g;:!>�O5AB:5:59VRW9;CY[ 8q8�rq>
RW>�:5[ :QT@:59

1
6 8�[ [ 8%j�:5C�\@_=R�[ 8�9;oJ9qI;d�\L:5A�8W6

0 s



�� �;� 	���	��W�
�C�Z	"� ÌEÊ
ÍKO�Îw587CZ:<WB8VK@CB

F(β, t, L, U)
VK@:D

2 βt−1 − 1
LH<>J67:58=S@^; I 0><ELÅJ\G6=a9X<>5ND>OWx�V6<SDF=S@^; ; <EDsBz4X7qDFI B8I Z:<7:J6<hIAD

βL β−t = βL−t
O

�HOtP�7:JKDFIALH<>5
F(10, 1,−1, 2)

O��sDtI B¸4X7qD8DFI 96; <hB87
f�7:=U46GHB8<
x × (y + z)

d�I B8V67:GHBz7CZ:<>5 �K7Cd I ]wdg<VK@[Z:<
x = 0.1

b
y = z = 80

+T�¼]Ðr:<ED>bqV67Cd,f>@^JSB8V6<z7:4X<>5N@CB8I 7:JS9X<¸LH7:J6<z@^JKLSd�VK@CBg58<EDFG6; B�LH7\<EDI B�46587HLHGKf�<;+ - 3QJKDFdg<>52+
x ⊗ (y ⊕ z)

R:I Z:<ED�@^JT7CZ:<>5 �K7CdhO Ö 58I B8<
x× (y + z) = x× y + x× z@^JKLYf�7:=U46GHB8<

x ⊗ y
b
x ⊗ z
@^JKLMB8V6<>J

( x ⊗ y ) ⊕ ( x ⊗ z )
O Ö <h7:9HBN@^I J

20
O /

Ò6O Ö <zVK@[Z:<QB87a<>ZC@^; GK@CB8<QB8V6<t]�G6JKfmB8I 7:J
f(x) = 1− cos(x)

]�7:5
x ≈ 0
O���<>d�58I B8<tB8V6<t]�G6JKfmB8I 7:JTI J7:5NLH<>5�B87U7:9HBN@^I JY@jR:7\7HLT<>ZC@^; GK@CB8I 7:J
I J

F(10, 1,−1, 2)
O!- 2QI JqB2+yI BQIAD

f(x) = 2 sin2(x/2)
O /

�\Oh_
?
n Ö <hVK@[Z:<tB87S<>ZC@^; GK@CB8<zB8V6<¸]�G6JKfmB8I 7:J

f(x) =
1

x
− 1

sin(x)]�7:5
x ≈ 0
O���<>d�58I B8<QB8V6<t]�G6JKfmB8I 7:JMI JT7:5NLH<>5wB87a7:9HBN@^I JT@WR:7\7HLS<>ZC@^; GK@CB8I 7:JSI J

F(10, 1,−1, 2)
O

- 2QI JqB2+�f�7:=U=U7:JYLH<>J67:=UI JK@CB87:5�@^JKLTB8V6<>J Æ @:fmÈ Ó @^G658I JT<NaH4K@^JKDFI 7:JM]�7:5
sin(x) − x

O /
Ë6Oh_

?
nTP�7:JKDFIALH<>5SB8V6<pf�7:=U46GHBN@CB8I 7:J�7^]

ex
9X7^B8V¡]�7:5M4X7qDFI B8I Z:<¹@^JKL�J6<>Rq@CB8I Z:<

x
GKDFI J6R�xu@[r\; 7:5<NaH4K@^JKDFI 7:JY@:D

ex ≈
n∑

k=0

xk

k!ÇtDFI J6R Æ @CB8;A@^9S7:5�×zfmBN@[Z:<:b:d�58I B8<t@W46587:R:5N@^=�B87a<>ZC@^; GK@CB8<�B8V6<t4658<>Z\I 7:GKD�DFG6=�]�7:5�DF7:=U<QR:I Z:<>JZC@^; G6<ED�7^]
n
@^JKL

x
_�9X7^B8Vh4X7qDFI B8I Z:<�@^JKL¸J6<>Rq@CB8I Z:<yJ6<E@^5�0><>587Q@^JKLz]�@^5u@[d�@[rQI Jh9X7^B8VWLHI 58<EfmB8I 7:JKDNnmO

, I Z:<W@j4X7qD8DFI 96; <¸<NaH46;A@^JK@CB8I 7:J
7^]ÐB8V6<h58<EDFG6; BND>O
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x�V6IADhfNVK@^4HB8<>5¸IADhLH<>Z:7^B8<EL¹B87
B8V6<MLH<�B8<>58=UI JK@CB8I 7:Jp7^]�587\7^BNDz7^]g<2\qGK@CB8I 7:JKD>OSo\7Ydg<U9X<>R:I J'd�I B8V'B8V6<]�7:; ; 7Cd�I J6RULH<N^KJ6I B8I 7:J�O
�
�4��r
p�o2piqMr(j���� �Ð¦�£

f
·N¦Y³W¯N®H¢l´�£µ¨�°C¢�°s¯S£�¥6¦p»¼²8¦N³C«g°C²T´N°C©Qªl« ¦I}�¾¹¶C³C²m¨�³:·�« ¦

x
¿�Àl¥6¦T²8°E°C£�§T°s¯S£�¥6¦¦Nº�®K³C£µ¨�°C¢

f(x) = 0³C²8¦S£�¥6¦U¢K®H©S·N¦�²N§
ξ
¯�°C²S½u¥\¨�´N¥

f(ξ) = 0
¿���³:´N¥'²8°E°C£¸°s¯j£�¥6¦T¦Nº�®K³C£µ¨�°C¢

f(x) = 0
¨A§j§>³C¨�±Y£�°¹·N¦M³

�E¦�²8°T°s¯¸£�¥6¦�¯N®H¢l´�£µ¨�°C¢
f
¿

x�V6<t587\7^BNDw7^]�B8V6<t<2\qGK@CB8I 7:J
f(x) = 0

@^58<�B8V6<zI JqB8<>5NDF<EfmB8I 7:JKDw7^]�B8V6<zR:5N@^46V
y = f(x)

d�I B8VMB8V6<z58<E@^;@XaHIAD>b\IµO <:O b\B8V6<¸; I J6<
y = 0
Oc��JTB8V6<hD8@^=U<z=S@^J6J6<>5Eb\B8V6<¸587\7^BND�7^]ÐB8V6<¸<2\qGK@CB8I 7:J

f(x) = g(x)
@^58<tB8V6<@^9KD8f�IAD8D8@:D�7^]uB8V6<hI JqB8<>5NDF<EfmB8I 7:J
4X7:I JqBND�7^]uB8V6<¸Bsdg7jR:5N@^46VKD

y = f(x)
@^JKL

y = g(x)
O

Õ I R:G658<UÉHO Ì�+ Ó <�]`B2+tx�V6<j<2\qGK@CB8I 7:J
e−x − 0.25 · x = 0

VK@:Dt7:J6; rY7:J6<a587\7^B
ξ ∈ (1, 1.5)

DFI JKf�<aB8V6<f�7:5858<EDF4X7:JKLHI J6R
R:5N@^46V
y = e−x − 0.25 · x

I JqB8<>5NDF<EfmBhB8V6<
x
@XaHIAD¸7:J6; rpI J�7:J6<S4X7:I JqB

P = (ξ, 0)
O

��I R:VqB2+ÐB8V6<t<2\qGK@CB8I 7:J
sin(x)−x2 = 0

VK@:DyBsdg7W587\7^BND�+
ξ1 = 0

@^JKL
ξ2 ∈ (0.5, 1)

DFI JKf�<QB8V6<tR:5N@^46VKD
y = sin(x)

@^JKL
y = x2

VK@[Z:<tBsdg7UI JqB8<>5NDF<EfmB8I 7:J
4X7:I JqBND
O = (0, 0)

@^JKL
P = (ξ2, f(ξ2))

O
x�V6<hf�7:=U46GHBN@CB8I 7:JY7^]u58<E@^;�587\7^BNDg7^]uB8V6<h<2\qGK@CB8I 7:J

f(x) = 0
]�7:; ; 7CdQDgBsdg7j=S@^I JÅDsB8<>4KD

_�@qn dXq�q o2���E�q�c�;dC�;o2piqMr +�]�7:5u<E@:fNVW587\7^B
ξk
bCdg<�^KJKLa@^JWI JqB8<>58ZC@^;

[ak, bk]
DFGKfNVhB8VK@CB

ξk ∈ [ak, bk]@^JKL
J67U7:J6<¸7^]uB8V6<h7^B8V6<>5�587\7^BNDg9X<>; 7:J6RqDgB87
[ak, bk]

O
_�9Xn dXq�q o2�U�H�u�
dXq\��p��¤�;o2piqMr +ydg<h@^4646587faHI =S@CB8<¸DF7:=U<:bH7:5�<>Z:<>JY@^; ;µbH7^]uB8V6<h587\7^BND>O
x�V6<V^K5NDsBMDsB8<>4�=S@[r¤9X<¹LH7:J6<ÅDC_:<�BNfNV6I J6R'B8V6<ÅR:5N@^46V�7^]zB8V6<Y]�G6JKfmB8I 7:J

f
O¡�¼BMIADM@^;ADF7iGKDF<�]�G6;�B8V6<]�7:; ; 7Cd�I J6RaB8V6<>7:58<>=YO

� �u�Zq dC�\� j���� l�-:�4dXqM� qMt�� w�qMr�o2pir-n
qMn
�Rtvn
r
w`o2piqMr@x �Ð¦�£
f
·N¦�³¸´N°C¢K£µ¨`¢K®K°C®\§6¯N®H¢l´�£µ¨�°C¢
»s³C£l« ¦N³[§m£ ¾¨`¢Å£�¥6¦z¨`¢K£�¦�²m¶C³C«

[a, b]
½y¨`£�¥

f(a) · f(b) < 0
¿jÀl¥6¦�¢6¬

f
¥6³[§h³C« ©S°[§m£g°C¢l¦��E¦�²8°j¨`¢Å£�¥6¦z¨`¢K£�¦�²m¶C³C«

[a, b]
¿

��®H²m£�¥6¦�²m©S°C²8¦m¬w¨ ¯¸£�¥6¦�¯N®H¢l´�£µ¨�°C¢
f
¨A§¸§m£µ²m¨�´�£µ« S©S°C¢l°C£�°C¢l¦W¨`¢

[a, b]
¬w£�¥6¦�¢¹£�¥6¦��E¦�²8°S¨A§h®H¢K¨�º�®K¦E¿

Ì �
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�t���6���c��� j���� yw°C¢6§m¨�±:¦�²a£�¥6¦a¦Nº�®K³C£µ¨�°C¢
x log(x) − 1 = 0

Àl¥6¦y¯N®H¢l´�£µ¨�°C¢
f(x) = x log(x)− 1

¨A§h´N°C¢K£µ¨`¢K®K°C®\§¸³C¢l±S±:¦igw¢l¦N±�¯�°C²
x > 0
¿� m£�§�Á^²8³8ªK¥
¨A§t§8¥6°C½y¢¹¨`¢

�w¨ Á^®H²8¦ �\¿ �\¿

Õ I R:G658<WÉHO É;+���G45�P�/C8�.4GR0�Q�K�G45"QSJ4?4AIK L 02? f(x) = x log(x) − 1
<>G40EFH<�8��75I/�0

ξ ∈ [1, 2] T
1U¦z¥6³C¶C¦

f(1) = 1 · log(1) − 1 = 1 · 0 − 1 = −1 < 0
f(e) = e · log(e) − 1 = e · 1 − 1 > 0Àl¥\®\§N¬

f(1) ·f(e) < 0
³C¢l±W£�¥6¦N°C²8¦�© �\¿��¸Á^®K³C²8³C¢K£�¦N¦m§Q£�¥6³C£c£�¥6¦�²8¦Q¨A§¸³C« ©S°[§m£w°C¢l¦t²8°E°C£u¨`¢
£�¥6¦t¨`¢K£�¦�²m¶C³C«

[1, e]
¿UÀl¥\¨A§¸²8°E°C£y¨A§z£�¥6¦W°C¢K« S°C¢l¦¸¨`¢

[1, e]
·N¦N´N³C®\§>¦

f
¨A§t§m£µ²m¨�´�£µ« a¨`¢l´�²8¦N³[§m¨`¢\ÁS¨`¢Y£�¥\¨A§z¨`¢K£�¦�²m¶C³C«l§m¨`¢l´N¦

f ′(x) = log(x) + 1 > 0 ∀x ∈ [1, e].

 m¢l±:¦N¦N±[¬w£�¥\¨A§a¦Nº�®K³C£µ¨�°C¢Å¥6³[§W¢l°S²8°E°C£�§W°C£�¥6¦�²h£�¥6³C¢
ξ
¿SÀK°zªl²8°C¶C¦a£�¥\¨A§N¬w¢l°C£�¦W£�¥6³C£

lim
x→0+

f(x) = −1, lim
x→+∞

f(x) = +∞

³C¢l±S£�¥6¦h§m¨ Á^¢i°s¯¸£�¥6¦�gw²N§m£�±:¦�²m¨`¶C³C£µ¨`¶C¦
f ′ ¨A§

��°[¬M§m£�³C²m£µ¨`¢\ÁY¯N²8°C© −1
¬

f
±:¦N´�²8¦N³[§>¦m§i¨`¢

(0, 1/e]
¬M²8¦N³:´N¥6¦m§�³ ©j¨`¢K¨`©j®H© ³C£

xm = 1/e
½u¥6¦�²8¦

f(1/e) = −1/e − 1 < 0
³C¢l±�£�¥6¦�¢�¨`¢l´�²8¦N³[§>¦m§TÁq°C¨`¢\Á�£�°

+∞ ³[§ x → +∞ ¿�Àl¥\®\§N¬U£�¥6¦�²8¦Å¨A§°C¢K« T°C¢l¦W²8°E°C£
ξ > xm = 1/e

¿
2

�S|>{ }�~W���W���c�W���a� �Ð���	�
���N)g���
3�DF<2\qG6<>JKf�<

xk
IAD�@Uf�7:J\Z:<>58R:<>JqB�DF<2\qG6<>JKf�<¸I ]c<NaHIADsBND

ξ ∈ R
DFGKfNVTB8VK@CB

lim
k→+∞

xk = ξ.

�
�4��r
p�o2piqMr(j��kj �Ð¦�£
xk
·N¦j³U§>¦Nº�®K¦�¢l´N¦h£�¥6³C£�´N°C¢K¶C¦�²µÁq¦m§h£�°

ξ
¿SÀl¥6¦j¦�²m²8°C²

ek
³C£w§m£�¦¼ª

k
¨A§

ek := ξ − xk.



� � �� �������
	�� ��	�� �s�Z	����=	�� �
	"� Ì �
�
�4��r
p�o2piqMr(j��S� �Ð¦�£

xk
·N¦h³W§>¦Nº�®K¦�¢l´N¦t£�¥6³C£w´N°C¢K¶C¦�²µÁq¦m§t£�°

ξ
¿g �¯Q£�¥6¦�²8¦¸³C²8¦z£µ½�°�ªK°[§m¨`£µ¨`¶C¦W´N°C¢6§m£�³C¢K£�§

p
³C¢l±

c
§m®K´N¥Y£�¥6³C£

lim
k→+∞

|ek+1|
|ek|p

= c
_µÉHO Ì[n

½�¦Q§>³Ca£�¥6³C£c£�¥6¦Q§>¦Nº�®K¦�¢l´N¦�¥6³[§¸°C²8±:¦�²¸°s¯z´N°C¢K¶C¦�²µÁq¦�¢l´N¦
p
½y¨`£�¥T³[§mC©Qªl£�°C£µ¨�´W¦�²m²8°C²z´N°C¢6§m£�³C¢K£

c
¿ �p°C²8¦�Â°C¶C¦�²N¬�½�¦h§>³CS£�¥6³C£g£�¥6¦j´N°C¢K¶C¦�²µÁq¦�¢l´N¦W¨A§

• « ¨`¢l¦N³C²W¨ ¯ p = 1
¿g m¢¹£�¥\¨A§a´N³[§>¦m¬�¨`¢i°C²8±:¦�²h£�°j¥6³C¶C¦U´N°C¢K¶C¦�²µÁq¦�¢l´N¦m¬w½�¦W©j®\§m£y¥6³C¶C¦

c < 1
¿

• §m®EªK¦�²m« ¨`¢l¦N³C²'¨ ¯ p > 1
¿ �p°C²8¦'§µªK¦N´�¨ gg´N³C«`« [¬
¨ ¯

p = 2
¬S½�¦'§>³C�£�¥6³C£S£�¥6¦�´N°C¢K¶C¦�²µÁq¦�¢l´N¦'¨A§º�®K³:±C²8³C£µ¨�´E¿

�¼BgIADwGKDFGK@^;KB87W46; 7^B
log10 ( |ek| )

@:D�@¸]�G6JKfmB8I 7:JT7^]
k
Oyx�V6<t9X<>VK@[Z\I 7:G65w7^]�B8V6IADgDF<>=UI ; 7:Rq@^58I B8V6=UIAf�46; 7^BIAD>bH@CB�; <E@:DsBg]�7:5�;A@^58R:<tZC@^; G6<EDg7^]�B8V6<¸I B8<>5N@CB8I 7:JTI JKLH<NaH<ED

k
bH; I J6<E@^5gI ]

p = 1
@^JKLM4K@^5N@^9X7:; IAfQI ]

p > 1
O

Õ I R:G658<UÉHO Ê +�� L � 5I/�57?XK�1;57GZ8�� L 02J�/�0�Q log10(|ek|)
�f5I/�<>J4<�K�G45 L K�5I/C8NK L 02?�?`J46�1;5I/

k
QS0�/�3 L ?45E8N/�A702?��f5I/�P257?XK<>5��XJ457?4A757<��k3 5IQ K��@8�?ZO 6W0�/�5"K�GZ8�? 3 L ?45E8N/ �S/ L P2GXK�� T

Ó <�B�� D�46587CZ:<zI B	�sGKDsB�]�7:5
p = 1

DFI JKf�<z]�7:5
p > 1

I BQIAD�=U7:58<¸LHI *Mf�G6; BEO Ö <hVK@[Z:<
|ek| ≈ c · |ek−1| ≈ c (c · |ek−2|) = c2 · |ek−2| ≈ · · · ≈ ck · |e0|@^JKLMBN@`_\I J6RU; 7:Rq@^58I B8V6=e7^]c9X7^B8VÅDFIALH<ED

log10(|ek|) ≈ k log10(c) + log10(|e0|)x�V6IAD�IAD�B8V6<h<2\qGK@CB8I 7:J
7^]c@j; I J6<hd�I B8VYJ6<>Rq@CB8I Z:<hDF; 7:4X<hDFI JKf�<
log10(c) < 0

LHG6<¸B87
0 < c < 1

O�¼BjIADj@^;ADF7¹Z:<>58rpI JqB8<>58<EDsB8I J6RÅB87'DF<><:bcGKDFI J6RpJ\G6=a9X<>5ND>buB8V6<
LHI kl<>58<>JqBj9X<>VK@[Z\I 7:G65a7^]�B8V6<T<>58587:5NDz]�7:5Bsdg7¹f�7:J\Z:<>58R:<>JqBhDF<2\qG6<>JKf�<EDh7^]�7:5NLH<>5
p = 1

@^JKL
p = 2
O Ö <
@:D8DFG6=U<:b�]�7:5jDFI =U46; IAf�I Bsr:bÐ]�7:5a9X7^B8VDF<2\qG6<>JKf�<ED>b

c = 0.5
@^JKL |e0| = 1

O ��7:G6R:V6; r:bcGKDFI J6R |ek+1| ≈ c · |ek|
]�7:5aB8V6<
; I J6<E@^5jf>@:DF<T@^JKL

|ek+1| ≈ c · |ek|2
]�7:5�B8V6<9\qGK@:LH5N@CB8IAfzf>@:DF<:bHdg<¸VK@[Z:<

k
� Ì É Ê Í �

p = 1 1 0.5 0.25 0.125 0.0625 0.0313
p = 2 1 0.5 0.125 7.8 · 10−3 3.1 · 10−5 4.7 · 10−10

xu@^96; <TÉHO Ì�+�

57GZ8�� L 02J�/�0�Q |ek|
QS0�/ O L � 5I/�57?XK��28�3 J457<�0�Q k

QS0�/�3 L ?45E8N/ 8�?ZO�6W0�/�5�K�GZ8�?V3 L ?45E8N/�A702?��f5I/�P257?XK<>5��XJ457?4A757< T
x�V\GKD>b�B8V6<Å<>58587:5UI J B8V6< \qGK@:LH5N@CB8IAf
f>@:DF<ÅLH587:4KDUZ:<>58r \qG6IAf7_\; r b =U7:58<>7CZ:<>5Eby; 7\7�_\I J6Ri7:J6; r�B87iB8V6<<NaH4X7:J6<>JqBND>b�@:D8DFG6=UI J6R |ek| ≈ 10−n

B8VK@^J |ek+1| ≈ 10−2n
Ojx�VK@CBhIAD>b�dg<SLH7:G696; <aB8V6<UJ\G6=a9X<>5h7^]f�7:5858<EfmBQLHI R:I BND�4X<>5tDsB8<>4�O�P�7:=U46; <�B8<>; r
LHI kl<>58<>JqBQIAD�B8V6<W9X<>VK@[Z\I 7:G65�7^]cB8V6<h<>58587:5�I JYB8V6<h; I J6<E@^5tf>@:DF<d�V6<>58<zB8V6<h<>58587:5�LH587:4KD�DF; 7Cd�; r¹_�I JYB8V6IAD�f>@:DF<:b6DFI JKf�<

c = 0.5
bHI BQVK@^; Z:<ED�@CBQ<E@:fNVYDsB8<>4XnmO

cT�\�¤�;dfesj���� �Ð°C²¸³a« ¨`¢l¦N³C²h´N°C¢K¶C¦�²µÁq¦�¢K£u§>¦Nº�®K¦�¢l´N¦z¨`£y¨A§yªK°[§N§m¨�·�« ¦¸£�°"gw¢l±j³C¢¹³8ª:ªl²8°�}:¨`©S³C£µ¨�°C¢'°s¯t£�¥6¦¨`¢l±:¦I}
k
¯�°C²�½u¥\¨�´N¥U¨`£Ð¨A§ |ek| < ε·|e0|

¯�°C²�§>°C©S¦gÁ^¨`¶C¦�¢
ε > 0
¿w m¢l±:¦N¦N±[¬Ð²8¦N´N³C«`« ¨`¢\ÁW£�¥6³C£ |ek| ≈ ck ·|e0|

¬½�¦¸¥6³C¶C¦
|ek| < ε · |e0| ⇔ ck · |e0| ≈ ε · |e0| ⇔ k ≈ log10(ε)

log10(c)
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�S|�� ��� �Ð�h)w�u��~W�����g���
~S�
Ó <�B

ξ
9X<tB8V6<¸G6J6IS\qG6<=0><>587WI JTB8V6<zI JqB8<>58ZC@^;

[a, b]
7^]�B8V6<z]�G6JKfmB8I 7:J

f
d�V6IAfNVMdg<¸@:D8DFG6=U<zf�7:JqB8I J\G67:GKD@CB�; <E@:DsB�I J

[a, b]
Ow3tD8DFG6=U<

ξ 6= a
@^JKL

ξ 6= b
OoqBN@^5FB8I J6Rh]�587:=

I0 := [a0, b0] = [a, b]
b:B8V6<Q96IADF<EfmB8I 7:JS=U<�B8V67HLMf�7:JKDsB858GKfmBNDw@WDF<2\qG6<>JKf�<Q7^]�J6<EDsB8<ELI JqB8<>58ZC@^;AD

Ik = [ak, bk]
f�7:JqBN@^I J6I J6RjB8V6<h587\7^B2+

I0 ⊃ I1 ⊃ I2 ⊃ I3 ⊃ · · · ⊃ Ik ⊃ Ik+1 · · ·
d�I B8V

ξ ∈ Ik ∀ k

x�V6<
k
ÈµB8VÅDsB8<>4�b

k = 0, 1, . . .
b67^]ÐB8V6<h96IADF<EfmB8I 7:J
=U<�B8V67HL
IAD

Ì:Oyf�7:=U46GHB8<
xk = (ak + bk)/2

OyÔQ7^B8<¸B8VK@CB
xk ∈ Ik

OÉHOyf�7:=U46GHB8<
f(xk)Ê6OyfNV67\7qDF<¸7:J6< 7^]ÐB8V6<¸]�7:; ; 7Cd�I J6RSf>@:DF<ED

Ê6O Ì:O
f(xk) = 0

b6IµO <:O b
xk
IADQ@j587\7^B�7^]

f
O�o\I JKf�<

xk ∈ [a, b]
9\rTf�7:JKDsB858GKfmB8I 7:JY@^JKL

ξ
IADgB8V6<hG6J6IS\qG6<587\7^B�I JKDFIALH<

[a, b]
b\B8V6<>JYI BQ=aGKDsBQ9X<

ξ = xk
O Ö <hVK@[Z:<�^KJKLTB8V6<h587\7^BQ@^JKLMB8V6<hI B8<>5N@CB8I Z:<46587Hf�<ED8D�DsB87:4KD>O

Ê6O ÉHO
f(ak) · f(xk) < 0

b6IµO <:O
f(ak)

@^JKL
f(xk)

VK@[Z:<z7:464X7qDFI B8<hDFI R:JKD>Oyx�V\GKD
ξ ∈ [ak, xk]

O�o\7KbHdg<DF<�B
Ik+1 = [ak+1, bk+1] = [ak, xk]

Owx�VK@CBQIAD>b
ak+1 = ak

@^JKL
bk+1 = xk

_�DF<>< Õ I R:G658<WÉHO Í7:J
B8V6<h; <�]`BmnmO
Ê6O Ê6O

f(ak) · f(xk) > 0
b6IµO <:O

f(ak)
@^JKL

f(xk)
VK@[Z:<tB8V6<WD8@^=U<hDFI R:JKD>Oyx�V\GKD

ξ ∈ [xk, bk]
O�o\7KbHdg<DF<�B

Ik+1 = [ak+1, bk+1] = [xk, bk]
Owx�VK@CB�IAD>b

ak+1 = xk
@^JKL

bk+1 = bk
_�DF<>< Õ I R:G658<WÉHO Í7:J
B8V6<h58I R:VqBmnmO

Ó <�BQGKD�LH<>J67^B8<h9\r |Ik| = bk − ak
B8V6<h; <>J6R^B8VY7^]uB8V6<hI JqB8<>58ZC@^;

Ik
Owx�V6<>J�b6I JÅf>@:DF<ED

3.2
@^JKL

3.3
dg<VK@[Z:<

|Ik+1| =
|Ik|
2

(1)
=

|I0|
2k+1

d�V6<>58<Å_sÌ[nQ]�7:; ; 7CdQDz]�587:= =S@CB8V6<>=S@CB8IAf>@^;yI JKLHGKfmB8I 7:J�OTo\7Kbu@C]`B8<>5
k
ÈµB8ViDsB8<>4iIADhf�7:=U46; <�B8<:b�B8V6<S<>58587:5

ek = xk − ξ
D8@CB8IAD�^K<ED�B8V6<hI J6<2\qGK@^; I Bsr

|ek| ≤ |Ik+1| =
|I0|
2k+1

@:D�I BQIADQf�; <E@^5g]�587:= Õ I R:G658<hÉHO �

Õ I R:G658<
ÉHO Í +Mx�V6<
DFI J6R:; <
DsB8<>4¤7^]QB8V6<T96IADF<EfmB8I 7:J¤=U<�B8V67HL�O�×tJ�B8V6<
; <�]`B2+
Ik+1 = [ak, xk ]

DFI JKf�<
f(ak) · f(xk) < 0

O���I R:VqB2+
Ik+1 = [xk, bk]

DFI JKf�<
f(xk) · f(bk) < 0

O
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Õ I R:G658<�ÉHO �;+ ��G45�5I/>/�0�/ L ?�K�G45 k
��K�G�<vK�57.�0�QZK�G45
1 L <>57AIK L 02?�6W5IK�G40`O�<�8NK L <S�Z57<-K�G45 L ?45��XJZ8�3 L K : | ek | < | Ik |/2�SF�5�GZ8��f5�8�<><>J46W5EO9K�GZ8NK@K�G45"/�0X0�K

ξ
1;573 02?4P2<HK�0�K�G45��4/�<vKHGZ8�3 Q�0�Q�K�G45 L ?XK�5I/ �28�3 [ak, bk]

� T
Õ 587:= B8V6<�;A@CBFB8<>5y<2\qGK@CB8I 7:JjI BwIADwDFI =U46; <�B87Wf�7:=U46GHB8<gB8V6<�J\G6=a9X<>5w7^]lI B8<>5N@CB8I 7:JKDu7^]XB8V6<�96IADF<EfmB8I 7:J=U<�B8V67HLaB8VK@CBwVK@[Z:<gB87h9X<�4X<>5F]�7:58=U<ELaI JU7:5NLH<>5cB87¸7:9HBN@^I J | ek | < ε

]�7:5wDF7:=U<�R:I Z:<>J
ε > 0
Ou��JKLH<><EL�bdg<¸VK@[Z:<

| ek | < ε ⇔ b − a

2k+1
< ε ⇔ 2k+1 >

b − a

ε@^JKL|^KJK@^; ; r:bHBN@`_\I J6RjB8V6<¸; 7:Rq@^58I B8V6=1I J
B8V6<h;A@CBFB8<>5�I J6<2\qGK@^; I Bsr:bHdg<¸R:<�B
log
(
2k+1

)
> log

(
b − a

ε

)

⇔ k >
log
(

b−a
ε

)

log(2)
− 1

o\7Kb\B87S7:9HBN@^I J | ek | < ε
I BQIAD�J6<Ef�<ED8D8@^58rUB87U4X<>5F]�7:58=?@CBQ; <E@:DsB

k =UI J I B8<>5N@CB8I 7:JKD�d�I B8V
k 6 L ? =

⌈

log
(

b−a
ε

)

log(2)
− 1

⌉

.
_µÉHO É:n

d�V6<>58< dae IAD�B8V6<WDF=S@^; ; <EDsB�I JqB8<>R:<>5�R:58<E@CB8<>5�7:5�<2\qGK@^;lB87 a
O

�t���6���c��� j��kj Àl¥6¦U´N°C©Qªl®H£�³C£µ¨�°C¢i°s¯h£�¥6¦�gw²N§m£lªK°[§m¨`£µ¨`¶C¦ �E¦�²8°T°s¯¸£�¥6¦j¦Nº�®K³C£µ¨�°C¢
x − tan

( x

2

)

= 0

½y¨`£�¥\¨`¢Y£�¥6¦t£�°C« ¦�²8³C¢l´N¦
ε = 1.E−5 = 10−5 ³C¢l±W½y¨`£�¥S§m£�³C²m£µ¨`¢\Áa¨`¢K£�¦�²m¶C³C« [a, b] = [2.0, 2.5]

²8¦Nº�®H¨`²8¦m§N¬³C£�« ¦N³[§m£�¬
k  >)<, =

⌈

log
(

2.5−2.0
10−5

)

log(2)
− 1

⌉

= d14.61e = 15
¨`£�¦�²8³C£µ¨�°C¢6§

½u¥\¨�´N¥U¨A§t¦I}\³:´�£µ« ¸½u¥6³C£u¨`£Ð¨A§g§8¥6°C½y¢T¨`¢ �w¨ Á^®H²8¦��\¿	�W°C¢T£�¥6¦�²m¨ Á[¥\£�¿� m£Ð¨A§�¨`¢K£�¦�²8¦m§m£µ¨`¢\Áh£�°¸¢l°C£�¦m¬:¯N²8°C© £�¥6¦§>³C©S¦�guÁ^®H²8¦m¬u£�¥6³C£y£�¥6¦¸¦�²m²8°C²¸±:°E¦m§z¢l°C£w±:¦N´�²8¦N³[§>¦z©S°C¢l°C£�°C¢K¨�´N³C«`« U¨�¿`¦E¿ ¬y½�¦h´N³C¢T¥6³C¶C¦ | ek+1 | > | ek |¯�°C²¸§>°C©S¦W¨`¢l±:¦I}\¦m§
k
¿

0 5 10 15
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Õ I R:G658<WÉHO Ò +y3Q4646587faHI =S@CB8I 7:JT7^]uB8V6<�^K5NDsBQ4X7qDFI B8I Z:<p0><>587j7^]uB8V6<h<2\qGK@CB8I 7:J
x − tan(x/2) = 0

O
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�t���4dXw�pi�E� j���� l ♥ x�yw°C©Qªl®H£�¦a£�¥6¦W¢K®H©S·N¦�²a°s¯h¨`£�¦�²8³C£µ¨�°C¢6§h¢l¦N¦N±:¦N±M£�°T´N°C©Qªl®H£�¦W£�¥6¦'�E¦�²8°
ξ ∈ [0, 1]½y¨`£�¥\¨`¢p£�¥6¦W£�°C« ¦�²8³C¢l´N¦W£�°C«

= 1E − 9
¯�°C²j¦N³:´N¥p°s¯¸£�¥6¦�¯�°C«`« °C½y¨`¢\ÁÅ¦Nº�®K³C£µ¨�°C¢6§

»s³N¾
x3 + x − 1 = 0

»s·�¾
sin(x) − x + 0.1 = 0

�j°E¦m§h£�¥6¦W¢K®H©S·N¦�²a°s¯h¨`£�¦�²8³C£µ¨�°C¢6§j´N¥6³C¢\Áq¦m§�¯�°C²M»s³N¾
³C¢l±¹»s·�¾��31M¥\��i» ~ ¢6§m½�¦�²�� ���T¨`£�¦�²8³C£µ¨�°C¢6§>¿ �a°[¬£�¥6¦h¢K®H©S·N¦�²h°s¯¸¨`£�¦�²8³C£µ¨�°C¢6§h¨A§¸£�¥6¦¸§>³C©S¦j·N¦N´N³C®\§>¦h¨`£�¨A§¸²8¦�« ³C£�¦N±T°C¢K« U£�°U£�¥6¦a³C©Qªl« ¨`£µ®K±:¦U°s¯z£�¥6¦W¨`¢K¨`£µ¨�³C«¨`¢K£�¦�²m¶C³C«
[a, b]

´N°C¢K£�³C¨`¢K¨`¢\ÁT£�¥6¦ �E¦�²8°T³C¢l±M£�°U£�¥6¦W²8¦Nº�®H¨`²8¦N±S£�°C« ¦�²8³C¢l´N¦W£�°C« ¿ ¾
�t���4dXw�pi�E� j��kj%l ♥ x {Ð§m¨`¢\ÁM£�¥6¦U·�¨A§>¦N´�£µ¨�°C¢'©S¦�£�¥6°E±[¬�´N°C©Qªl®H£�¦W£�¥6¦a¢K®H©S·N¦�²W°s¯h¨`£�¦�²8³C£µ¨�°C¢6§W¢l¦N¦N±:¦N±M£�°´N°C©Qªl®H£�¦W£�¥6¦��E¦�²8°

ξ ∈ [0, 1]
½y¨`£�¥\¨`¢'£�¥6¦W£�°C« ¦�²8³C¢l´N¦W£�°C«

= 1E − 3
¯�°C²W£�¥6¦j¦Nº�®K³C£µ¨�°C¢

1000x = 999
¿

�j°E¦m§h£�¥6¦j³:·m§>°C« ®H£�¦W¶C³C« ®K¦U°s¯h£�¥6¦j¦�²m²8°C² |ek|
©S°C¢l°C£�°C¢K¨�´N³C«`« Y±:¦N´�²8¦N³[§>¦a¨`¢p£�¥\¨A§a´N³[§>¦U°C²a±:°E¦m§W¨`£g¢l°C£��

�@}mªl« ³C¨`¢l¿
�t���4dXw�pi�E� j��S�sl ♥ x�yw°C¢6§m¨�±:¦�²j£�¥6¦S³8ª:ªl²8°�}:¨`©S³C£µ¨�°C¢6¬�®\§m¨`¢\ÁT£�¥6¦S·�¨A§>¦N´�£µ¨�°C¢i©S¦�£�¥6°E±[¬Q°s¯a£�¥6¦�ªK°[§m¨`£µ¨`¶C¦
�E¦�²8°

ξ = 1
°s¯T£�¥6¦Y¦Nº�®K³C£µ¨�°C¢

f(x) = 0
½u¥6¦�²8¦

f(x) = x2 − 1
¿ ~ §N§m®H©S¦T£�¥6¦T§m£�³C²m£µ¨`¢\Áp¨`¢K£�¦�²m¶C³C«

I0 = [a0, b0] = [0, 1.5]
¿

»s³N¾(yw°C©Qªl®H£�¦
x0
¬
x1
³C¢l±M£�¥6¦U³:·m§>°C« ®H£�¦a¶C³C« ®K¦S°s¯W£�¥6¦U´N°C²m²8¦m§µªK°C¢l±C¨`¢\ÁÅ¦�²m²8°C²N§

e0
³C¢l±

e1
¿ 1M¥\¨�´N¥°C¢l¦¸¨A§z« ³C²µÁq¦�²��|� �:¦�£�´N¥Y³hÁ^²8³8ªK¥Å°s¯

f
¢l¦N³C²

ξ
³C¢l±U®\§>¦z¨`£w£�°S¦I}mªl« ³C¨`¢Å£�¥6¦W·N¦N¥6³C¶E¨�°C²a°C²z£�¥6¦¸£µ½�°¦�²m²8°C²N§>¿

»s·�¾(yw³C¢T½�¦z³8ª:ªl« a£�¥6¦z·�¨A§>¦N´�£µ¨�°C¢T©S¦�£�¥6°E±h£�°a´N°C©Qªl®H£�¦Q£�¥6¦cªK°[§m¨`£µ¨`¶C¦t²8°E°C£c°s¯�£�¥6¦z¦Nº�®K³C£µ¨�°C¢
f2(x) =

0
®\§m¨`¢\ÁS£�¥6¦h§>³C©S¦h§m£�³C²m£µ¨`¢\ÁM¨`¢K£�¦�²m¶C³C«u³[§a·N¦�¯�°C²8¦��-�@}mªl« ³C¨`¢l¿

�t���4dXw�pi�E� j�� ��l ♥ x �a°C½'©S³C¢Kt¨`£�¦�²8³C£µ¨�°C¢6§�±:°E¦m§g£�¥6¦�·�¨A§>¦N´�£µ¨�°C¢S©S¦�£�¥6°E±z¢l¦N¦N±t£�°
gw¢l±t£�¥6¦g²8°E°C£
ξ = 0°s¯

x3 = 0
½y¨`£�¥\¨`¢p£�¥6¦W£�°C« ¦�²8³C¢l´N¦

tol = 10−9 §m£�³C²m£µ¨`¢\Át¯N²8°C© £�¥6¦W¨`¢K£�¦�²m¶C³C« [a0, b0] = [−1, 3]
�

"�qX�in=o2piqMr�� x�V6<¸96IADF<EfmB8I 7:JY=U<�B8V67HL
dg7:5I_HD�@:Dg]�7:; ; 7CdQD>O
Ì:O Õ I 5NDsB�DsB8<>4p_

k = 0
nmO Ö <zVK@[Z:<

[a0, b0] = [−1, 3]
@^JKLSB8V\GKD

x0 = (a0 + b0)/2 = 1
Owo\I JKf�<tB8V6<587\7^B

ξ ∈ [a0, x0]
dg<hDF<�B

a1 = a0 = −1
@^JKL

b1 = x0 = 1
O

ÉHOQo\<Ef�7:JKL¹DsB8<>4 _�_��aÌ[nmO Ö <aVK@[Z:<
[a1, b1] = [−1, 1]

@^JKLÅB8V\GKD
x1 = (a1 + b1)/2 = 0

O¸x�V\GKD>bdg<hVK@[Z:<�^KJKLTB8V6<h587\7^BQ@^JKLMB8V6<W@^; R:7:58I B8V6=eVK@^; BND>O
�t���4dXw�pi�E� j���!%l

?
x�yw°C©Qªl®H£�¦U£�¥6¦U¢K®H©S·N¦�²U°s¯a¨`£�¦�²8³C£µ¨�°C¢6§

k
¢l¦N¦N±:¦N±
£�°T²8¦N±C®K´N¦j£�¥6¦M³:·m§>°C« ®H£�¦U¶C³C« ®K¦°s¯W£�¥6¦a¨`¢K¨`£µ¨�³C«y¦�²m²8°C²

e0
£�° |ek| = 10−k|e0|

½u¥6¦�²8¦
k
¨A§W§>°C©S¦¸Á^¨`¶C¦�¢TªK°[§m¨`£µ¨`¶C¦j¨`¢K£�¦¼Áq¦�²>¿ �a°C½�©S³C¢K¨`£�¦�²8³C£µ¨�°C¢6§�³C²8¦'¢l¦N¦N±:¦N± £�°iÁq³C¨`¢�³C¢�¦I}:£µ²8³�±:¦N´�¨`©S³C«a±C¨ Á^¨`£�¬
¨�¿`¦E¿�£�° ²8¦N±C®K´N¦'£�¥6¦¤¦�²m²8°C²p£�° |ek| =

10−k−1|e0|
�

�S|%$ � �W'M��� �'~W���a� �N�u���c�¸�u��~W� �
Ó <�B�GKDQDsBN@^5FB�d�I B8VÅDF7:=U<zB8V6<>7:58<�B8IAf>@^;�9K@:f7_\R:587:G6JKL�O
�
�4��r
p�o2piqMr(j�� ��Àl¥6¦g¯N®H¢l´�£µ¨�°C¢

φ(x), x ∈ [a, b]
¥6³[§h£�¥6¦�g
}\¦N±zªK°C¨`¢K£

α ∈ [a, b]
¨ ¯

α = φ(α)
¿

o\7KbX^ aH<ELa4X7:I JqBNDc7^]KB8V6<�]�G6JKfmB8I 7:J
φ
@^58<:bCI ]�@^J\r:b[B8V6<�587\7^BNDu7^]KB8V6<�<2\qGK@CB8I 7:J

x = φ(x)
O , 5N@^46V6IAf>@^; ; r:bB8V6<>r
@^58<¸@^9KD8f�IAD8D8@:Dg7^]ÐB8V6<hI JqB8<>5NDF<EfmB8I 7:J
4X7:I JqBND�7^]uB8V6<hR:5N@^46VKD

y = x
@^JKL

y = φ(x)
O

�t���6���c��� j��S� Àl¥6¦g¯N®H¢l´�£µ¨�°C¢
φ(x) = x2 + 1

±:°E¦m§h¢l°C£y¥6³C¶C¦U³C¢K�g
}\¦N±tªK°C¨`¢K£w§m¨`¢l´N¦W£�¥6¦j¦Nº�®K³C£µ¨�°C¢
x = x2 + 1

¥6³[§W¢l°S²8¦N³C«�²8°E°C£�§>¿Àl¥6¦Q¯N®H¢l´�£µ¨�°C¢
φ(x) = x2 ¥6³[§U£µ½�° g
}\¦N±WªK°C¨`¢K£�§a§m¨`¢l´N¦U£�¥6¦M¦Nº�®K³C£µ¨�°C¢ x = x2 ¥6³[§U²8°E°C£�§ α1 = −1³C¢l±

α2 = 0
¿

� aHIADsB8<>JKf�<W@^JKLTG6J6IS\qG6<>J6<ED8D�7^]uB8V6< ^ aH<ELT4X7:I JqBt@^58<hDsBN@CB8<ELT9\rSB8V6<h7:JKf�7:=UI J6RjB8V6<>7:58<>=YO
� �u�Zq dC�\� j��kj%ls�t��pi��oE�Zr
w:�Å� r
��n
r
p
	-nu�Zru�Z�2�RqMt��u���Z����qMpir�o2�Xx �Ð¦�£

φ
·N¦�³¸´N°C¢K£µ¨`¢K®K°C®\§6¯N®H¢l´�Â£µ¨�°C¢Y°C¢T£�¥6¦Q¨`¢K£�¦�²m¶C³C«

[a, b]
½y¨`£�¥

φ( [a, b] ) ⊆ [a, b]
¿jÀl¥6¦�¢

φ
¥6³[§z³C£u« ¦N³[§m£y°C¢l¦=g
}\¦N±�ªK°C¨`¢K£u¨`¢

[a, b]
¿

�p°C²8¦N°C¶C¦�²N¬�£�¥6¦�g
}\¦N±tªK°C¨`¢K£g¨A§h®H¢K¨�º�®K¦W¨ ¯
φ
¨A§j±C¨ zt¦�²8¦�¢K£µ¨�³:·�« ¦U°C¢

(a, b)
³C¢l±Q¯N®H« gw«`« §

| φ ′(x) | ≤ k < 1 ∀x ∈ (a, b).
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�g²8°E°s¯�¿�Ó <�BQGKDQ46587CZ:<tB8V6<W<NaHIADsB8<>JKf�<h7^]w@CBQ; <E@:DsBQ7:J6< ^ aH<EL
4X7:I JqBtI J

[a, b]
O Õ I 5NDsBQJ67^B8<¸B8VK@CBEbXDFI JKf�<

φ( [a, b] ) ⊆ [a, b]
b6dg<¸VK@[Z:<

φ(a) ≥ a
@^JKL

φ(b) ≤ b
Oy3�f>f�7:5NLHI J6R:; rUB87jB8V6IAD>b6dg<hDF46; I B�B8V6<h46587\7^]uI JBsdg7Sf>@:DF<ED>O

_�@qnM�¼]
a = φ(a)

7:5
b = φ(b)

B8V6<>J
α = a

7:5
α = b

IAD�@�^ aH<EL
4X7:I JqB�]�7:5
φ
O

_�9XnT�¼]sbH7^B8V6<>58d�IADF<:b
φ(a) > a

@^JKL
φ(b) < b

b\; <�B�I JqB8587HLHGKf�<QB8V6<t]�G6JKfmB8I 7:J
g(x) := φ(x)−x

Owx�V6IAD]�G6JKfmB8I 7:JUIADyf�7:JqB8I J\G67:GKDcDFI JKf�<gI BwIADuB8V6<�LHI kl<>58<>JKf�<�7^]KBsdg7¸f�7:JqB8I J\G67:GKDÐ]�G6JKfmB8I 7:JKDy@^JKLjD8@CB8IAD�^K<ED
g(a) = φ(a) − a > 0 g(b) = φ(b) − b < 0x�V6<¸B8V6<>7:58<>=e7^]uB8V6<p0><>587qDg7^]y@jf�7:JqB8I J\G67:GKDg]�G6JKfmB8I 7:JY@:D8DFG658<ED�B8VK@CB�B8V6<>58<¸<NaHIADsBND�@^; =U7qDsB�@^J

α ∈ [a, b]
DFGKfNVTB8VK@CB

g(α) = 0 ⇔ φ(α) − α = 0 ⇔ α = φ(α)@^JKLYDF7
α
IAD�@�^ aH<EL
4X7:I JqB�]�7:5

φ
O

ÔQ7Cdhb�@:D8DFG6=UI J6R'@^;ADF7pB8VK@CB |φ′(x)| ≤ k < 1
I J

[a, b]
b�dg<
46587CZ:<MB8V6<YG6J6IS\qG6<>J6<ED8Dj7^]QB8V6<[^ aH<EL4X7:I JqBEOyx�V6<Q46587\7^]lIADw9\rUf�7:JqB85N@:LHIAfmB8I 7:J�Oco\G6464X7qDF<�B8VK@CBwB8V6<>58<t@^58<�Bsdg7W^ aH<ELU4X7:I JqBND

α1 ∈ [a, b]
@^JKL

α2 ∈ [a, b]
Oyx�V\GKD>bHdg<hVK@[Z:<

| α1 − α2 | (1)
= | φ(α1) − φ(α2) |

(2)
= | φ ′(ξ) · (α1 − α2) | = | φ ′(ξ) | · | α1 − α2 |

(3)

≤ k| α1 − α2 |
(3)
< | α1 − α2 |d�V6<>58<

(1)
IADgLHG6<tB87aB8V6<t]�@:fmB�B8VK@CB

α1 = φ(α1)
@^JKL

α2 = φ(α2)
DFI JKf�<QB8V6<>rM@^58<�^ aH<ELM4X7:I JqBND b (2)]�7:; ; 7CdQD�]�587:= B8V6<WB8V6<a=U<E@^JÅZC@^; G6<WB8V6<>7:58<>=YbKd�I B8V

ξ ∈ [a, b] b (3)
f�7:=U<ED�]�587:=?B8V6<a9X7:G6JKLH<ELHJ6<ED8D7^] | φ ′(x) | ≤ k < 1

OMx�V6<S4658<>Z\I 7:GKD¸I J6<2\qGK@^; I Bsr¹IADW@Åf�7:JqB85N@:LHIAfmB8I 7:J�OSx�V\GKD>b�B8V6<>58<SIADh7:J6; r¹7:J6<
^ aH<ELT4X7:I JqBQI J
B8V6<hI JqB8<>58ZC@^;

[a, b]
@^JKLMB8V6<h46587\7^]uIADQf�7:=U46; <�B8<:O

2�t���4dXw�pi�E� j��
	 h�¨`¶C¦T³C¢ ¦I}\³C©Qªl« ¦
°s¯S³h¯N®H¢l´�£µ¨�°C¢
f
½u¥\¨�´N¥'¥6³[§U£�¥6¦S£�¥\²8¦N¦�g
}\¦N±WªK°C¨`¢K£�§

α1 = −1
¬

α2 = 0
³C¢l±

α3 = 1
¿

� �h¨`¢K£L�¤´N°C¢6§m¨�±:¦�²N¬�¯�°C²p¦I}\³C©Qªl« ¦m¬j£�¥6¦W¯N®H¢l´�£µ¨�°C¢
f(x) = x3 + a2x

2 + a1x + a0
¿?Àl¥6¦�¢6¬j£�°Rgw¢l±´N°E¦��´�¨�¦�¢K£�§

ak
¬
k = 1, 2, 3

¬y½�¦W¨`©QªK°[§>¦a£�¥6¦h£�¥\²8¦N¦j¦Nº�®K³C£µ¨�°C¢6§
f(αk) = αk

¬
k = 1, 2, 3

¿ �
�t���4dXw�pi�E� j��	�%l ♥ xp N§¸¨`£�ªK°[§N§m¨�·�« ¦W£�°�gw¢l±M³M±C¨ zt¦�²8¦�¢K£µ¨�³:·�« ¦g¯N®H¢l´�£µ¨�°C¢

f
½u¥\¨�´N¥
¥6³[§a³S®H¢K¨�º�®K¦@g
}\¦N±ªK°C¨`¢K£

α
½y¨`£�¥ | f ′(α) | > 2

�j �¯�ªK°[§N§m¨�·�« ¦m¬g½y²m¨`£�¦j±:°C½y¢p£�¥6¦�¯N®H¢l´�£µ¨�°C¢
f
	y¨ ¯h¢l°C£�ªK°[§N§m¨�·�« ¦m¬�ªl²8°C¶C¦a¨`£�¿

��������� � ��� 
n� �'�������)� ��
�������������
xÐ7
I JqB8587HLHGKf�<jB8V6< ^ aH<ELp4X7:I JqBh=U<�B8V67HL�b�B8V6< ^K5NDsBWDsB8<>4'IADzB87Y58<>d�58I B8<aB8V6<U<2\qGK@CB8I 7:J

f(x) = 0
I JB8V6<�]�7:58=

x = φ(x)
]�7:5�DF7:=U<�]�G6JKfmB8I 7:J

φ
Oyx�V6<�]�G6JKfmB8I 7:J

φ
IADyJ67^B�G6J6IS\qG6<:O Õ 7:5�<Na6@^=U46; <:bqf�7:JKDFIALH<>5B8V6<h<2\qGK@CB8I 7:J

x2 − 1 = 0
O Ö <Wf>@^JY58<>d�58I B8<zI Bt@:D

_�@qn
x = x2 + x − 1 =: φ(x),

_�9Xn
x =

1

x
=: φ(x),

_�fEn
x =

−x2 + 4x + 1

4
=: φ(x)

@^JKLTI JY=S@^J\rM7^B8V6<>5�=S@^J6J6<>5ND>OÔQ<Na\BEb6; <�B
α ∈ [a, b]

9X<zB8V6<¸G6J6IS\qG6<�^ aH<ELT4X7:I JqB�I JTB8V6<¸I JqB8<>58ZC@^;
[a, b]
7^]

x = φ(x)
O , I Z:<>J
@^JI J6I B8IA@^;c<EDsB8I =S@CB8<

x0 ∈ [a, b]
7^]wB8V6< ^ aH<ELp4X7:I JqB

α
b�dg<Uf�7:JKDFIALH<>5tB8V6<j]�7:; ; 7Cd�I J6RTI B8<>5N@CB8I Z:<jD8fNV6<>=U<]�7:5�B8V6<Wf�7:=U46GHBN@CB8I 7:J
7^]

α
+
{

x0
R:I Z:<>J
I J6I B8IA@^;�<EDsB8I =S@CB8<h7^]

α
xk+1 = φ(xk), k = 0, 1, 2, . . .x�V6<U]�7:; ; 7Cd�I J6R
B8V6<>7:58<>=�46587CZ\IALH<ED¸d�V6<�B8V6<>5hB8V6<M4658<>Z\I 7:GKD¸I B8<>5N@CB8I 7:JKD

xk
f�7:J\Z:<>58R:<EDQB87YB8V6< ^ aH<EL4X7:I JqB

α
7^]

x = φ(x)
O

� �u�Zq dC�\� j��S�sl���qMr�mX�4dX�X�Zr
w:� qMt�o�u� p�oE�4dC�;o2piqMr
�Xx �Ð¦�£
φ
·N¦�³¸´N°C¢K£µ¨`¢K®K°C®\§6¯N®H¢l´�£µ¨�°C¢M°C¢

[a, b]
¬±C¨ zt¦�²8¦�¢K£µ¨�³:·�« ¦a¨`¢

(a, b)
½y¨`£�¥
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»¼¨ ¾
φ( [a, b] ) ⊆ [a, b]

	

»¼¨`¨ ¾ | φ ′(x) | ≤ K < 1 ∀x ∈ (a, b)

Àl¥6¦�¢6¬�£�¥6¦¸§>¦Nº�®K¦�¢l´N¦
xk+1 = φ( xk ), k = 0, 1, 2, . . .

´N°C¢K¶C¦�²µÁq¦m§h£�°S£�¥6¦h®H¢K¨�º�®K¦�g
}\¦N±tªK°C¨`¢K£
α ∈ [a, b]

¯�°C²a³C¢K
´N¥6°C¨�´N¦U°s¯
x0 ∈ [a, b]

¿
�g²8°E°s¯�¿wÖ <WLHI Z\IALH<¸B8V6<h46587\7^]uI J
B8V658<><hDsB8<>4KD>O
_�@qnT3Q; ;ÐB8V6<WZC@^; G6<ED

xk
b
k = 0, 1, 2, . . .

9X<>; 7:J6RqD�B87UB8V6<aI JqB8<>58ZC@^;
[a, b]
O�x�V6IADQIADtf�; <E@^58; rMB858G6<¸]�7:5

x0
9\r�@:D8DFG6=U4HB8I 7:J�O'ÔQ7Cdhbw@:D8DFG6=U<EL'B8VK@CB

xk ∈ [a, b]
dg<TVK@[Z:<:bcGKDFI J6R _�I`nmbyB8VK@CB

xk+1 =
φ(xk) ∈ [a, b]

Oyx�V\GKD>b69\rM=S@CB8V6<>=S@CB8IAf>@^;�I JKLHGKfmB8I 7:J�b
xk ∈ [a, b]

]�7:5Q@^; ;
k
O

_�9Xn Ó <�B
ek = xk − α

9X<UB8V6<S<>58587:5z7^]gB8V6<
k
ÈµB8V'I B8<>5N@CB8<:OSx�V6<j]�7:; ; 7Cd�I J6RYI J6<2\qGK@^; I BsrÅV67:;AL6Dz]�7:5<E@:fNV

k = 1, 2, 3, . . .

| ek | = |xk − α | (1)
= |φ(xk−1) − φ(α) | (2)

= |φ ′(ξk) · (xk−1 − α) |

= |φ ′(ξk) | · |xk−1 − α |
(3)

≤ k | ek−1 |

d�V6<>58<T_sÌ[ng]�7:; ; 7CdQD�]�587:=?B8V6<aLH<N^KJ6I B8I 7:J¹7^]�^ aH<ELY4X7:I JqBtI B8<>5N@CB8I 7:JKD�GKDFI J6RT@^;ADF7UB8V6<h]�@:fmBtB8VK@CB
α
IADz@ ^ aH<EL¹4X7:I JqBz]�7:5

φ b _µÉ:ntf�7:=U<EDQ]�587:= B8V6<U=U<E@^J¹ZC@^; G6<aB8V6<>7:58<>= d�V6<>58< ξk
IADz@T4X7:I JqB9X<�Bsdg<><>J

xk−1
@^JKL

α
_�@^JKLYDF7Kb

ξk ∈ [a, b]
n b _�Êqn�]�7:; ; 7CdQDgI =U=U<ELHIA@CB8<>; rM]�587:=�_�I I`nmO

_�fEn
ÇtDFI J6RUB8V6<h4658<>Z\I 7:GKDg<2\qGK@CB8I 7:J |ek| ≤ k |ek−1|
dg<hf>@^JY58<>;A@CB8< |ek|

B87 |e0|
DFI JKf�<

| ek | ≤ k | ek−1 | ≤ k ( k | ek−2 | ) = k2 | ek−2 |
≤ k2 ( k | ek−3 | ) = k3 | ek−3 |
≤ . . . ≤ Kk | e0 |

��<Ef>@^; ; I J6RjB8VK@CB
0 ≤ K < 1

b6dg<¸VK@[Z:<
0 ≤ lim

k→+∞
| ek | ≤ lim

k→+∞
Kk | e0 | = | e0 | · lim

k→+∞
Kk = | e0 | · 0 = 0

@^JKLYDF7jB8V6<hI B8<>5N@CB8<ED
xk
f�7:J\Z:<>58R:<tB87

α
O

x�V6IAD�<>JKL6D�B8V6<h46587\7^]sO
2�¼BQIAD�@^;ADF7UI JqB8<>58<EDsB8I J6RaB8V6<¸]�7:; ; 7Cd�I J6RU58<EDFG6; BEbHd�V6IAfNVYdg<hLH7UJ67^BQ46587CZ:<:O

� �u�Zq dC�\� j�� ��l�� ��o�dXq�� ��e�pvx �Ð¦�£
φ
·N¦W³S±C¨ zt¦�²8¦�¢K£µ¨�³:·�« ¦�¯N®H¢l´�£µ¨�°C¢Y¨`¢

[a, b]
½y¨`£�¥ g
}\¦N±�ªK°C¨`¢K£

α ∈
[a, b]
¿T �¯ |φ ′(α) | < 1

¬Q£�¥6¦�¢�¦I}:¨A§m£�§
δ > 0

§m®K´N¥'£�¥6³C£t£�¥6¦�g
}\¦N±WªK°C¨`¢K£z¨`£�¦�²8³C£µ¨�°C¢6§
xk+1 = φ(xk)´N°C¢K¶C¦�²µÁq¦W£�°

α
¯�°C²a¦N³:´N¥

x0
½y¨`£�¥ |x0 − α| < δ

¿
x�V6<�^ aH<ELM4X7:I JqB�I B8<>5N@CB8I 7:JKDwVK@:DwB8V6<z58<>=S@^5I_C@^96; <QR:<>7:=U<�B858IAf�I JqB8<>584658<�BN@CB8I 7:JTDFV67Cd�JSI J Õ I R:G658<ED�ÉHO �@^JKL¹ÉHO Ë6O�x�V6IADtR:<>7:=U<�B858IAf¸I JqB8<>584658<�BN@CB8I 7:JYIADt@^JY<Na\B858<>=U<>; r
ZC@^; GK@^96; <hB87\7:;�B87TDsB8GKLHrTB8V6<W9X<>VK@[Z\I 7:57^]
^ aH<EL
4X7:I JqBQI B8<>5N@CB8I 7:JKD>O Õ 7:5Q<Na6@^=U46; <:bH7:JKf�<hdg<hVK@[Z:<¸DC_:<�BNfNV6<ELTB8V6<hR:5N@^46V
7^]

φ
J6<E@^5�B8V6< ^ aH<EL4X7:I JqB

α
b6dg<hf>@^JYDF<><zI ]uB8V6<hI B8<>5N@CB8I 7:JKD�@^4646587faHI =S@CB8<t=U7:J67^B87:J6IAf>@^; ; r

α
]�587:=19X<>; 7Cd�_�@:D�I J Õ I R:G658<ÉHO �p_�@qnFn¸7:5Ebu@^; B8<>58JK@CB8I Z:<>; r:b�]�587:=�9X<>; 7Cd @^JKLp]�587:= @^9X7CZ:<Å_�@:DhI J'B8V6<Tf>@:DF<SDFV67Cd�JiI J Õ I R:G658<TÉHO �_�9XnFna7:5UI J DF7:=U<
7^B8V6<>5U=S@^J6J6<>5EO Õ G65FB8V6<>58=U7:58<:bydg<Yf>@^J DF<><
I ]tB8V6<[^ aH<EL¤4X7:I JqBSI B8<>5N@CB8I 7:JKDj@^58<f�7:J\Z:<>58R:<>JqBg7:5QLHI Z:<>58R:<>JqB�d�I B8V67:GHB�B8V6<hJ6<><ELH<ELMB87Mf�7:=U46GHB8<

φ ′(α)
O
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Õ I R:G658<pÉHO �Z+ ��G45f�4D�5EOu.;0 L ?XK L K�5I/C8NK L 02?4< A702?��f5I/�P25RK�0VK�G45f�4D�5EO .;0 L ?XK α L Q |φ ′(α) | < 1 T(U ?uK�G45
3 5IQ KEY

0 < φ ′(α) < 1 �
K�G45 L K�5I/C8NK L 02?4<�A702?��f5I/�P25�K�0 α L ?[896W02?40�K�02?45�Qk8�<>G L 02? � L ?4AI/�5E8�< L ?4P 0�/�O�57AI/�5E8�< L ?4P8�A7A70�/CO L ?4P23 : K�0 K�G45�.;02< L K L 02? 0�Q x0

F L K�GR/�57<>.;57AIK�K�0 α
� T�U ?�K�G45�/ L P2GXKEY −1 < φ ′(α) < 0 �

K�G45 L K�5I/C8NK L 02?4<A702?��f5I/�P25�K�0
α
F L K�G �28�3 J457<�8�3 K�5I/�?Z8NK�573 :R8�1;0 �f5�8�?ZO�1;573 0EF α T

Õ I R:G658<jÉHO Ë + ��G45e�4D�5EO .;0 L ?XK L K�5I/C8NK L 02?4<�O L �f5I/�P25�Q /�026 K�G45e�4D�5EOR.;0 L ?XK α L Q |φ ′(α) | > 1
� L ? K�G L <"AE8�<>5F�5�GZ8��f5

φ′(α) > 0
� T

�t���6���c��� j�� �v �¯ |φ ′(α) | = 1
£�¥6¦9g
}\¦N±
ªK°C¨`¢K£j¨`£�¦�²8³C£µ¨�°C¢

xk+1 = φ(xk)
©S³C[¬M°C²Å©S³C¤¢l°C£�¬´N°C¢K¶C¦�²µÁq¦W£�°S£�¥6¦�g
}\¦N±tªK°C¨`¢K£�¿SÀl¥6¦�¯N®H¢l´�£µ¨�°C¢6§

»s³N¾
φ(x) = x3 − 3x2 + 4x − 1

»s·�¾
φ(x) = −x3 + 3x2 − 2x + 1¥6³C¶C¦U·N°C£�¥Y£�¥6¦�g
}\¦N±tªK°C¨`¢K£

α = 1
½y¨`£�¥ |φ ′(α) | = 1

¿��Ð°C²a¦I}\³C©Qªl« ¦�¯�°C²j´N³[§>¦M»s³N¾S½�¦¸¥6³C¶C¦m¬
φ(α) = φ(1) = 13 − 3 · 12 + 4 · 1 − 1 = 1 = α³C¢l±[¬y§m¨`¢l´N¦

φ ′(x) = 3x2 − 6x + 4
¬

φ ′(α) = φ ′(1) = 3 · 12 − 6 · 1 + 4 = 1.

�a¦�¶C¦�²m£�¥6¦�« ¦m§N§N¬Q£�¥6¦T·N¦N¥6³C¶E¨�°C²T°s¯j£�¥6¦�g
}\¦N±hªK°C¨`¢K£t¨`£�¦�²8³C£µ¨�°C¢6§M³C²8¦Mº�®H¨`£�¦T±C¨ zt¦�²8¦�¢K£�¿U m¢l±:¦N¦N±[¬Q£�¥6¦aÁq¦N°CÂ©S¦�£µ²m¨�´N³C«`« 
¨`¢K£�¦�²µªl²8¦�£�³C£µ¨�°C¢'§m®:ÁEÁq¦m§m£�§W£�¥6³C£�½�¦W¥6³C¶C¦M±C¨`¶C¦�²µÁq¦�¢l´N¦�¯�°C²U´N³[§>¦
»s³N¾Y³C¢l±Y´N°C¢K¶C¦�²µÁq¦�¢l´N¦�¯�°C²´N³[§>¦M»s·�¾T³[§¸§8¥6°C½y¢p¨`¢ �w¨ Áq¿ �\¿ �q¿
ÔQ7CdhbHdg<WDsBN@CB8<h@j58<EDFG6; BQ@^9X7:GHB�B8V6<h7:5NLH<>5�7^]yf�7:J\Z:<>58R:<>JKf�<t7^]c@�^ aH<EL
4X7:I JqBQI B8<>5N@CB8I 7:JKD>O

� �u�Zq dC�\� j���! �Ð¦�£
φ ∈ Cp( (α − δ, α + δ) )

¯�°C²h§m®H¨`£�³:·�« ¦
δ > 0

³C¢l±S¨`¢K£�¦¼Áq¦�²
p ≥ 1

°s¯¸£�¥6¦�g
}\¦N±ªK°C¨`¢K£
α
°s¯

φ
¿� �¯

φ′(α) = φ′′(α) = · · · = φ(p−1)(α) = 0
³C¢l±

φ(p)(α) 6= 0£�¥6¦�¢¹£�¥6¦�g
}\¦N±tªK°C¨`¢K£g¨`£�¦�²8³C£µ¨�°C¢6§
xk+1 = φ(xk)

¥6³[§a°C²8±:¦�²j°s¯W´N°C¢K¶C¦�²µÁq¦�¢l´N¦
p
³C¢l±

lim
k→+∞

| ek+1 |
| ek |p =

∣
∣ φ(p)(α)

∣
∣

p!
.
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Õ I R:G658<MÉHO Ñ + � F�0 O L � 5I/�57?XK�1;57GZ8�� L 0�/�0�Q@K�G45=�4D�5EO|.;0 L ?XK L K�5I/C8NK L 02?4<�FHG457? |φ ′(α) | = 1 T U ?�K�G45W3 5IQ KEY
L K�5I/C8NK L 02?4< xk

O L �f5I/�P25�Q /�026 α
QS0�/H5E8�ACG

x0 6= α
ACG402<>57?9?45E8N/

α T
U ?WK�G45H/ L P2GXKEY L K�5I/C8NK L 02?4< xk

A702?��f5I/�P25�K�0
α
QS0�/�5E8�ACG

x0

ACG402<>57? ?45E8N/
α T

�g²8°E°s¯�¿ ÇtDFI J6RMxu@[r\; 7:5g<NaH4K@^JKDFI 7:J�bH58<Ef>@^; ; I J6RaB8VK@CBEb69\rTLH<N^KJ6I B8I 7:J�b
φ(0)(α)

bKdg<¸R:<�B
ek+1 = xk+1 − α = φ(xk) − α

=

p−1
∑

j=0

φ(j)(α) · (xk − α)j

j!
+

φ(p)(ξk) · (xk − α)p

p!
− α

= φ(0)(α) +

p−1
∑

j=1

φ(j)(α) · (xk − α)j

j!
+

φ(p)(ξk) · ( ek )p

p!
− α

(1)
=

φ(p)(ξk) · ( ek )p

p!d�V6<>58<
ξk
IAD
@�DFG6I BN@^96; <p4X7:I JqBY9X<�Bsdg<><>J

α
@^JKL

xk
@^JKL _sÌ[nS]�7:; ; 7CdQDS]�587:=

φ(j)(α) = 0
b

j =
1, . . . , p − 1

@^JKL
φ(α) = α

DFI JKf�<
α
IAD�@�^ aH<ELT4X7:I JqBEOyÎw587CZ\IALHI J6RjB8VK@CB

xk
f�7:J\Z:<>58R:<EDwB87jB8V6< ^ aH<EL4X7:I JqB

α
bKdg<h@^;ADF7UVK@[Z:<zB8VK@CB

ξk → α
d�V6IAfNVÅf�7:=U46; <�B8<ED�B8V6<h46587\7^]cLHG6<hB87jB8V6<af�7:JqB8I J\G6I BsrM7^]

φ(p) O
2

��������� � 
�($ ��� ��������� ��� ��� 
�� � 
n� �'�������3� ��
�������������
�¼BQIAD�f�7:=U=U7:JTB87UB8<>58=UI JK@CB8<zB8V6<Wf�7:J\Z:<>58R:<>JqB�^ aH<EL
4X7:I JqB�I B8<>5N@CB8I 7:JKD

{
x0

R:I Z:<>JTI J6I B8IA@^;�<EDsB8I =S@CB8<h7^]ÐB8V6< ^ aH<EL
4X7:I JqB
α

xk+1 = φ(xk), k = 0, 1, 2, . . .d�V6<>J | xk+1 − xk | < ε
]�7:5QDF7:=U<¸R:I Z:<>JTB87:; <>5N@^JKf�<

ε > 0
OÓ <�B�GKDQDF<><¸V67Cd�R:7\7HLTIADgB8V6IADQDsB87:4646I J6RSf�58I B8<>58IA@6O Ö <hVK@[Z:<

xk+1 − α = φ(xk) − φ(α) = φ′(ξk)(xk − α)]�7:5QDF7:=U<
ξk
I JTB8V6<hI JqB8<>58ZC@^;�7^]c<>JKLH4X7:I JqBND

α
@^JKL

xk
O�o\I JKf�<hI BQIAD

xk − α = (xk+1 − α) − (xk+1 − xk) ⇒ xk+1 − α = xk − α + xk+1 − xk@^JKL
LH<>J67^B8I J6RjB8V6<h<>58587:5�@CB�B8V6<
k
È¼I VYI B8<>5N@CB8I 7:J
9\r

ek = xk − α
dg<¸7:9HBN@^I J

xk − α + xk+1 − xk = φ′(ξk)(xk − α) ⇒ ek + xk+1 − xk = φ′(ξk) ek@^JKL|^KJK@^; ; r:bK@:D8DFG6=UI J6RaB8VK@CB
φ′(x) 6= 0

J6<E@^5
α
@^JKLTBN@`_\I J6RjB8V6<W@^9KDF7:; GHB8<¸ZC@^; G6<ED>b

| ek | =
1

| 1 − φ′(ξk) | · | xk+1 − xk | _µÉHO Êqn
o\7KbyI ]

φ′(α) ≈ 0
_�@^JKL�byB8V\GKD>b

φ′(x) ≈ 0
J6<E@^5

α
9\r�f�7:JqB8I J\G6I Bsr6nhB8V6<YLHI kl<>58<>JKf�<T9X<�Bsdg<><>J¤Bsdg7f�7:JKDF<Ef�GHB8I Z:<�I B8<>5N@CB8<EDÐIADc@t58<>; IA@^96; <�<EDsB8I =S@CB87:5u7^]6B8V6<g<>58587:5EOÐÔQ7^B8<�B8VK@CBuB8V6IADcIADÐB8V6<�f>@:DF<�I ]

φ′(α) = 0
O�¼]sb67^B8V6<>58d�IADF<:b

φ′(α) ≈ 1
bH<2\XOQ_µÉHO Êqn�IAD�J67^B�GKDF<�]�G6;�B87U<EDsB8I =S@CB8<¸B8V6<h<>58587:5EO
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α
»¼¨`¢l±:¦N¦N±[¬�½�¦S³C²8¦§>¦N³C²8´N¥\¨`¢\Á

α
¾:¿��Ð¦�£

p
·N¦W£�¥6¦j°C²8±:¦�²a°s¯h£�¥6¦�g
}\¦N±tªK°C¨`¢K£g©S¦�£�¥6°E±:¿SÀl¥6¦�¢6¬�½�¦zÁq¦�£g²8°C®:Á[¥\« 

C ≈ |ek+1|
|ek|p

=

1
| 1−φ′(ξk+1) | · | xk+2 − xk+1 |
[

1
| 1−φ′(ξk) | · | xk+1 − xk |

]p ≈ | xk+2 − xk+1 |
| xk+1 − xk |p

¨ ¯a½�¦M³[§N§m®H©S¦
φ′(ξk+1) ≈ φ′(ξk)

³C£Q« ¦N³[§m£Ð¯�°C²j« ³C²µÁq¦
k
¿'Àl¥\¨A§U¨A§j¢l°C£t³T§m£µ²8°C¢\Á¹³[§N§m®H©Qªl£µ¨�°C¢i½u¥6¦�¢½�¦M³C²8¦U¢l¦N³C²j£�¥6¦�g
}\¦N±hªK°C¨`¢K£

α
	t¨`¢�£�¥\¨A§S´N³[§>¦m¬

xk+1 ≈ xk
³C¢l±T§>°[¬z±C®K¦U£�°
£�¥6¦M´N°C¢K£µ¨`¢K®H¨`£µY°s¯

φ′ ¬
φ′(xk+1) ≈ φ′(xk)

¿
�S|�� � �
��� �	� �u~W� �W�
� ���
� �Ð�h)g�W�a� ���g���
~S�
Ó <�BtGKDtLH<>58I Z:<¸B8V6<W=U<�B8V67HLÅ7^]wÔQ<>d�B87:JY]�587:= R:<>7:=U<�B858IAf¸f�7:JKDFIALH<>5N@CB8I 7:JKD>OQP�7:JKDFIALH<>5�B8V6<WR:5N@^46VY7^]B8V6<¸]�G6JKfmB8I 7:J

f
J6<E@^5�B8V6<h587\7^B

ξ
DFV67Cd�J
I J
B8V6<¸]�7:; ; 7Cd�I J6R�^KR:G658<:OÓ <�B

xk
9X<U@^JÅ<EDsB8I =S@CB8I 7:JÅ7^]

ξ
O¸P�7:JKDFIALH<>5QB8V6<WBN@^J6R:<>JqBQB87

f
@CB

xk

t(x) = f ′(xk) · (x − xk) + f(xk)x�V6<�J6<Na\B�<EDsB8I =S@CB8I 7:JU7^]
ξ
IADwf�7:=U46GHB8<ELU@:DcB8V6<Q4X7:I JqB

xk+1d�V6<>58<
t(x) = 0 b dg<¸R:<�B

xk+1 = xk − f(xk)

f ′(xk)x�V6IAD�<2\qGK@CB8I 7:JMIADwB8V6<¸DFI J6R:; <zDsB8<>4T7^]�B8V6<¸ÔQ<>d�B87:JM=U<�B8V67HL�Oo\7Kb�DsBN@^5FB8I J6Rp]�587:= @pR:I Z:<>J¤I J6I B8IA@^;�R:G6<ED8D
x0
7^]tB8V6<
587\7^B

ξ
bwB8V6<ÅÔQ<>d�B87:J�=U<�B8V67HL�58<>4X<E@CBNDaB8V6<4658<>Z\I 7:GKD�DsB8<>4YG6JqB8I ;

xk
9X<Ef�7:=U<ED�J6<E@^5�<>J67:G6R:VTB87jB8V6<h587\7^B

ξ

xk+1 = xk − f(xk)

f ′(xk)
, k = 0, 1, 2, . . .

� �u�Zq dC�\� j��
	sl�
�q�w:�6��w�qMr�mX�4dX�X�Zr
w:� qMt�o�u���Å� �Ro2qMr��¤�4o�
q��@x �Ð¦�£ I = (a, b)
·N¦W³C¢p°8ªK¦�¢¨`¢K£�¦�²m¶C³C«�´N°C¢K£�³C¨`¢K¨`¢\ÁU£�¥6¦h°C¢K« a²8°E°C£

ξ
°s¯

f ∈ Cm(I)
½y¨`£�¥

m ≥ 2
¿UÀl¥6¦�¢6¬c£�¥6¦�²8¦z¨A§

δ > 0
§m®K´N¥M£�¥6³C££�¥6¦ �a¦�½y£�°C¢¹¨`£�¦�²8³C£µ¨�°C¢6§

xk+1 = xk − f(xk)

f ′(xk)
, k = 0, 1, 2, . . .

´N°C¢K¶C¦�²µÁq¦m§h£�°
ξ
¯�°C²j¦N³:´N¥

x0 ∈ (ξ − δ, ξ + δ) ∩ I ¿
�p°C²8¦N°C¶C¦�²N¬w§>¦�£µ£µ¨`¢\Á

lim
k→+∞

| ek+1 |
| ek |p = C½�¦¸¥6³C¶C¦a£µ½�°T±C¨ zt¦�²8¦�¢K£�´N³[§>¦m§�¯�°C²h£�¥6¦j·N¦N¥6³C¶E¨�°C®H²j°s¯h£�¥6¦j¦�²m²8°C²��

• ¨ ¯ f ′(ξ) 6= 0
½�¦¸¥6³C¶C¦

p ≥ 2, C =

∣
∣
∣
∣

f ′′(ξ)

2 f ′(ξ)

∣
∣
∣
∣

�p°C²8¦�ªl²8¦N´�¨A§>¦�« [¬�£�¥6¦j°C²8±:¦�²W¨A§
p = 2

¨ ¯a³C« §>°
f ′′(ξ) 6= 0

¬g°C£�¥6¦�²m½y¨A§>¦a¨`£g¨A§
p ≥ 3
¿

• ¨ ¯ f ′(ξ) = · · · = f (m−1)(ξ) = 0
³C¢l±

f (m)(ξ) 6= 0
½�¦¸¥6³C¶C¦

p = 1, C = 1 − 1

m m¢p£�¥\¨A§a´N³[§>¦m¬w½�¦j´N³C¢p²8¦m§m®H©S¦
p = 2

´N°C¢6§m¨�±:¦�²m¨`¢\ÁT£�¥6¦W©S°E±C¨ gg¦N± �a¦�½y£�°C¢¹©S¦�£�¥6°E±
xk+1 = xk − m · f(xk)

f ′(xk)
, k = 0, 1, 2, . . .
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¯�°C²W½u¥\¨�´N¥Å¨`£g¨A§a³C« §>°
C =

1

m · (m + 1)

∣
∣
∣
∣

f (m+1)(ξ)

f (m)(ξ)

∣
∣
∣
∣
.

�g²8°E°s¯�¿�Ó <�BtGKD�46587CZ:<¸7:J6; rMB8V6<W^K5NDsBt4K@^5FBQ7^]uB8V6<ax�V6<>7:58<>=YO Ö <af>@^JÅDF<><¸B8V6<aÔQ<>d�B87:JÅ=U<�B8V67HLÅ@:D@�^ aH<EL
4X7:I JqB�I B8<>5N@CB8I 7:J
d�I B8VYI B8<>5N@CB8I 7:JT]�G6JKfmB8I 7:J
φ(x) = x − f(x)

f ′(x)@^JKL|^ aH<EL
4X7:I JqB
ξ
O Ö <hVK@[Z:<
φ′(x) = 1 − f ′(x) · f ′(x) − f(x) · f ′′(x)

[ f ′(x) ]2
=

f(x) · f ′′(x)

[ f ′(x) ]2@^JKL

φ′′(x) =
[f ′(x) · f ′′(x) + f(x) · f ′′′(x) ] · [ f ′(x) ]2 − f(x) · f ′′(x) · 2 · f ′(x) · f ′′(x)

[ f ′(x) ]4o\I JKf�<
f(ξ) = 0

@^JKL
f ′(ξ) 6= 0

b6dg<h7:9HBN@^I J
φ′(ξ) = 0

b
φ′′(ξ) = f ′′(ξ)/f ′(ξ)

O�x�V\GKD>bHB8V6<h=U<�B8V67HLVK@:Dt@U; 7Hf>@^;uf�7:J\Z:<>58R:<>JKf�<hLHG6<hB87Tx�V6<>7:58<>= 7^]g×zDsB8587CdQDC_\IµO�3Q;ADF7Kb6B8V6<a7:5NLH<>5Q7^]wf�7:J\Z:<>58R:<>JKf�<¸IADt@CB; <E@:DsB
p = 2

@^JKL�bu46587CZ\IALHI J6R
f ′′(ξ) 6= 0

buIADh<Na6@:fmB8; r
p = 2

d�I B8V¤@^J�@:DFr\=U4X7^B8IAfU<>58587:5Wf�7:JKDsBN@^JqBR:I Z:<>J
9\r
∣
∣
∣
∣

φ(2)(ξ)

2 !

∣
∣
∣
∣
=

∣
∣
∣
∣

f ′′(ξ)

2 f ′(ξ)

∣
∣
∣
∣x�V\GKDgB8V6<h46587\7^]uIAD�f�7:=U46; <�B8<:O

2

cT�\�¤�;dfesj��S�%l#"-o2qK�u��pir
� w`dXp�oE�4dXp�� tvq d �Å� �Ro2qMr@x Àl¥6¦ �a¦�½y£�°C¢Å©S¦�£�¥6°E±U¨A§h³�g
}\¦N±�ªK°C¨`¢K£�¨`£�¦�²mÂ³C£µ¨�°C¢
x = φ(x) := x − f(x)/f ′(x)

¿z �¯
f ′(ξ) 6= 0

½�¦h¥6³C¶C¦
φ ′(ξ) = 0

³C¢l±M£�¥6¦a¨`£�¦�²8³C£µ¨`¶C¦Qªl²8°E´N¦m§N§´N³C¢,·N¦
§m£�°8ª:ªK¦N±'½u¥6¦�¢ |xk+1 − xk| < ε
¯�°C²
§>°C©S¦MÁ^¨`¶C¦�¢

ε > 0
¿� m¢l±:¦N¦N±[¬W£�¥\¨A§
¨A§Y³C¢�¦I}\´N¦�«`« ¦�¢K£¦m§m£µ¨`©S³C£µ¨�°C¢i°s¯h£�¥6¦U¦�²m²8°C²S»µ§>¦N¦h§m®K·m§>¦N´�£µ¨�°C¢ �\¿��q¿ ��¾:¿ � ¢¹£�¥6¦j°C£�¥6¦�²¸¥6³C¢l±M£�¥6¦�ªl²8¦�¶E¨�°C®\§j´�²m¨`£�¦�²m¨�³M©S³C·N¦¸¨`¢l³:´N´�®H²8³C£�¦h¨ ¯z£�¥6¦h²8°E°C£

ξ
¥6³[§¸©j®H« £µ¨ ªl« ¨�´�¨`£µaÁ^²8¦N³C£�¦�²z£�¥6¦�¢

1
¿� m¢l±:¦N¦N±[¬w¨`¢Å£�¥\¨A§W´N³[§>¦

f ′(ξ) = 0
³C¢l±¨`£�´N³C¢'·N¦h§8¥6°C½y¢p£�¥6³C£

φ ′(ξ) = 1 − 1/m
¿

�t���6���c��� j���!�yw°C¢6§m¨�±:¦�²S£�¥6¦�¯N®H¢l´�£µ¨�°C¢
f(x) = 0.25x2 − 1

¿ �Ð¦�£Q®\§U³8ª:ªl« Å£�¥6¦ �a¦�½y£�°C¢�©S¦�£�¥6°E±§m£�³C²m£µ¨`¢\Áa¯N²8°C©
x0 = 3

½y¨`£�¥�³Å§m£�°8ª:ªl¨`¢\Ái´�²m¨`£�¦�²m¨�³ | xk+1 − xk | < ε = 10−9 ¿ ��²8°C© £�¥6¦UÁ^²8³8ªK¥°s¯
f
½�¦M´N³C¢'§>¦N¦j£�¥6³C£Q¨`£�¦�²8³C£�¦m§U³C²8¦U©S°C¢l°C£�°C¢K¨�´N³C«`« ¹±:¦N´�²8¦N³[§m¨`¢\Á¹³C¢l±Å´N°C¢K¶C¦�²µÁq¦U£�°T£�¥6¦U²8°E°C£

α = 2
¿Àl¥\¨A§t¨A§¸³W§m¨`¢\Á^« ¦z²8°E°C£u§m¨`¢l´N¦m¬w³>Áq³C¨`¢6¬c½�¦t§>¦N¦u¯N²8°C©e£�¥6¦�Á^²8³8ªK¥T£�¥6³C£

f ′(2) > 0
	y³C« £�¦�²m¢l³C£µ¨`¶C¦�« [¬y½�¦h´N³C¢ªl²8°C¶C¦W£�¥\¨A§W®\§m¨`¢\ÁS£�¥6¦�gw²N§m£�±:¦�²m¨`¶C³C£µ¨`¶C¦U°s¯

f
�

f ′(x) = 0.25 · 2 · x = 0.5x ⇒ f ′(2) = 0.5 · 2 = 1 6= 0.

�p°C²8¦N°C¶C¦�²N¬�§m¨`¢l´N¦
f ′′(α) = 0.5 6= 0

¬�½�¦M¦I}mªK¦N´�£�£�¥6³C£Q£�¥6¦ �a¦�½y£�°C¢i©S¦�£�¥6°E±T¥6³[§S°C²8±:¦�²
p = 2

½y¨`£�¥¦�²m²8°C²a´N°C¢6§m£�³C¢K£
C =

∣
∣
∣
∣

f ′′(α)

2f ′(α)

∣
∣
∣
∣
=

∣
∣
∣
∣

0.5

2 · 1

∣
∣
∣
∣
= 0.25.

Àl¥6¦W¨`£�¦�²8³C£�¦m§a³C²8¦j°C¢p£�¥6¦�¯�°C«`« °C½y¨`¢\Á
£�³:·�« ¦
k xk� �q¿�� � � � � � � � � � � � ��� �q¦ � � � �
� �\¿���� � � � � � � � � � � �����C¦ � � � �
� �\¿�� ��� ��� ������� ��� �������:¦ � � � �
� �\¿�� � � � � ��� ��� ����� ��� �q¦ � � � �
� �\¿�� � � � � � � � � ����� ��� �l¦ � � � �
� �\¿�� � � � � � � � � � � � ��� �q¦ � � � �



� � � � ����	(��	��%����� ����� ����	(�Z	������ �%)*	���� ��� É �
�t���6���c��� j��
	 yw°C¢6§m¨�±:¦�²
£�¥6¦z¯N®H¢l´�£µ¨�°C¢

f(x) = (x − 1)2 log(x)
¿vÀl¥\¨A§Y¦Nº�®K³C£µ¨�°C¢�¥6³[§
°C¢K« i°C¢l¦²8°E°C£�¬

ξ = 1
½y¨`£�¥¹©j®H« £µ¨ ªl« ¨�´�¨`£µ

m = 3
¿h m£�§¸Á^²8³8ªK¥p¨A§a§8¥6°C½y¢�¨`¢i£�¥6¦�¯�°C«`« °C½y¨`¢\Á�guÁ^®H²8¦U³C©S°C¢\ÁY½y¨`£�¥£�¥6¦W¨`£�¦�²8³C£�¦m§z§m£�³C²m£µ¨`¢\Át¯N²8°C©

x0 = 1.5
¿jÀl¥6¦W§m£�°8ª:ªl¨`¢\ÁY´�²m¨`£�¦�²m¨�³M¨A§ |xk+1 − xk| < ε

½y¨`£�¥
ε = 10−3 ¿

k xk

� �:¿�� � � �
� �:¿�� � ���
� �:¿ ��� � �
� �:¿�� � ���
� �:¿�� ��� �
� �:¿���� � �
� �:¿�� ��� �
� �:¿������ �
� �:¿�� ��� �

k xk

� �:¿�� � � �
� � �:¿�� ��� �
� � �:¿�� � ���
��� �:¿�� � ���
� � �:¿�� �����
� � �:¿�� � � �

1U¦W©S³��:¦W§>°C©S¦U´N°C©j©S¦�¢K£�§>¿MÀl¥6¦j¨`£�¦�²8³C£�¦m§a³C²8¦a©S°C¢l°C£�°C¢K¨�´N³C«`« Y±:¦N´�²8¦N³[§m¨`¢\ÁÅ³[§j°C¢l¦j¦I}mªK¦N´�£�§a±C®K¦a£�°£�¥6¦zÁq¦N°C©S¦�£µ²m¨�´N³C«u¨`¢K£�¦�²µªl²8¦�£�³C£µ¨�°C¢�°s¯h£�¥6¦ �a¦�½y£�°C¢'©S¦�£�¥6°E±
°C¢p£�¥6¦¸Á^²8³8ªK¥p°s¯
y = f(x)

Á^¨`¶C¦�¢l¿ �a°C£�¦m¬³C« §>°[¬�£�¥6³C£g½�¦¸¥6³C¶C¦
φ ′(1) ≈ | e14 |

| e13 | =
| 1.000− 1.0023 |
| 1.000− 1.0015 | = 0.66635

³S¶C³C« ®K¦W£�¥6³C£�¨A§aº�®H¨`£�¦a´�« °[§>¦W£�°S£�¥6¦h£�¥6¦N°C²8¦�£µ¨�´N³C«c°C¢l¦
1− 1/m = 1 − 1/3 = 2/3

¿ �w¨`¢l³C«`« [¬g½�¦¸¥6³C¶C¦
| x14 − x13 | = 8 × 10−4 < ε

·�®H£ |e14| = 1.5 × 10−3 > ε
±C®K¦U£�°
£�¥6¦�¯�³:´�£Q£�¥6³C£

φ ′(1) = 2/3 ≈ 1
»s³C¢l±
§>°
£�¥6¦U®\§>¦N±T§m£�°8ª:ªl¨`¢\Á´�²m¨`£�¦�²m¨�³M¨A§h¢l°C£w§>°U§>³C£µ¨A§�¯�³:´�£�°C²mN¾:¿ m£w¨A§h³C« §>°S¨`¢K£�¦�²8¦m§m£µ¨`¢\ÁU£�°Qªl« °C£�£�¥6¦W³:·m§>°C« ®H£�¦h¶C³C« ®K¦a°s¯z£�¥6¦W¦�²m²8°C²

ek = α− xk
¬
k = 0, 1, · · · ³C¢l±U£�¥6¦³:·m§>°C« ®H£�¦W¶C³C« ®K¦j°s¯

sk := xk+1 − xk
¬
k = 0, 1, · · · ¿
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k
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k
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| α − x
k
 |

m=1 

m=3 

Õ I R:G658<MÉHO Ì�� + ��G45��
02?��f5I/�P257?4A75W.�/�0XA757<><�QS0�/�K�G45 � 5IF@K�02?V6W5IK�G40`O[8�.4.43 L 5EO�K�0 8�.4.�/�0ED L 698NK�5�K�G45 /�0X0�K
α = 1

0�Q
K�G45 5��XJZ8NK L 02? (x − 1)2 log(x) = 0 T�� ?[O48�<>G45EO|3 L ?457<�F�5 GZ8��f5�K�G45�1;57GZ8�� L 02J�/�0�Q@G45�6W0`O L �Z5EO
� 5IF@K�02? 6W5IK�G40`O T
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&��
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 ��� �h�
x�V6<hDF<Ef>@^JqB�=U<�B8V67HLT]�7:; ; 7CdQDg]�587:=?ÔQ<>d�B87:JÅ@^4646587faHI =S@CB8I J6R

f ′(xk)
@:D

f ′(xk) =
f(xk) − f(xk−1)

xk − xk−1x�V\GKD>bHR:I Z:<>JTBsdg7Å_�4X7qD8DFI 96; rTDFG6I BN@^96; <[n�DsBN@^5FB8I J6Rj4X7:I JqBND
x0
@^JKL

x1
b6dg<¸VK@[Z:<zB8V6<¸I B8<>5N@CB8I 7:JKD

xk+1 = xk − f(xk) · ( xk − xk−1 )

f(xk) − f(xk−1)
, k = 0, 1, 2, . . .

� @:fNVpDsB8<>4p7^]yB8V6IADz=U<�B8V67HL¹VK@:D¸@TDFI =U46; <aR:<>7:=U<�B858IAf>@^;ÐI JqB8<>584658<�BN@CB8I 7:J�+
xk+1
IADtB8V6<jI JqB8<>5NDF<EfmB8I 7:J4X7:I JqBQd�I B8V
B8V6<

x
@XaHIADg7^]uB8V6<h; I J6<¸]�7:5�B8V6<¸Bsdg7j4X7:I JqBND

( xk−1, f(xk−1) )
@^JKL

( xk , f(xk) )
O

Õ I R:G658<WÉHO Ì:Ì�+cx�V6<WDFI J6R:; <hDsB8<>4
7^]uB8V6<WDF<Ef>@^JqB�=U<�B8V67HL�O
Õ 7:5�B8V6<Wf�7:J\Z:<>58R:<>JKf�<t7^]ÐB8V6<WDF<Ef>@^JqB�=U<�B8V67HL
dg<¸VK@[Z:<zB8V6<¸]�7:; ; 7Cd�I J6RaB8V6<>7:58<>=YO
� �u�Zq dC�\� j��	� �Ð¦�£

α
·N¦z³h§m¨`©Qªl« ¦z²8°E°C£y°s¯Q£�¥6¦¸¦Nº�®K³C£µ¨�°C¢

f(x) = 0
½y¨`£�¥

f ∈ C2(I)
¨`¢M§>°C©S¦¸°8ªK¦�¢¨`¢K£�¦�²m¶C³C« I ´N°C¢K£�³C¨`¢K¨`¢\ÁM£�¥6¦W²8°E°C£�¿Àl¥6¦�¢�¦I}:¨A§m£�§i³�·N³C«`«

B(x0, δ)
§m®K´N¥,£�¥6³C£S£�¥6¦'§>¦N´N³C¢K£S©S¦�£�¥6°E±¡´N°C¢K¶C¦�²µÁq¦m§p£�°

α
¯�°C²�¦N³:´N¥v´N°C®Eªl« ¦

x0, x1 ∈ B(x0, δ)
¿ �p°C²8¦N°C¶C¦�²N¬�£�¥6¦j°C²8±:¦�²a°s¯a´N°C¢K¶C¦�²µÁq¦�¢l´N¦W¨A§

p = (1 +
√

5)/2 ≈ 1.618
¿

�t���6���c��� j��	� Àl¥6¦Y§>¦N´N³C¢K£h©S¦�£�¥6°E±S¯�°C²
£�¥6¦¹´N°C©Qªl®H£�³C£µ¨�°C¢�°s¯
£�¥6¦Y²8°E°C£
α = 1

°s¯
£�¥6¦¹¦Nº�®K³C£µ¨�°C¢
f(x) = x2 − 1

Á^¨`¶C¦m§W£�¥6¦�¯�°C«`« °C½y¨`¢\Á
²8¦m§m®H« £�§
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k
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| x
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−x
k
 |

k xk� �:¿�� � � � � � � � � � � � � �
� �:¿�� � � � � � � � � � � � � �
� �:¿�� � � � � � � � � � � � � �
� �:¿ � � �����$� ��� � ������� �
� �:¿�� � ��� � � ��� �$� ����� �
� �:¿ � � � � ��� ����� ��� �$���
� �:¿ � � � � � � � � � � ��� � �
� �:¿�� � � � � � � � � � � �����
� �:¿�� � � � � � � � � � � � � �

�a°C£�¦U£�¥6³C£z·N°C£�¥�¦�²m²8°C²M³C¢l±¹±C¨ zt¦�²8¦�¢l´N¦T·N¦�£µ½�¦N¦�¢�£µ½�°Å´N°C¢6§>¦N´�®H£µ¨`¶C¦S¨`£�¦�²8³C£�¦m§W¥6³C¶C¦M£�¥6¦�¯�°C«`« °C½y¨`¢\Ái·N¦�Â¥6³C¶E¨�°C®H²>¿���°[¬u³[§l¯�°C² �a¦�½y£�°C¢S©S¦�£�¥6°E±z½y¨`£�¥S³z§m¨`¢\Á^« ¦�²8°E°C£�¬�¨`£�¨A§Q³�Áq°E°E±W´N¥6°C¨�´N¦Q£�°t§m£�°8ªT£�¥6¦�¨`£�¦�²8³C£µ¨�°C¢6§°s¯h£�¥6¦h§>¦N´N³C¢K£g©S¦�£�¥6°E±S½u¥6¦�¢ |xk+1 − xk | < ε
¿SÀl¥\¨A§a¨A§h¢l°C£�§m®H²µªl²m¨A§m¨`¢\Á��z« °E°��C¨`¢\ÁY·N³:´ �M£�°S£�¥6¦¸Áq¦N°CÂ©S¦�£µ²m¨�´N³C«u±:¦�²m¨`¶C³C£µ¨�°C¢¤°s¯¸£�¥6¦h§>¦N´N³C¢K£�©S¦�£�¥6°E±[¬�½�¦j´N³C¢¹§>¦N¦W£�¥6³C£�¨`£g²8¦m§>¦�©S·�« ¦m§h£�¥6¦ �a¦�½y£�°C¢¹©S¦�£�¥6°E±:¿

�t���6���c��� j���� 1U¦�´N°C©Qªl®H£�¦
x2
°s¯p£�¥6¦p§>¦N´N³C¢K£S©S¦�£�¥6°E±�§m£�³C²m£µ¨`¢\ÁY¯N²8°C©

x0 = 3
¬

x1 = 2
¯�°C²

f(x) = x2 − 1
¿p m¢6§m£�¦N³:±p°s¯M²8¦�©S¦�©S·N¦�²M£�¥6¦z¯�°C²m©j®H« ³[¬¸²8¦N´N³C«`«g£�¥6¦Y±:¦�²m¨`¶C³C£µ¨�°C¢l¿vÀl¥6¦
« ¨`¢l¦
£�¥\²8°C®:Á[¥ªK°C¨`¢K£�§

(x0, f(x0)) = (3, 8)
³C¢l±

(x1, f(x1)) = (2, 3)
¨A§

y =
f(x1) − f(x0)

x1 − x0
· (x − x0) + f(x0) =

3 − 8

2 − 3
(x − 3) + 8 = 5x − 7



� � �Z� 	���	��W�
�C�Z	"� É^Ñ
³C¢l±S£�¥\®\§

x2
¨A§h£�¥6¦h§>°C« ®H£µ¨�°C¢'°s¯

5x2 − 7 = 0
°C²

x2 = 7/5 = 1.4
¿

�S|�� &('M����)g� �Ð���
�t���4dXw�pi�E� j���� �w¨`¢l±¸¥6°C½ ©S³C¢KW²8°E°C£�§�¥6³C¶C¦z£�¥6¦u¯�°C«`« °C½y¨`¢\ÁT¦Nº�®K³C£µ¨�°C¢6§>¿9h�¨`¶C¦h³C« §>°U³C¢
¨`¢K£�¦�²m¶C³C«X£�¥6³C£´N°C¢K£�³C¨`¢6§h£�¥6¦¸§m©S³C«`«HªK°[§m¨`£µ¨`¶C¦a²8°E°C£�°s¯W¦N³:´N¥p¦Nº�®K³C£µ¨�°C¢l¿

»s³N¾
x = cos(x),

»s·�¾
x tan(x) = 1,

»s´�¾ | ln(x) | − e−x = 0» �h¨`¢K£X¯�°C²S»s·�¾��t²8¦�½y²m¨`£�¦W£�¥6¦j¦Nº�®K³C£µ¨�°C¢i³[§
tan(x) = 1/x

¾:¿
�t���4dXw�pi�E� j���� yw°C¢6§m¨�±:¦�²W£�¥6¦�¯N®H¢l´�£µ¨�°C¢

f(x) =

{
−| x − 1 | , x < 1
(x − 1)2 , x ≥ 1»s³N¾ � �:¦�£�´N¥Y£�¥6¦zÁ^²8³8ªK¥p°s¯

y = f(x)
¬Mgw¢l±M³C¢l±U§>¦¼ªK³C²8³C£�¦a£�¥6¦W²8°E°C£�§>¿

»s·�¾ �Ð°C²h½u¥\¨�´N¥¹¶C³C« ®K¦m§a°s¯h£�¥6¦h§m£�³C²m£µ¨`¢\ÁzªK°C¨`¢K£
x0
½�¦W©S³CT¦I}mªK¦N´�£g£�¥6³C£�£�¥6¦ �a¦�½y£�°C¢p©S¦�£�¥6°E±T´N°C¢KÂ¶C¦�²µÁq¦m§h£�°j£�¥6¦tÁ^²8¦N³C£�¦�²¸²8°E°C£�� yw³C¢¹½�¦Hgw¢l±M³C¢
x0
¯�°C²h½u¥\¨�´N¥Y£�¥6¦ �a¦�½y£�°C¢¹©S¦�£�¥6°E±M´N°C¢K¶C¦�²µÁq¦m§¨`¢p« ¦m§N§h£�¥6³C¢ �T¨`£�¦�²8³C£µ¨�°C¢6§��-�@}mªl« ³C¨`¢':°C®H²a³C¢6§m½�¦�²>¿

»s´�¾ ��¦�£µ£µ¨`¢\Á
x0 = 2

¬�gw¢l±T£�¥6¦�gw²N§m£�gw¶C¦j¨`£�¦�²8³C£�¦m§U°s¯a£�¥6¦��a¦�½y£�°C¢i©S¦�£�¥6°E±:¿���§m£µ¨`©S³C£�¦m§a£�¥6¦S°C²8±:¦�²°s¯a´N°C¢K¶C¦�²µÁq¦�¢l´N¦�¯N²8°C© |e4|/|e3|
¿� N§h£�¥\¨A§a´N°C²m²8¦N´�£g½y¨`£�¥¹°C®H²h£�¥6¦N°C²m��31M¥\����a°C½c¬w¨ ¯gªK°[§N§m¨�·�« ¦m¬´N³C¢p½�¦W¨`©Qªl²8°C¶C¦a£�¥6¦W²8³C£�¦j°s¯W´N°C¢K¶C¦�²µÁq¦�¢l´N¦��

»s±N¾ ��¦�£�¢l°C½
x0 = −10, 000

¿ �w¨`¢l±M£�¥6¦�¯�°C®H²m£�¥Y¨`£�¦�²8³C£�¦j°s¯¸£�¥6¦ �a¦�½y£�°C¢p©S¦�£�¥6°E±:¿
�t���4dXw�pi�E� j������ yw°C¢6§m¨�±:¦�²W£�¥6¦�¯N®H¢l´�£µ¨�°C¢

f(x) = x3 − x
¿

»s³N¾ � �:¦�£�´N¥¹³aÁ^²8³8ªK¥p°s¯
f
³C¢l±U§>¦¼ªK³C²8³C£�¦a£�¥6¦W²8°E°C£�§>¿

»s·�¾ �X£µ®K±Cp£�¥6¦¹·N¦N¥6³C¶E¨�°C®H²¹°s¯ �a¦�½y£�°C¢¡©S¦�£�¥6°E±U¯�°C²Å±C¨ zt¦�²8¦�¢K£h§m£�³C²m£µ¨`¢\ÁMªK°C¨`¢K£�§>¿ yw³C¢¡½�¦Wgw¢l±i³ªK°C¨`¢K£
x0
§m®K´N¥
£�¥6³C£

x2 = x0
�)1M¥6³C£w¥6³8ª:ªK¦�¢6§W¨ ¯¸½�¦j´N¥6°E°[§>¦

x0
§m®K´N¥Y£�¥6³C£

x1 = −1/
√

3
�

»s´�¾ �j°E¦m§h£�¥6¦w¯�°C«`« °C½y¨`¢\Á g
}\¦N±tªK°C¨`¢K£g¨`£�¦�²8³C£µ¨�°C¢6§
xk+1 = x3

k

´N°C¢K¶C¦�²µÁq¦m§h£�°M³C¢KT°s¯h£�¥6¦h²8°E°C£�°s¯h£�¥6¦¯N®H¢l´�£µ¨�°C¢
f
� N§h¨`£�ªK°[§N§m¨�·�« ¦a£�°�gw¢l±

λ
§m®K´N¥Y£�¥6³C£

xk+1 = λx3
k − (λ − 1)xk¥6³[§j³C¢i°C²8±:¦�²h£�¥\²8¦N¦j°s¯W´N°C¢K¶C¦�²µÁq¦�¢l´N¦��

�t���4dXw�pi�E� j����X� yw°C¢6§m¨�±:¦�²a£�¥6¦�¯N®H¢l´�£µ¨�°C¢
f(x) = (x − α)m ½u¥6¦�²8¦ m ¨`¢i³C¢p¨`¢K£�¦¼Áq¦�²tÁ^²8¦N³C£�¦�²h£�¥6¦�¢

1
³C¢l±

α ∈ R
¿ �g²8°C¶C¦Y°C²
±C¨A§µªl²8°C¶C¦
½y¨`£�¥�³p´N°C®H¢K£�¦�²8¦I}\³C©Qªl« ¦T£�¥6³C£z£�¥6¦M©S°E±C¨ gg¦N± �a¦�½y£�°C¢�©S¦�£�¥6°E±´N°C¢K¶C¦�²µÁq¦m§h£�°S£�¥6¦S»¼®H¢K¨�º�®K¦�¾S²8°E°C£

α
°s¯h£�¥6¦�¯N®H¢l´�£µ¨�°C¢

f
¨`¢i°C¢K« T°C¢l¦W¨`£�¦�²8³C£µ¨�°C¢l¿

�t���4dXw�pi�E� j���� j%l ♥ x�yw°C¢6§m¨�±:¦�²W£�¥6¦�g
}\¦N±tªK°C¨`¢K£g¨`£�¦�²8³C£µ¨�°C¢6§
xk+1 =

xk

4
+

3

4»s³N¾ �g²8°C¶C¦a£�¥6³C£g£�¥6¦�²8¦h¨A§h£�¥6¦W®H¢K¨�º�®K¦�g
}\¦N±tªK°C¨`¢K£
α = 1
¿

»s·�¾ �X£�³C²m£µ¨`¢\Áa¯N²8°C©
x0 = 2

¬h´N°C©Qªl®H£�¦T£�¥6¦�gw²N§m£z£µ½�°¹¨`£�¦�²8³C£µ¨�°C¢6§
°s¯S£�¥6¦T©S¦�£�¥6°E±'³C¢l±¹£�¥6¦Y´N°C²m²8¦�Â§µªK°C¢l±C¨`¢\ÁY³:·m§>°C« ®H£�¦W¶C³C« ®K¦j°s¯h£�¥6¦j¦�²m²8°C²N§
ek = |α − xk|

¿
»s´�¾(yw°C©Qªl®H£�¦W£�¥6¦j°C²8±:¦�²j°s¯¸£�¥6¦W©S¦�£�¥6°E±
³C¢l±S£�¥6¦j³[§mC©Qªl£�°C£µ¨�´U¦�²m²8°C²a´N°C¢6§m£�³C¢K£�¿
»s±N¾ {Ð§m¨`¢\Á �p³C£µ« ³:·m¬Kªl« °C£c£�¥6¦z·N¦N¥6³C¶E¨�°C²h°s¯�£�¥6¦

log10 (|ek|)
³[§t³�¯N®H¢l´�£µ¨�°C¢Y°s¯

k
¿;�j°E¦m§�£�¥6¦¸·N¦N¥6³C¶E¨�°C²°s¯h£�¥6¦�ªl« °C£�³>Á^²8¦N¦W½y¨`£�¥Å£�¥6¦h£�¥6¦N°C²m��
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� r
� �a�4d\� _�@qn Ö <tVK@[Z:<
φ(x) = x/4+3/4

O Õ I aH<ELS4X7:I JqBNDg@^58<tDF7:; GHB8I 7:JKDw7^]
x = φ(x)

O�o\7Kbqdg<tR:<�B
x =

x

4
+

3

4
⇔ 3x

4
=

3

4
⇔ x = 1

o\7Kb\B8V6<>58<¸IAD�7:J6; rSB8V6< ^ aH<EL
4X7:I JqB
α = 1
O_�9Xn Ö <hVK@[Z:<

x1 =
x0

4
+

3

4
=

2

4
+

3

4
=

3

2
, e1 = |α − x1| =

∣
∣
∣
∣

3

2
− 1

∣
∣
∣
∣
=

1

2
;

x2 =
x1

4
+

3

4
=

3/2

4
+

3

4
=

9

8
, e2 = |α − x2| =

∣
∣
∣
∣

9

8
− 1

∣
∣
∣
∣
=

1

8_�fEnSo\I JKf�<
φ′(x) = 1/4

dg<ÅVK@[Z:<
φ′(α) = 1/4 b B8V\GKD>bgI BMIAD |φ′(α)| < 1

@^JKL¤B8V6<V^ aH<EL 4X7:I JqBI B8<>5N@CB8I 7:JKD�@^58<Wf�7:J\Z:<>58R:<>JqBgB87
α
O Æ 7:58<>7CZ:<>5EbHDFI JKf�<

φ′(α) 6= 0
bHB8V6<W=U<�B8V67HLYVK@:D�7:5NLH<>5

p = 1
@^JKL@^JY@:DFr\=U4HB87^B8IAfz<>58587:5�f�7:JKDsBN@^JqB

C = |φ′(α)|/1! = 1/4
O_�LKn¸o\I JKf�<aB8V6<�^ aH<EL¹4X7:I JqB¸=U<�B8V67HLpVK@:Dt7:5NLH<>5

p = 1
b�dg<a<NaH4X<EfmBW@M; I J6<E@^5¸R:5N@^46VÅ]�7:5

log10(|ek|)_�@CBW; <E@:DsBW]�7:5W;A@^58R:<
k
nmO Õ I R:G658<TÉHO Ì[ÉT7:J'B8V6<M58I R:VqBh]�7:5hB8V6<M46; 7^BjDFV67CdQDh@^Ji<Na6f�<>; ; <>JqBa@^R:58<><>=U<>JqBd�I B8V
B8V6<¸B8V6<>7:58r:O
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 th
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E
rr

or

Õ I R:G658<jÉHO Ì[É;+�� 5IQ K
�
.43 0�K�<"0�Q

φ(x) = x/4 + 3/4
8�?ZO

y = x �
K�G45I/�5 L <"02?43 :R02?45 L ?XK�5I/�<>57AIK L 02?|.;0 L ?XK�8�?ZO YK�G`J4<7Y�02?43 :�02?45J�4D�5EO�.;0 L ?XK T

�t���4dXw�pi�E� j����;�sl ♥ x�yw°C¢6§m¨�±:¦�²S£�¥6¦Q¯N®H¢l´�£µ¨�°C¢
f(x) = (x − 1)4

½u¥\¨�´N¥p¥6³[§S£�¥6¦T°C¢K« Å²8°E°C£
ξ = 1½y¨`£�¥Y©j®H« £µ¨ ªl« ¨�´�¨`£µ

m = 4
¿

»s³N¾ 1a²m¨`£�¦W£�¥6¦ �a¦�½y£�°C¢¹¨`£�¦�²8³C£µ¨�°C¢i¦I}mªl« ¨�´�¨`£µ« t¯�°C²W£�¥\¨A§w¯N®H¢l´�£µ¨�°C¢l¿
»s·�¾ {Ð§m¨`¢\Á�ªK°C¨`¢K£w»s³N¾[¬�gw¢l±z£�¥6¦�²8³C£µ¨�° |ek+1|/|ek|

¬
k = 0, 1, . . .

¿ ��²8°C© £�¥\¨A§g²8³C£µ¨�°[¬4gw¢l±t£�¥6¦Q³[§mC©QªlÂ£�°C£µ¨�´p¦�²m²8°C²¹´N°C¢6§m£�³C¢K£j³C¢l±i£�¥6¦p°C²8±:¦�²¹°s¯Å´N°C¢K¶C¦�²µÁq¦�¢l´N¦
p
¿ �w¨`¢l³C«`« [¬j§ �:¦�£�´N¥ £�¥6¦

log10(|ek|)Á^²8³8ªK¥6¿
»s´�¾ �X£�³C²m£µ¨`¢\Áj¯N²8°C©

x0 = 2
¬@gw¢l±¹¨`£�¦�²8³C£µ¨�°C¢6§

x1
³C¢l±

x2
¿� N§M£�¥6¦T§>¦Nº�®K¦�¢l´N¦

xk
°s¯M£�¥6¦ �a¦�½y£�°C¢©S¦�£�¥6°E±M©S°C¢l°C£�°C¢l¦��U �¯¸:¦m§N¬w¨A§a³C¢p¨`¢l´�²8¦N³[§m¨`¢\Á
°C²j³T±:¦N´�²8¦N³[§m¨`¢\Á
°C¢l¦��-�@}mªl« ³C¨`¢l¿

»s±N¾(h�¨`¶C¦U³S©S¦�£�¥6°E±
°s¯W°C²8±:¦�²
p = 2

£�°�gw¢l±U£�¥6¦W²8°E°C£
ξ
°s¯¸£�¥6¦j¦Nº�®K³C£µ¨�°C¢

f(x) = (x − 1)4
¿

� r
� �a�4d\� _�@6b69�bKfEn�o\I JKf�<
f ′(x) = 4(x − 1)3

bHdg<hVK@[Z:<
xk+1 = xk − f(xk)

f ′(xk)
= xk − (xk − 1)4

4(xk − 1)3
=

3xk + 1

4
, k = 0, 1, . . .

@^JKL
DF7jB8V6<h<>58587:5
ek+1
IAD

ek+1 = ξ − xk+1 = 1 − 3xk + 1

4
=

3

4
· (1 − xk) =

3

4
ek, k = 0, 1, . . .



� � �Z� 	���	��W�
�C�Z	"� Ê6Ì
@^JKLMB8V\GKD�B8V6<h58<2\qG6I 58<ELM5N@CB8I 7UIAD

|ek+1|
|ek|

=
3

4Õ 587:=?B8V6IADQ;A@:DsBt<2\qGK@CB8I 7:JÅI Bt]�7:; ; 7CdQD�B8VK@CBtB8V6<jÔQ<>d�B87:JÅ=U<�B8V67HLÅVK@:DQ7:5NLH<>5Q7^]wf�7:J\Z:<>58R:<>JKf�<
p = 1_�@:DM@^; 58<E@:LHr _\J67Cd�J�b�DFI JKf�<YB8V6<¹587\7^BSVK@:DS=aG6; B8I 46; IAf�I Bsr�R:58<E@CB8<>5UB8V6<>J

1
nU@^JKL�@:DFr\=U4HB87^B8IAfY<>58587:5f�7:JKDsBN@^JqB

C = 3/4
O Ö <t<NaH4X<EfmB

C < 1
DFI JKf�<Qdg<�_\J67Cd¡LH5N@[d�I J6R¸B8V6<tR:5N@^46VU7^]

f(x) = x2 −1
B8VK@CBÔQ<>d�B87:JT=U<�B8V67HLTIAD�f�7:J\Z:<>58R:<>JqBwB87aB8V6<¸587\7^B

ξ
_�@^JKL�bH=U7:58<>7CZ:<>5Eb^B8VK@CB�B8V6<hDF<2\qG6<>JKf�<

xk
f�7:J\Z:<>58R:<EDB87

ξ
]�587:=1@^9X7CZ:<tI JY@W=U7:J67^B87:J6<t]�@:DFV6I 7:JXnmOyx�V6IAD>bH@:f>f�7:5NLHI J6R:; rjB87aB8V6<tB8V6<>7:58r:b\I =U46; rSB8VK@CB

C < 1
OÕ I JK@^; ; r:bHB8V6<

log10(|ek|)
46; 7^BQR:I Z:<ED�@U; I J6<aDFI JKf�<¸B8V6<W7:5NLH<>5�7^]cB8V6<h=U<�B8V67HLYIAD

p = 1
O���J
B8V6IADtf>@:DF<I BQIAD�@^;ADF7U<E@:DFrUB87Sd�58I B8<zB8V6<h<2\qGK@CB8I 7:J
7^]uB8V6<¸; I J6<:O Ö <¸VK@[Z:<

|ek|
|ek−1|

=
3

4
⇒ |ek| =

3

4
· |ek−1| = . . . =

(
3

4

)k

· |e0|

@^JKLMBN@`_\I J6RU; 7:Rq@^58I B8V6=
log10(|ek|) = k · log10(3/4) + log10(|e0|)x�V6<¸58<2\qG6I 58<ELTI B8<>5N@CB8I 7:JKD�@^58<
x0 = 2

x1 =
3x0 + 1

4
=

3 · 2 + 1

4
=

7

4

x2 =
3x1 + 1

4
=

3 · (7/4) + 1

4
=

25

16_�LKn�3v4X7qD8DFI 96; <¸=U<�B8V67HL
7^]c7:5NLH<>5
p = 2
IADgB8V6<h=U7HLHI ^K<ELYÔQ<>d�B87:JY=U<�B8V67HL

xk+1 = xk − m
f(xk)

f ′(xk)
= 1, k = 0, 1, . . .

@^JKL
DF7Udg<¸VK@[Z:<hf�7:J\Z:<>58R:<>JKf�<tI J �sGKDsBQ7:J6<¸I B8<>5N@CB8I 7:J�O
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� � . + 2 � 0 +1��/�� �� �W� . %�����+ ! . ��& ���,+ 0 �

x�V6<M4658<EDF<>JqBafNVK@^4HB8<>5WIADaLH<>Z:7^B8<ELpB87ÅB8V6<
DF7:; GHB8I 7:Ji7^]Q@Å; I J6<E@^5aDFrHDsB8<>=
Ax = b

d�V6<>58<
A
IADa@^J

m×n
58<E@^;6=S@CB858I a�b

b
IAD�@hf�7:; G6=UJUZ:<EfmB87:5y7^]�; <>J6R^B8V

m
7^]l58<E@^;6J\G6=a9X<>5NDw@^JKL

x
IADw@^J

n
LHI =U<>JKDFI 7:Jf�7:; G6=UJ
Z:<EfmB87:5�7^]uG6J _\J67Cd�JKD>O Ö 58I B8I J6RS<NaH46; IAf�I B8; r:b6dg<¸VK@[Z:<

A =









a11 a12 · · · a1n

a21 a22 · · · a2n

· · · · · · · · · · · ·
am−1,1 am−1,2 · · · am−1,n

am1 am,2 · · · amn









, b =









b1

b2

· · ·
bm−1

bm









, x =









x1

x2

· · ·
xn−1

xn









Ö <hDFV67Cd DF7:=U<¸LHI 58<EfmB�=U<�B8V67HL6D>bHB8VK@CB�IAD�=U<�B8V67HL6D�d�V6IAfNV�bHI JY<Na6@:fmB�@^58I B8V6=U<�B8IAf^b6R:I Z:<tB8V6<hf�7:5858<EfmB@^JKDFdg<>5�I JÅ@�^KJ6I B8<hJ\G6=a9X<>5�7^]c7:4X<>5N@CB8I 7:JKD>O
$M|>{ �i���
���h��� ���W���
�c�
��J
B8V6IAD�DF<EfmB8I 7:JYdg<¸58<Ef>@^; ;�DF7:=U<¸GKDF<�]�G6;�IAD8DFG6<ED�7^]c; I J6<E@^5�@^; R:<>965N@6O
��������� �0
 � �����(� ��������
 � �����3� ���($ �
P�7:JKDFIALH<>5gB8V6<M_�f�7:; G6=UJY7:5�587CdtnwZ:<EfmB87:5QDF4K@:f�<

Rn
d�V6<>58<

n
IAD�@^J
I JqB8<>R:<>5�R:58<E@CB8<>5�7:5�<2\qGK@^;lB87

1
Ox�V6< ½�¦�¨ Á[¥\£ 7^]c@jZ:<EfmB87:5

x ∈ Rn
IAD�=U<E@:DFG658<ELM9\rMI BND�J67:58= ‖x‖ O

�
�4��r
p�o2piqMr������ ~ ¢l°C²m©e¨A§h³�¯N®H¢l´�£µ¨�°C¢h¯N²8°C©
Rn £�° R+ := {x ∈ R | x ≥ 0} ½u¥\¨�´N¥T§>³C£µ¨A§�gg¦m§z£�¥6¦´N°C¢l±C¨`£µ¨�°C¢6§

�:¿ ‖x‖ ≥ 0
¯�°C²a³C«`«

x ∈ Rn ½y¨`£�¥ ‖x‖ = 0
¨ ¯a³C¢l±T°C¢K« S¨ ¯

x = 0
¿

�\¿ ‖α · x‖ = |α| · ‖x‖ ¯�°C²j¦N³:´N¥ α ∈ R
¬K¯�°C²a¦N³:´N¥

x ∈ R
n ¿

�q¿ ‖x + y‖ ≤ ‖x‖+ ‖y‖ ¯�°C²j¦N³:´N¥ x,y ∈ Rn ¿
Ó <�B

xk
9X<¸B8V6<

k
ÈµB8VÅf�7:=U4X7:J6<>JqB�7^]uB8V6<hZ:<EfmB87:5

x
DF7jB8VK@CBQdg<hf>@^J
d�58I B8<z]�7:5�B8V6<h587Cd f>@:DF<

x = [x1, x2, · · · , xn], xk ∈ R, k = 1, . . . , noH@^=U<¸J67^BN@CB8I 7:JKD�V67:;ALM]�7:5Q@Sf�7:; G6=UJ
Z:<EfmB87:5EO Ö <¸GKDF<h7:J6; rSB8V6<¸]�7:; ; 7Cd�I J6RjZ:<EfmB87:5�J67:58=SD�+
‖x‖1 =

n∑

k=1

|xk |
_�Ì�È¼J67:58=?n ‖x‖2 =

(
n∑

k=1

|xk |2
)1/2 _wÉ[È¼J67:58=?n

‖x‖∞ = max
1≤k≤n

|xk|
_ ∞ È¼J67:58= nx�V6<ÅÉ[È¼J67:58=ÃIADU@^;ADF7 _\J67Cd�J�@:D � GKf�; IALH<E@^J J67:58= b B8V6< ∞ È¼J67:58= @:DaB8V6<
=S@XaHI =aG6= 7:5jG6J6I ]�7:58=J67:58=YO

Ê:Ê
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x = [1 , −2 , 2]

¿UÀl¥6¦�¢6¬�½�¦¸¥6³C¶C¦
‖x‖1 = |1| + | − 2| + |2| = 5, ‖x‖2 =

(
|1|2 + | − 2|2 + |2|2

)1/2
= 3,

‖x‖∞ = max{ |1| , | − 2| , |2| } = 2
1U¦a°:·�£�³C¨`¢'£�¥6¦¸§>³C©S¦a²8¦m§m®H« £�§z¨ ¯��¡¨A§a³T´N°C« ®H©j¢p¶C¦N´�£�°C²>¿
��������� � � ��
�� ��
 � �����(� ����� 
�� ��
�� � ��!�# 
��
Ó <�B�� D�J67Cd f�7:JKDFIALH<>5�B8V6<hZ:<EfmB87:5�DF4K@:f�<

Rn×n
7^]yDI\qGK@^58<z=S@CB858IAf�<ED�7^]u7:5NLH<>5

n
O

�
�4��r
p�o2piqMr����kj Àl¥6¦Å¢K®H©S·N¦�²
λ ∈ C

¨A§Å³C¢�¦�¨ Áq¦�¢K¶C³C« ®K¦W¯�°C²
A ∈ Rn×n ¨ ¯
£�¥6¦�²8¦Y¨A§Å³�´N°C« ®H©j¢¶C¦N´�£�°C²S»s´N³C«`« ¦N±
³C¢i¦�¨ Áq¦�¢K¶C¦N´�£�°C²¼¾

x 6= 0
§m®K´N¥
£�¥6³C£

Ax = λx
¿

3Q; ;�B8V6<h<>I R:<>J\ZC@^; G6<EDg7^]
A
@^58<¸DF7:; GHB8I 7:JKD�7^]ÐB8V6<W@^; R:<>965N@^IAft<2\qGK@CB8I 7:J

P (λ) = 0
d�V6<>58<

P (λ) = |A − λIn |d�V6<>58<
In
IADuB8V6<�IALH<>JqB8I BsrW=S@CB858I aW7^]X7:5NLH<>5

n
_�IµO <:O bCB8V6<�=S@CB858I aWd�I B8VU@^; ; 0><>587qDu96GHBy7:J6<EDuI JjB8V6<�=S@^I JLHIA@^R:7:JK@^;`nmO x�V6<W@^; R:<>965N@^IAf¸=aG6; B8I 46; IAf�I Bsr

µ(λ)
7^]�@^JÅ<>I R:<>J\ZC@^; G6<

λ
IADQB8V6<a=aG6; B8I 46; IAf�I BsrÅ7^]yB8V6IADt587\7^BI JMB8V6<z<2\qGK@CB8I 7:J

P (λ) = 0
Oyx�V6<¸DF4X<EfmB858G6=e7^]

A
IADwB8V6<¸DF<�B

σ(A)
f�7:JqBN@^I J6I J6Rj@^; ;KB8V6<z<>I R:<>J\ZC@^; G6<ED>O

�
�4��r
p�o2piqMr����S� �Ð¦�£
A ∈ Rn×n ¿,Àl¥6¦
©S³�}:¨`©j®H© ©S°E±C®H« ®\§T°s¯S£�¥6¦Y¦�¨ Áq¦�¢K¶C³C« ®K¦m§M¨A§M£�¥6¦M§µªK¦N´�£µ²8³C«²8³:±C¨`®\§

ρ(A)
°s¯h£�¥6¦W©S³C£µ²m¨ }

A

ρ(A) := max
1≤k≤n

|λk|.

�t���6���c���*���kj Àl¥6¦U¦�¨ Áq¦�¢K¶C³C« ®K¦m§j°s¯¸£�¥6¦W®Eª:ªK¦�²h£µ²m¨�³C¢\Á^®H« ³C²W©S³C£µ²m¨ }

U =





1 α β
0 1 γ
0 0 −3




½u¥6¦�²8¦

α, β, γ ∈ R

³C²8¦�¦�« ¦�©S¦�¢K£�§�°s¯�£�¥6¦g©S³C¨`¢T±C¨�³>Áq°C¢l³C«X³C¢l±t§>°
λ1 = 1

½y¨`£�¥
µ(λ1) = 2

³C¢l±
λ2 = −3

½y¨`£�¥
µ(λ2) = 1

¿Àl¥\®\§N¬
σ(A) = {1,−3} ³C¢l± ρ(A) = max{|1|, |1|, | − 3|} = 3.

1U¦U²8¦�©S³C² �
£�¥6³C£z¦�¨ Áq¦�¢K¶C³C« ®K¦m§M°s¯³p±C¨�³>Áq°C¢l³C«g©S³C£µ²m¨ }i³[§S½�¦�«`«g³[§M®Eª:ªK¦�²T°C²S« °C½�¦�²M£µ²m¨�³C¢\Á^®H« ³C²S©S³C£µ²m¨�´N¦m§T³C²8¦
¦�« ¦�©S¦�¢K£�§T°s¯U£�¥6¦M©S³C¨`¢±C¨�³>Áq°C¢l³C« ¿
� I R:<>J\ZC@^; G6<ED�7^]ÐB8V6<h=S@CB858I a

A ∈ Rn×n
D8@CB8IADs]�rSB8V6<

� �u�Zq dC�\� ����� l � �4dX��
�Mq dXpir@x �Ð¦�£
A ∈ Rn×n ¿��Ð¦�£ Di

¬
i = 1, · · · , n ·N¦p£�¥6¦i±C¨A§ �[§p¨`¢v£�¥6¦´N°C©Qªl« ¦I}hªl« ³C¢l¦U±:¦igw¢l¦N±T³[§

Di :=







z ∈ C : |z − aii| ≤ ri,
½u¥6¦�²8¦

ri =

n∑

k=1

k 6=i

|aik |







Àl¥6¦�¢6¬�³C«`«�£�¥6¦j¦�¨ Áq¦�¢K¶C³C« ®K¦m§j°s¯
A
³C²8¦W¨`¢6§m¨�±:¦ D ±:¦igw¢l¦N±T³[§

D =
⋃

1≤i≤n

Di

¨�¿`¦E¿ ¬�£�¥6¦W®H¢K¨�°C¢i°s¯W±C¨A§ �[§ Di
¬
i = 1, . . . , n

¿
�t���6���c���*���S� Àl¥6¦U¦�¨ Áq¦�¢K¶C³C« ®K¦m§j°s¯¸£�¥6¦W©S³C£µ²m¨ }

A =





1 −4 0
3 2 0
1 1 4







�;� �� #�����	���� ��#���	�!���� Ê �
³C²8¦

λ1 = 4
¬

λ2,3 = (−3 ± i
√

47)/2 ≈ 1.5 ± i3.4278
³C¢l±¤´N³C¢,·N¦¹°:·�£�³C¨`¢l¦N±¤³[§
£�¥6¦Y²8°E°C£�§Å°s¯

P (λ) = (λ − 4)(λ2 − 3λ + 14)
¿UÀl¥6¦a£�¥\²8¦N¦ hQ¦�²N§8¥^Áq°C²m¨`¢¤±C¨A§ �[§a³C²8¦h§8¥6°C½y¢p¨`¢p£�¥6¦W¢l¦I}:£ �w¨ Á^®H²8¦E¿

��������� � �����(����� ���($ �

Ö <Wf�7:JKDFIALH<>5�7:JTB8V6IADQDF4K@:f�<¸7:J6; rMJ67:58=SD�d�V6IAfNVT]�G6; ^K; ;�B8V6<¸]�7:; ; 7Cd�I J6Rj46587:4X<>5FB8I <ED¸ÌzB87 �
Ì:O ‖A‖ ≥ 0

]�7:5t@^; ;
A ∈ Rn×n

d�I B8V ‖A‖ = 0
I ]y@^JKLT7:J6; rMI ]

A = 0 ∈ Rn×n
O

ÉHO ‖α · A‖ = |α| · ‖A‖ ]�7:5�<E@:fNV α ∈ R
bH]�7:5�<E@:fNV

A ∈ R
n×n O

Ê6O ‖A + B‖ ≤ ‖A‖ + ‖B‖ ]�7:5�<E@:fNV A, B ∈ Rn×n
O

ÍKO ‖ A · B ‖ ≤ ‖ A ‖ · ‖ B ‖ ]�7:5�<E@:fNV A, B ∈ Rn×n

Ö <W@^;ADF7j58<2\qG6I 58<zB8V6<Wf�7:=U4K@CB8I 96I ; I BsrTf�7:JKLHI B8I 7:J
d�I B8VÅ@jZ:<EfmB87:5�J67:58=Yb\B8VK@CB�IAD
�HO ‖Ax‖ ≤ ‖A‖ · ‖ x ‖ ]�7:5�<E@:fNV A ∈ Rn×n

@^JKLT]�7:5�<E@:fNV
x ∈ Rn

O
�
�4��r
p�o2piqMr���� ��Àl¥6¦'¢l°C²m©�°s¯¹£�¥6¦'©S³C£µ²m¨ }

A ∈ Rn×n ¨`¢l±C®K´N¦N± ·��£�¥6¦p¶C¦N´�£�°C²p¢l°C²m© ‖x‖ ¨A§±:¦igw¢l¦N±T·�
‖A ‖ := max

‖x‖=1
‖A · x‖

� �u�Zq dC�\� ���kj �Ð¦�£
A ∈ Rn×n ¿TÀl¥6¦j©S³C£µ²m¨ }
¢l°C²m©a§h¨`¢l±C®K´N¦N±
·�T£�¥6¦ 1 ¬ 2 ³C¢l± ∞ ¶C¦N´�£�°C²W¢l°C²m©a§³C²8¦
‖A ‖1 = max

1≤j≤n

n∑

k=1

|akj |
»�©S³�}:¨`©j®H© ´N°C« ®H©j¢Å§m®H© ¾

‖A ‖2 =
√

ρ(AT · A)

‖A ‖∞ = max
1≤i≤n

n∑

k=1

|aik|
»�©S³�}:¨`©j®H©?²8°C½�§m®H© ¾

3QJ67^B8V6<>5 \qG6I B8<aI =U4X7:5FBN@^JqBzJ67:58=YblDFI JKf�<aI B¸IADzDFI =U46; <aB87
f�7:=U46GHB8<:blIADQB8V6< Õ 587:9X<>J6I GKDtJ67:58=YOt�¼B¸IADLH<N^KJ6<ELY@:D
‖A‖F =





n∑

i=1

n∑

j=1

| aij |2




2

x�V6IAD�J67:58=1IAD�J67^B�I JKLHGKf�<EL
9\r
@^J\rSZ:<EfmB87:5�J67:58=YO



Ê:Ò ���������
	�� �;� ������	���� )*	���� ��� �V&"����#�����	����'�=$H���
	�) �

�t���6���c���*��� � yw°C¢6§m¨�±:¦�²a£�¥6¦h©S³C£µ²m¨ }^¬w£�³��:¦�¢j¯N²8°C© hQ¿��Ð¨`«`« ¨A¬���yw³C« ´N°C« ° �h®H©S¦�²m¨�´N°��
A =





4 −1 1
1 3 −1
0 1 1





1U¦z¥6³C¶C¦
‖A ‖1 = max{|4| + |1| + |0|, | − 1| + |3| + |1|, |1| + | − 1| + |1|} = 5

‖A ‖∞ = max{| − 4| + | − 1| + |1|, |1| + |3| + | − 1|, |0| + |1| + |1|} = 6

‖A ‖F =
[

42 + 12 + 02 + (−1)2 + 32 + 12 + 12 + (−1)2 + 12
]1/2

=
√

31

≈ 5.5678

�p°C²8¦N°C¶C¦�²N¬w§m¨`¢l´N¦
AT · A =





4 1 0
−1 3 1

1 −1 1



 ·





4 −1 1
1 3 −1
0 1 1



 =





17 −1 3
−1 11 −3

3 −3 3





{Ð§m¨`¢\Á �p³C£µ« ³:·m¬�£�¥6¦S¦�¨ Áq¦�¢K¶C³C« ®K¦m§S°s¯
AT · A ³C²8¦ λ1 = 18

¬
λ2 = 11.4244

¬
λ3 = 1.5756

¿YÀl¥\®\§N¬�¨`£¨A§
ρ(AT · A) = 18

³C¢l±U§>°�gw¢l³C«`« S½�¦¸¥6³C¶C¦
‖A‖2 =

√

ρ(AT · A) =
√

18 = 4.2426ÔQ7:58=SDU7^]¸=S@CB858IAf�<EDSf>@^J V6<>; 4¡GKDjB87¤LH<>; I =UI BMB8V6<¹f�7:=U46; <Na 46;A@^J6<Yd�V6<>58<YB8V6<Å<>I R:<>J\ZC@^; G6<EDj7^]h@=S@CB858I aT9X<>; 7:J6RjB87KOy��JKLH<><EL�b\B8V6<¸]�7:; ; 7Cd�I J6RjB8V6<>7:58<>=1V67:;AL6D>O
� �u�Zq dC�\� ���S� �Ð°C²a³C¢KS¨`¢l±C®K´N¦N±S©S³C£µ²m¨ }M¢l°C²m©a¬w½�¦¸¥6³C¶C¦

ρ(A) ≤ ‖A‖
�g²8°E°s¯�¿hÓ <�B

y
9X<U@^J¹<>I R:<>J\Z:<EfmB87:5t@:D8DF7Hf�IA@CB8<EL
B87MB8V6<a<>I R:<>J\ZC@^; G6<

λ
Oh3tD8DFG6=U<j@^;ADF7SB8VK@CB ‖y‖ = 1

OÖ <hVK@[Z:<
|λ| = |λ| · ‖y‖ = ‖λ · y‖ = ‖A · y‖ ≤ max

‖x‖=1
‖A · x‖ = ‖A‖

x�V\GKD>b�@^; ;t<>I R:<>J\ZC@^; G6<EDM@^58<:b�I J¡=U7HLHG6; GKD>b�; <ED8DSB8VK@^J ‖A‖ O�o\7Kb�@^;ADF7iB8V6<pR:58<E@CB8<EDsBSI J,=U7HLHG6; GKD<>I R:<>J\ZC@^; G6<:bqB8VK@CBQIAD
ρ(A)
bH]�G6; ^K; ;�B8V6IAD�I J6<2\qGK@^; I Bsr:O

2�t���6���c���*����!�yw°C¢6§m¨�±:¦�²U³>Áq³C¨`¢p£�¥6¦W©S³C£µ²m¨ }Y°s¯��@}\³C©Qªl« ¦ �q¿ �X¿ 1U¦h©S³CM½y²m¨`£�¦
ρ(A) ≤ min{‖ A ‖1 , ‖ A ‖2 , ‖ A ‖∞} = ‖ A ‖2 < 4.3.

��°[¬y³C«`«X£�¥6¦¸¦�¨ Áq¦�¢K¶C³C« ®K¦m§h°s¯Q£�¥6¦t©S³C£µ²m¨ }
A
¥6³C¶C¦z©S°E±C®H« ®\§Q« ¦m§N§Q£�¥6³C¢

4.3
¿���³CW¨`¢¹³C¢l°C£�¥6¦�²Q½�³C[¬c£�¥6¦�« ¨�¦W¨`¢p£�¥6¦j±C¨A§ �
°s¯¸£�¥6¦j´N°C©Qªl« ¦I}hªl« ³C¢l¦U°s¯h²8³:±C¨`®\§

r = 4.3
³C¢l±T´N¦�¢K£�¦�²

0 = 0 + i0
¿

cT�\�¤�;dfe%�����¡ m¢ �p³C£µ« ³:·U°C² � ´�£�³C¶C¦j¦�¢K¶E¨`²8°C¢K©S¦�¢K£�¬g³S©S³C£µ²m¨ }T¢l°C²m© ´N³C¢i·N¦j´N°C©Qªl®H£�¦N±S®\§m¨`¢\ÁM£�¥6¦¯N®H¢l´�£µ¨�°C¢��	��
�G�
norm(A, 1)

¬
norm(A, 2)

¬
norm(A,′ inf′)

¬
norm(A,′ fro′)

²8¦�£µ®H²m¢6§N¬c²8¦m§µªK¦N´�£µ¨`¶C¦�« [¬
1
¬

2
¬ ∞ ³C¢l± ��²8°:·N¦�¢K¨`®\§h¢l°C²m©a§W°s¯h£�¥6¦W©S³C£µ²m¨ } A

¿���¦N¦W£�¥6¦¸¥6¦�« ª�´N°C©j©S³C¢l±Q¯�°C²h©S°C²8¦j±:¦�£�³C¨`« §>¿
cT�\�¤�;dfe%���kj� m¢ �p³C£µ« ³:·M°C² � ´�£�³C¶C¦S¦�¢K¶E¨`²8°C¢K©S¦�¢K£�¬�£�¥6¦
»¼²8¦N³C«w³C¢l±Å´N°C©Qªl« ¦I}�¾Y¦�¨ Áq¦�¢K¶C³C« ®K¦m§M°s¯a£�¥6¦©S³C£µ²m¨ }

A ∈ Rn×n ´N³C¢¹·N¦h°:·�£�³C¨`¢l¦N±U®\§m¨`¢\Áj£�¥6¦c¯N®H¢l´�£µ¨�°C¢ eig(A) ¿��Ð°C²¸¦N³:´N¥T©S³C£µ²m¨ } A
¬
eig
§>¦�« ¦N´�£�§£�¥6¦W©S°[§m£w§m®H¨`£�³:·�« ¦j³C« Áq°C²m¨`£�¥\©�£�°M´N°C©Qªl®H£�¦W£�¥6¦j¦�¨ Áq¦�¢K¶C³C« ®K¦m§j°s¯

A
¿

cT�\�¤�;dfe%���S�%l#"�qX�in=o2piqMrsqMtQ� r¡�6�i�X��/
dC� piwY��	-nu�;o2piqMr@x�yw°C¢6§m¨�±:¦�²a£�¥6¦gªK°C« C¢l°C©j¨�³C«
p(x) = xn + an−1x

n−1 + . . . + a1x + a0½u¥6¦�²8¦
ak
¬
k = 0, . . . , n−1

³C²8¦z²8¦N³C«X¢K®H©S·N¦�²N§>¿w m£y¨A§ �C¢l°C½y¢Y£�¥6³C£y£�¥6¦�²8¦¸³C²8¦z¢l°U´�« °[§>¦y¯�°C²m©j®H« ³[§u¯�°C²
n ≥ 5

£�°h´N°C©Qªl®H£�¦g¨`£�§�²8°E°C£�§>¿ �p°C²8¦N°C¶C¦�²N¬u¦�¶C¦�¢Q¯�°C²
n = 2

£�¥6¦l¯�°C²m©j®H« ³[§Q³C²8¦g¢K®H©S¦�²m¨�´N³C«`« ¸¢l°C£l§m£�³:·�« ¦E¿



�;� � � ����# ���
����� ��& �����������	�
#=���'�=$H���
	�) � Ê �
Àl¥6³C£¸§>³C¨�±[¬h¨`£¸¨A§M¨`¢K£�¦�²8¦m§m£µ¨`¢\Áp£�°�gw¢l±'³C« £�¦�²m¢l³C£µ¨`¶C¦
½�³C[§T£�°'´N°C©Qªl®H£�¦T£�¥6¦T²8°E°C£�§
°s¯
³UªK°C« C¢l°C©j¨�³C« ¿Àl¥6¦�²8¦j³C²8¦W©S³C¢KU§m®K´N¥Y½�³C[§>¿ 1U¦tÁ^¨`¶C¦��m®\§m£�°C¢l¦E¿� m£�´N³C¢i·N¦�ªl²8°C¶C¦N±M£�¥6³C£�£�¥6¦j´N°C©QªK³C¢K¨�°C¢'©S³C£µ²m¨ }

A =












−an−1 −an−2 −an−3 . . . −a1 −a0

1 0 0 . . . 0 0
0 1 0 . . . 0 0
0 0 1 . . . 0 0¿¿¿ ¿¿¿ ¿¿¿ ¿ ¿ ¿ ¿¿¿ ¿¿¿
0 0 0 . . . 1 0












¥6³[§j³[§h¨`£�§j¦�¨ Áq¦�¢K¶C³C« ®K¦m§W£�¥6¦W²8°E°C£�§a°s¯
p
¿���°[¬w£�¥6¦g¯N®H¢l´�£µ¨�°C¢

eig()
´N³C¢i·N¦W®\§>¦N±S£�°�gw¢l±S£�¥6¦a²8°E°C£�§a°s¯

p
¿ ~ §W³C¢'¦I}\³C©Qªl« ¦m¬g´N°C¢6§m¨�±:¦�²

p(x) = x3 + x2 − 2
½u¥6°[§>¦W²8°E°C£�§W³C²8¦

1
³C¢l± −1± i

¿ ��°C« C¢l°C©j¨�³C«
p¥6³[§

a2 = 1
¬
a1 = 0

¬
a0 = −2

³C¢l±U§>°S£�¥6¦j´N°C©QªK³C¢K¨�°C¢'©S³C£µ²m¨ }M¨A§

A =





−1 0 2
1 0 0
0 1 0





Àl¥6¦�¯N®H¢l´�£µ¨�°C¢
eig(A)

®H¢l±:¦�² �p³C£µ« ³:·U°C² � ´�£�³C¶C¦m¬cÁ^¨`¶C¦m§h£�¥6¦W²8°E°C£�§a°s¯
p
½y¨`£�¥

16
´N°C²m²8¦N´�£MguÁ^®H²8¦m§>¿

������� � � ��� � ��� ��
 � 
 ����� ��
 $ �����(��� 
��
3vZ:<>58rMDF4X<Ef�IA@^;�DF<�BQ7^]u=S@CB858IAf�<ED�IAD�B8V6<hDF<�BQ7^]yDFr\=U=U<�B858IAfz4X7qDFI B8I Z:<hLH<N^KJ6I B8<h=S@CB858IAf�<ED>O
�
�4��r
p�o2piqMr�����! ~ §mC©j©S¦�£µ²m¨�´U©S³C£µ²m¨ }

A ∈ Rn×n ¨A§W§>³C¨�±
£�°Y·N¦QªK°[§m¨`£µ¨`¶C¦M±:¦igw¢K¨`£�¦j¨ ¯ xT Ax > 0¯�°C²a¦�¶C¦�²mM¢l°C¢ �E¦�²8°
x ∈ Rn ¿

�¼]
A
IAD�4X7qDFI B8I Z:<hLH<N^KJ6I B8<hdg<hd�58I B8<

A > 0
Oc�¼Btf>@^J
9X<h46587CZ:<ELSB8V6<¸]�7:; ; 7Cd�I J6RjB8V6<>7:58<>=YO

� �u�Zq dC�\� ��� � ~ §mC©j©S¦�£µ²m¨�´j©S³C£µ²m¨ }
A ∈ Rn×n ¨A§�ªK°[§m¨`£µ¨`¶C¦M±:¦igw¢K¨`£�¦a¨ ¯j³C¢l±Y°C¢K« T¨ ¯¸¥6³[§j³C«`«c£�¥6¦¦�¨ Áq¦�¢K¶C³C« ®K¦m§�ªK°[§m¨`£µ¨`¶C¦T»¼¨�¿`¦m¬

λk > 0
¬
k = 1, . . . , n

¾:¿
�t���6���c���*���
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aii = 3
¬
i = 1, . . . , n

¬
li,i−1 = 1

¬
i = 2, . . . , n

¬
li,i+1 = 1

¬
i = 1, . . . , n − 1
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³C¢l±T²8³:±C¨`®\§
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A
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Ax = b

d�V6<>58<
A ∈ Rn×n

b
b ∈ Rn×1

Ocx�V6<>58<�@^58<w=S@^J\r¸@^; R:7:58I B8V6=�B87tf�7:=U46GHB8<
x
Oc3Q=U7:J6R�B8V6<>=Ybdg<
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A
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+c@^; ;KB8V6<t<>; <>=U<>JqBNDg@^9X7CZ:<�B8V6<t=S@^I JTLHIA@^R:7:JK@^;K@^58<e0><>587qD>b:IµO <:O

aij = 0
b

j > i
O Õ 7:5�<Na6@^=U46; <:bqB8V6<EDF<z=S@CB858IAf�<ED�@^58<z@^; ;l; 7Cdg<>5�B858IA@^J6R:G6;A@^5g58<>Rq@^5NLH; <ED8DyB8V6<zZC@^; G6<EDg7^]

lij
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l21 l22
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l31 l32 l33
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l21 l22 0 0
l31 l32 l33 0
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aij = 0
b

j < i
O Õ 7:5W<Na6@^=U46; <:b�B8V6<EDF<S=S@CB858IAf�<EDh@^58<S@^; ;wG6464X<>5WB858IA@^J6R:G6;A@^5¸58<>Rq@^5NLH; <ED8DtB8V6<SZC@^; G6<EDh7^]

uij
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U
B8V6<M; 7Cdg<>5¸B858IA@^J6R:G6;A@^5W=S@CB858IAf�<EDW@^JKLpB8V6<TG6464X<>5WB858IA@^J6R:G6;A@^5=S@CB858IAf�<ED>bH58<EDF4X<EfmB8I Z:<>; r:O�¼BcIADÐ<E@:DFrtB87tDF7:; Z:<�@�B858IA@^J6R:G6;A@^5�; I J6<E@^5uDFrHDsB8<>=YO Ó <�B�� DuDF<><wB8V6<�; 7Cdg<>5�B858IA@^J6R:G6;A@^5�7:J6<ED>O Õ 7:5�B8V6<EDF<DFrHDsB8<>=SD>b6dg< ^K5NDsBtDF7:; Z:<zB8V6< ^K5NDsBQ<2\qGK@CB8I 7:J

l11x1 = b1
d�V6IAfNVYR:I Z:<ED

x1 = b1/l11
Ogx�V6<>JYdg<WDF7:; Z:<B8V6<�DF<Ef�7:JKLa<2\qGK@CB8I 7:J

l21x1+l22x2 = b2
d�I B8VU58<EDF4X<EfmBuB87

x2
DFI JKf�<�dg<�_\J67Cd

x1
]�587:=�B8V6<�4658<>Z\I 7:GKDDsB8<>4�+cdg<tR:<�B

x2 = (b2 − l21x1)/l22
O Õ 587:= B8V6<zB8V6I 5NLM<2\qGK@CB8I 7:J

l31x1 + l32x2 + l33x3 = b3
bHDFI JKf�<dg<�VK@[Z:<�@^; 58<E@:LHraf�7:=U46GHB8<EL

x1
@^JKL

x2
b:dg<"^KJKL

x3
@:D

x3 = (b3− l31x1− l32x2)/l33
OcÎw587Hf�<><ELHI J6RI J
B8V6IAD�d�@[r:bHI BQIAD�<E@:DFrSB87Ud�58I B8<¸B8V6<¸]�7:; ; 7Cd�I J6R��

��� � ������� ��	
� �������� ��� ����� ����������

x1 =
b1

l11

xi =
1

lii



bi −
i−1∑

j=1

lijxj



 , i = 2, . . . , n

�¼BaJ6<><EL6D
n2
@^58I B8V6=U<�B8IAfS7:4X<>5N@CB8I 7:JKDS_

+
b − b · b / nmO
��JKLH<><EL�buB87*^KJKL

xi
b
i > 1
budg<SJ6<><EL

2i − 17:4X<>5N@CB8I 7:JKD
• i − 1

=aG6; B8I 46; IAf>@CB8I 7:JKDgB87Sf�7:=U46GHB8<W@^; ;lB8<>58=SD
lij · xj

7^]ÐB8V6<WDFG6= b
• i − 2

@:L6LHI B8I 7:JTB87S@:L6LTB87:R:<�B8V6<>5gB8<>58=SD
lijxj
_�@^JKLYDF7Sf�7:=U46GHB8< ∑i−1

j=1 lijxj
n b

• 1
DFG69HB85N@:fmB8I 7:JMB87Mf�7:=U46GHB8<

bi −
∑i−1

j=1 lijxj
b

• 1
LHI Z\IADFI 7:J
7^]ÐB8V6<h4658<>Z\I 7:GKDg58<EDFG6; BQ9\r

lii
O

3�L6LHI J6R¸dg<�R:<�Bc]�7:5
i
ÈµB8VSDsB8<>4

(i−1)+(i−2)+1+1 = 2i−1
OÐÔQ7^B8<�B8VK@CByB8V6IADu]�7:58=aG6;A@zdg7:5I_HDc@^;ADF7]�7:5

i = 1
bqd�V6<>58<Qdg<QJ6<><ELS7:J6; rj7:J6<t7:4X<>5N@CB8I 7:JÅ_�@

/
nmOyo\7Kb:B8V6<tJ\G6=a9X<>5g7^]�7:4X<>5N@CB8I 7:JKDw58<2\qG6I 58<ELj9\rB8V6<W@^; R:7:58I B8V6=eIAD�B8V6<hDFG6=?7^]uB8V6<hJ\G6=a9X<>5�7^]u7:4X<>5N@CB8I 7:JKD�58<2\qG6I 58<ELSB87R^KJKL
<E@:fNV

xi
b
i = 1, . . . , n

+

N
02.

(n) =

n∑

i=1

(2i − 1) = 2

n∑

i=1

i −
n∑

i=1

1 = 2
n(n + 1)

2
− n = n2.

� a6@:fmB8; r
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	 ������ ������� ��	
� �������� ��� ����� ����������

IAD
xn =

bn

lnn

xi =
1

lii



bi −
n∑

j=i+1

lijxj



 , i = n − 1, . . . , 1
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]�7:; ; 7Cd�I J6R ^KR:G658<YÊ6O Ì:bydg<YDFV67CdeB8V6<@^9KDF7:; GHB8<�ZC@^; G6<Q7^]�B8V6<Q<>58587:5Eb:f�7:=U4X7:J6<>JqB�9\rUf�7:=U4X7:J6<>JqBEbq7^]lB8V6<tDF7:; GHB8I 7:JS7^]�@^JSG6464X<>5�B858IA@^J6R:G6;A@^5; I J6<E@^5¸DFrHDsB8<>=
Ux = b

7^]gLHI =U<>JKDFI 7:J
n = 20

OWx�V6<j; I J6<E@^5¸DFrHDsB8<>=�VK@:Dt5N@^JKLH7:=�<>; <>=U<>JqBNDtd�I B8VG6J6I ]�7:58=�LHIADsB858I 96GHB8I 7:J b b IADhfNV67\7qDF<aI Ji7:5NLH<>5tB87YVK@[Z:<aB8V6<S@^; ; 1 � D¸DF7:; GHB8I 7:J�OU3tD¸dg<Uf>@^JiDF<><:b�B8V6<DF7:; GHB8I 7:J
7^]ÐB8V6<h; I J6<E@^5QDFrHDsB8<>=1d�I B8VYV6I R:VÅf�7:JKLHI B8I 7:J
J\G6=a9X<>5�VK@:D�@U;A@^58R:<>5g<>58587:5EO
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F�5�GZ8��f5 8|3 0EF A702?ZO L K L 02? ?`J46�1;5I/ �

K(U) = 400
�
�
02?*K�G459/ L P2GXK�F�5 GZ8��f5 8 G L P2G A702?ZO L K L 02? ?`J46�1;5I/

�
K(U) = 3 × 108

� T
$M|%$ ��� � � �Ð���W� �����>�����
�¸�u��~W� �W�
� ��� �C� )w�u~h�c���g�¸�u��~W�
P�7:JKDFIALH<>5�B8V6<h; I J6<E@^5QDFrHDsB8<>=

Ax = b
d�V6<>58<

A
IADQ@UDI\qGK@^58<¸=S@CB858I aT7^]c7:5NLH<>5

n
O ��<Ef>@^; ;�B8VK@CBQI ]

LIAD¸@TJ67:J'DFI J6R:G6;A@^5z=S@CB858I aÅB8V6<>J
Ax = b

VK@:DtB8V6<SD8@^=U<jDF7:; GHB8I 7:JKDz7^]
LAx = Lb

O Ö <SD8@[r
B8VK@CBB8V6<¸Bsdg7U; I J6<E@^5�DFrHDsB8<>=SD�@^58<¸<2\qG6I ZC@^; <>JqBEOo\<�BFB8I J6R
A(1) = A

@^JKL
b(1) = b

b[B8V6< , @^GKD8DFIA@^J � ; I =UI JK@CB8I 7:JT_ , � I JhB8V6<w]�7:58d�@^5NLKnX58<ELHGKf�<ED�B8V6<R:I Z:<>J¹; I J6<E@^5¸DFrHDsB8<>=
A(1)x = b(1)

B87Y@^J67^B8V6<>5zG6464X<>5zB858IA@^J6R:G6;A@^5t<2\qG6I ZC@^; <>JqBz7:J6<
A(n)x = b(n)GKDFI J6R

n − 1
DsB8<>4KD
oqB8<>4iÌ�+

A(1)x = b(1) ⇔ L1A
(1)

︸ ︷︷ ︸

:=A(2)

x = L1b
(1)

︸ ︷︷ ︸

:=b(2)oqB8<>4¹É;+
A(2)x = b(2) ⇔ L2A

(2)

︸ ︷︷ ︸

:=A(3)

x = L2b
(2)

︸ ︷︷ ︸

:=b(3)

· · · · · · · · · · · ·

oqB8<>4V_�+
A(k)x = b(k) ⇔ LkA(k)

︸ ︷︷ ︸

:=A(k+1)

x = Lkb
(k)

︸ ︷︷ ︸

:=b(k+1)

· · · · · · · · · · · ·

oqB8<>4YJHÈNÌ�+
A(n−1)x = b(n−1) ⇔ Ln−1A

(n−1)

︸ ︷︷ ︸

:=A(n)

x = Ln−1b
(n)

︸ ︷︷ ︸

:=b(n)Ó <�B�� DgDF<><td�I B8V
DF7:=U<zLH<�BN@^I ;ADwB8V6<
k
ÈµB8VTDsB8<>4�b

k = 1, . . . , n− 1
Oy3gBgB8V6<z9X<>R:I J6J6I J6Ra7^]�B8V6IAD�DsB8<>4MB8V6<=S@CB858I a
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A(k) =






A
(k)
11 A
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(k)
22






d�V6<>58<
A

(k)
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k − 1

_�@:D8DFG6=UI J6R
A

(1)
11

b
A

(1)
12

<>=U4HBsr@^JKL
A

(1)
22 = A

nmOwx�V6<¸@^I =e7^]�B8V6<
k
ÈµB8V
DsB8<>4TIAD�B87c0><>587WB8V6<z<>; <>=U<>JqBNDg9X<>; 7Cd¡B8V6<z=S@^I J
LHIA@^R:7:JK@^;XI JB8V6<

k
ÈµB8Vpf�7:; G6=UJ¹7^]

A(k)
O¸3tD8DFG6=UI J6R

a
(k)
kk 6= 0

bXB8V6IADtIAD¸LH7:J6<a9\r
B8V6<a]�7:; ; 7Cd�I J6RM<>; <>=U<>JqBN@^58r
587Cd7:4X<>5N@CB8I 7:JKD
lik = a

(k)
ik /a

(k)
kk

r
(k+1)
i = r

(k)
i − likr

(k)
k , i = k + 1, · · · , n _�Ê6O Ì[n

b
(k+1)
i = b

(k)
i − likb

(k)
k
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r
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i
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k
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A
(k)
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A(k)
@^JKLT7:J
Z:<EfmB87:5

b(k)
O

Õ I R:G658<TÊ6O É;+ ,�K�K�G45
k
��K�GV<vK�57. 0�Q���8�J4<>< L 8�? 573 L 6 L ?Z8NK L 02? Y=8�3 3 (n − k)2

573 576W57?XK�< L ?4< L O�59K�G45W/�5EO*8N/�5E8
0�Q"698NK>/ L D A(k)

8�?ZO 8�3 3
n − k

573 576W57?XK�< L ?4< L O�59K�G459/�5EO 8N/�5E8|0�Q
b

(k)
GZ8��f5WK�0|1;5�J4. O48NK�5EOVJ4< L ?4P K�G45A70�/>/�57<>.;02?ZO L ?4P9573 576W57?XK�< L ?4< L O�5�143 J45�8N/�5E8�< T�� 0�K�5�K�GZ8NK"573 576W57?XK�< L ?4< L O�5�K�G45�P�/�5757?|8N/�5E8W0�Q

A(k)
8N/�5�<>5IK

K�0 �75I/�0 1X:�A702?4<vK>/�J4AIK L 02? T
�¼BYIADTJ67^BYLHI *Mf�G6; B
B87 46587CZ:<ÅB8VK@CB

A(k+1) = Lk · A(k)
d�V6<>58<

Lk ∈ Rn×n
VK@:D
@^; d�@[rHD 0><>587<>; <>=U<>JqBND�58<>Rq@^5NLH; <ED8DyI JSB8V6<z=S@^I JTLHIA@^R:7:JK@^;Kd�V6<>58<�B8V6<>58<z@^58<z@^; ;X7:J6<ED�@^JKLSI JMB8V6<t<>; <>=U<>JqBND�9X<>; 7CdB8V6<zLHIA@^R:7:JK@^;HI JSB8V6<
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∣
∣
∣
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∣
∣
∣
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∣
∣
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∣
∣
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(
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(
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¬
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l41 · l11 + l42 · 0 + l43 · 0 + l44 · 0 = a41 ⇒ l41 = a41/l11 = 0/
√

3 = 0
��°[¬g³C£�£�¥6¦a¦�¢l±M°s¯¸£�¥\¨A§z§m£�¦¼ª'½�¦z¥6³C¶C¦j´N°C©Qªl®H£�¦N±U£�¥6¦Hgw²N§m£g´N°C« ®H©j¢'°s¯

L
½u¥\¨�´N¥Å¢l°C½�« °E°��[§a³[§

L =







√
3 0 0 0

1/
√

3 l22 0 0
0 l32 l33 0
0 l42 l43 l44







• yw°C©Qªl®H£�¦¹£�¥6¦Y§>¦N´N°C¢l±�´N°C« ®H©j¢ °s¯
L
» ��� ��¾:¿�yw°C¢6§m¨�±:¦�²'³>Áq³C¨`¢�¦Nº�®K³C£µ¨�°C¢ » �q¿ ��¾:¿ ��º�®K³C£µ¨`¢\Á´N°C« ®H©j¢

j = 2
°s¯M£�¥6¦
©S³C£µ²m¨�´N¦m§

L · LT ³C¢l± A
¬j´N°C¢6§m¨�±:¦�²m¨`¢\Ái£�¥6³C£

A
¨A§M§mC©j©S¦�£µ²m¨�´'»s³C¢l±§>°Å½�¦
´N³C¢�¦Nº�®K³C£�¦T°C¢K« '¦�« ¦�©S¦�¢K£�§U½y¨`£�¥i²8°C½�¨`¢l±:¦I}YÁ^²8¦N³C£�¦�²T°C²T¦Nº�®K³C«w£�°Å£�¥6¦T´N°C« ®H©j¢�¨`¢l±:¦I}

j = 2
¾[¬w½�¦zÁq¦�£

l21 · l21 + l22 · l22 = a22 ⇒ l22 =
√

a22 − l21 · l21
l31 · l21 + l32 · l22 + l33 · 0 = a32 ⇒ l32 = (a32 − l31 · l21) /l22

l41 · l21 + l42 · l22 + l43 · 0 + l44 · 0 = a42 ⇒ l42 = (a42 − l41 · l21) /l22Ät¦N´N³C«`« ¨`¢\ÁT£�¥6³C£�¬
l21 = 1/

√
3
¬
l31 = 0

³C¢l±
l41 = 0

¬w½�¦j¦N³[§m¨`« �gw¢l±�¯N²8°C© £�¥6¦W£�¥\²8¦N¦�ªl²8¦�¶E¨�°C®\§¦Nº�®K³C£µ¨�°C¢6§
l22 =

√

8/3
¬
l32 =

√

3/8
³C¢l±

l42 = 0
¿|��°[¬z³C£t£�¥6¦M¦�¢l±¹°s¯j£�¥\¨A§j§m£�¦¼ª ½�¦j¥6³C¶C¦´N°C©Qªl®H£�¦N±S£�¥6¦�gw²N§m£�³C¢l±S£�¥6¦h§>¦N´N°C¢l±T´N°C« ®H©j¢6§W°s¯

L
½u¥\¨�´N¥Å¢l°C½¡« °E°��[§j³[§

L =









√
3 0 0 0

1√
3

√
8
3 0 0

0
√

3
8 l33 0

0 0 l43 l44









• yw°C©Qªl®H£�¦U£�¥6¦a£�¥\¨`²8±Å´N°C« ®H©j¢�°s¯
L
» ��� �m¾:¿[yw°C¢6§m¨�±:¦�²M°C¢l´N¦j©S°C²8¦S¦Nº�®K³C£µ¨�°C¢�» �q¿ ��¾:¿���º�®K³C£µ¨`¢\Á´N°C« ®H©j¢

j = 3
°s¯a©S³C£µ²m¨�´N¦m§

L · LT ³C¢l± A
¬Q´N°C¢6§m¨�±:¦�²m¨`¢\ÁY£�¥6³C£

A
¨A§W§mC©j©S¦�£µ²m¨�´
»s³C¢l±M§>°
½�¦´N³C¢�¦Nº�®K³C£�¦U°C¢K« Y¦�« ¦�©S¦�¢K£�§W½y¨`£�¥Å²8°C½�¨`¢l±:¦I}SÁ^²8¦N³C£�¦�²j°C²j¦Nº�®K³C«u£�°M£�¥6¦U´N°C« ®H©j¢p¨`¢l±:¦I}

j = 3
¾[¬½�¦zÁq¦�£

l31 · l31 + l32 · l32 + l33 · l33 = a33 ⇒ l33 =
√

a33 − l231 − l232

l41 · l31 + l42 · l32 + l43 · l33 + l44 · 0 = a43 ⇒ l43 = (a43 − l41 · l31 − l42 · l33) /l33Ät¦N´N³C«`« ¨`¢\Á¹£�¥6¦
³C« ²8¦N³:±C'´N°C©Qªl®H£�¦N±Å¶C³C« ®K¦m§T°s¯
L
¬Q½�¦�gw¢l±W¯N²8°C© £�¥6¦S£µ½�°jªl²8¦�¶E¨�°C®\§
¦Nº�®K³C£µ¨�°C¢6§

l33 =
√

21/8
¬

l43 =
√

8/21
¿ ��°[¬W³C£¸£�¥6¦Y¦�¢l±'°s¯M£�¥\¨A§M§m£�¦¼ª¡½�¦S¥6³C¶C¦Å´N°C©Qªl®H£�¦N±¹£�¥6¦ gw²N§m£§>¦N´N°C¢l±T³C¢l±M£�¥\¨`²8±T´N°C« ®H©j¢6§W°s¯
L
½u¥\¨�´N¥Å¢l°C½¡« °E°��[§j³[§

L =










√
3 0 0 0

1√
3

√
8
3 0 0

0
√

3
8

√
21
8 0

0 0
√

8
21 l44
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• yw°C©Qªl®H£�¦Q£�¥6¦Ð¯�°C®H²m£�¥T´N°C« ®H©j¢
°s¯
L
»
j = 4
¾:¿ ��²8°C© ¦Nº�®K³C£µ¨�°C¢p» �q¿ ��¾j³>Áq³C¨`¢6¬w¦Nº�®K³C£µ¨`¢\Áa´N°C« ®H©j¢6§

j = 4
°s¯h©S³C£µ²m¨�´N¦m§

L · LT ³C¢l± A
½�¦zÁq¦�£

l41 · l41 + l42 · l42 + l43 · l43 + l44 · l44 = a44 ⇒ l44 =
√

a44 − l241 − l242 − l243

½u¥\¨�´N¥
Á^¨`¶C¦m§
l44 =

√

55/21
¿���°[¬Mgw¢l³C«`« [¬w½�¦¸¥6³C¶C¦

L =










√
3 0 0 0

1√
3

√
8
3 0 0

0
√

3
8

√
21
8 0

0 0
√

8
21

√
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Ö <WDsBN@^5FB�d�I B8VÅ@jGKDF<�]�G6;ÐLH<N^KJ6I B8I 7:J�O
�
�4��r
p�o2piqMr����
	 �Ð°C²p³C¢K¤¨`¢l±C®K´N¦N±�©S³C£µ²m¨ }�¢l°C²m©a¬S£�¥6¦'´N°C¢l±C¨`£µ¨�°C¢ ¢K®H©S·N¦�²¹°s¯¹£�¥6¦Å§>º�®K³C²8¦m¬U¢l°C¢§m¨`¢\Á^®H« ³C²N¬w©S³C£µ²m¨ }

A
¨A§

K(A) = ‖A‖ ·
∥
∥A−1

∥
∥ �¯

A
¨A§¸§m¨`¢\Á^®H« ³C²N¬�½�¦h§>¦�£

K(A) = +∞ ¿x�V6<hf�7:JKLHI B8I 7:JYJ\G6=a9X<>5�]�G6; ^K; ;ADQDF7:=U<¸GKDF<�]�G6;�46587:4X<>5FB8I <ED>O
� �u�Zq dC�\� ���	� �Ð¦�£

A
·N¦j³S¢l°C¢Å§m¨`¢\Á^®H« ³C²h©S³C£µ²m¨ }Y°s¯W°C²8±:¦�²

n
¿UÀl¥6¦�¢6¬�½�¦¸¥6³C¶C¦

»s³N¾
K(A) ≥ 1

¯�°C²a³C«`«Ð©S³C£µ²m¨�´N¦m§
A
¿

»s·�¾
K(A−1) = K(A)

³C¢l±
K(α A) = K(A)

¯�°C²a¦N³:´N¥
α 6= 0
¿

�g²8°E°s¯�¿�Ó <�BQ46587CZ:<z7:J6; rp_�@qnmO Ö <hVK@[Z:<
1 = ‖In‖ =

∥
∥A · A−1

∥
∥ ≤ ‖A‖ ·

∥
∥A−1

∥
∥ = K(A).

d�V6<>58<
In
IAD�B8V6<hIALH<>JqB8I BsrM=S@CB858I aT7^]c7:5NLH<>5

n
O
2

� �u�Zq dC�\� ����� �Ð¦�£
A
·N¦j³C¢'°C²m£�¥6°8Áq°C¢l³C«u©S³C£µ²m¨ }
°s¯a°C²8±:¦�²

n
¿SÀl¥6¦�¢

K2(A) = 1
¿

�g²8°E°s¯�¿wÖ <hVK@[Z:<
‖A‖2 =

√

ρ( A · AT ) =
√

ρ( A · A−1 ) =
√

ρ( In ) = 1

9X<Ef>@^GKDF<
AT = A−1 DFI JKf�< A

IAD�7:5FB8V67:R:7:JK@^;µOu3Q;ADF7Kb6I BQIAD
∥
∥A−1

∥
∥

2
=
∥
∥AT

∥
∥

2
=

√

ρ( AT · ( AT )
T

) =
√

ρ( A−1 · A ) = 1

o\7KbHdg<¸VK@[Z:<
K2(A) = ‖A‖2 ·

∥
∥A−1

∥
∥

2
= 1 · 1 = 1

@^JKLMB8V6<h46587\7^]uIADQf�7:=U46; <�B8<:O
2

� �u�Zq dC�\� ����� �Ð¦�£
A
·N¦j³U§mC©j©S¦�£µ²m¨�´m¬lªK°[§m¨`£µ¨`¶C¦U±:¦igw¢l¦W©S³C£µ²m¨ }Y°s¯W°C²8±:¦�²

n
¿UÀl¥6¦�¢

K2(A) =
λmax

λmin
.
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����������� ��& � #�����	���� �=$H���
	�) �HÌ
�t���6���c���*�����;�%l��*p�� /��4dfoU�¤�;o�dXpiw:�Z�Xx ~ �h¨`« ·N¦�²m£�©S³C£µ²m¨ }

H
°s¯a°C²8±:¦�²

n
¨A§a±:¦igw¢l¦j³[§

hij =
1

i + j − 1
, i, j = 1, . . . , n

Àl¥\¨A§M©S³C£µ²m¨�´N¦m§
³C²8¦M§mC©j©S¦�£µ²m¨�´S§m¨`¢l´N¦
hji = hij

¿Å m£h´N³C¢�³C« §>°i·N¦¸ªl²8°C¶C¦N±p£�¥6³C£z£�¥6¦�'³C²8¦¸ªK°[§m¨`£µ¨`¶C¦±:¦igw¢K¨`£�¦E¿SÀl¥6¦�¨`²j´N°C¢l±C¨`£µ¨�°C¢p¢K®H©S·N¦�²¸¨A§z¥\¨ Á[¥'¦�¶C¦�¢a¯�°C²h§m©S³C«`«
n
�

n
� � � � �

K(H) 5 · 105 2 · 1013 8 · 1017

ÔQ7Cd,f�7:JKDFIALH<>5wB8V6<z; I J6<E@^5�DFrHDsB8<>=
Ax = b

Oy3 DF=S@^; ;lfNVK@^J6R:<
δb
I JMB8V6<z58I R:VqBgVK@^JKLMDFIALH<z46587HLHGKf�<ED@
DF=S@^; ;yfNVK@^J6R:<

δx
I J¹B8V6<SDF7:; GHB8I 7:J�+

A (x + δx) = b + δb
Ojx�VK@CB¸IAD>b

Aδx = δb
O Ó <�B�� D�^KJKLp@58<>;A@CB8I 7:JT9X<�Bsdg<><>J

δb
@^JKL

δx
O Ö <hVK@[Z:<:bHd�I B8VY58<EDF4X<EfmB�B87SDF7:=U<hf�7:=U4K@CB8I 96I ; I BsrTZ:<EfmB87:5�J67:58=Yb

‖δx‖
‖x‖ =

‖A−1 · δb‖
‖x‖

(1)

≤ ‖A−1‖ · ‖δb‖
‖b‖/‖A‖ = ‖A‖ · ‖A−1‖

︸ ︷︷ ︸

K(A)

· ‖δb‖‖b‖

d�V6<>58<
K(A) = ‖A‖ · ‖A−1‖ IAD>b\9\rMLH<N^KJ6I B8I 7:J�bqB8V6<¸f�7:JKLHI B8I 7:JMJ\G6=a9X<>5�7^]�B8V6<z=S@CB858I a A

O Õ 7:5�B8V6<LH<>J67:=UI JK@CB87:5�7^]ÐI J6<2\qGK@^; I Bsrp_sÌ[nmbHJ67^B8<zB8VK@CB ‖b‖ = ‖A · x‖ ≤ ‖A‖ · ‖x‖ @^JKL
DF7 ‖x‖ ≥ ‖A‖/‖b‖ O�¼]
K(A)

IAD�;A@^58R:<tdg<¸D8@[rUB8VK@CB�B8V6<¸; I J6<E@^5�DFrHDsB8<>=�_�@^JKLMB8V6<¸=S@CB858I a
A
n�IAD�I ; ; È�f�7:JKLHI B8I 7:J6<EL�Oc��JTB8V6IADf>@:DF<:b�DF=S@^; ;

δb
=S@[r:b�<>Z:<>J'I ]gJ67^BhJ6<Ef�<ED8D8@^58I ; r:bl46587HLHGKf�<j;A@^58R:<

δx
OUx�VK@CB¸IAD>bÐDF=S@^; ;y4X<>5FB8G6589K@CB8I 7:J=S@[rUf�7:=U46; <�B8<>; rUfNVK@^J6R:<�B8V6<zDF7:; GHB8I 7:J�Oc�¼]

K(A)
IAD�DF=S@^; ;µb:B8V6<t; I J6<E@^5gDFrHDsB8<>=�_�@^JKLjB8V6<t=S@CB858I a

A
nIAD�dg<>; ; È�f�7:JKLHI B8I 7:J6<EL b DF=S@^; ;�4X<>5FB8G6589K@CB8I 7:JKD�7:J b

LH7\<ED�J67^BtfNVK@^J6R:<tB87\7U=aGKfNV
x
O3tD�@ ^KJK@^;�58<EDFG6; BEb\B8VK@CBQdg<¸R:I Z:<¸d�I B8V67:GHBQ46587\7^]sbHdg<¸VK@[Z:<zB8V6<z]�7:; ; 7Cd�I J6RjB8V6<>7:58<>=YO

� �u�Zq dC�\� ������� �Ð¦�£
A
·N¦a³S¢l°C¢¹§m¨`¢\Á^®H« ³C²h©S³C£µ²m¨ }Y°s¯W°C²8±:¦�²

n
¿ �Ð¦�£

x + δx
·N¦W£�¥6¦h§>°C« ®H£µ¨�°C¢

(A + δA)(x + δx) = b + δb

~ §N§m®H©j¨`¢\ÁÅ³C« §>°Y£�¥6³C£
b 6= 0

³C¢l±
£�¥6³C£�¬Ð¯�°C²j§>°C©S¦M´N°C©QªK³C£µ¨�·�« ¦M©S³C£µ²m¨ }Y¢l°C²m©a¬ ‖δA‖ < 1/
∥
∥A−1

∥
∥
¬½�¦¸¥6³C¶C¦

‖δx‖
‖x‖ ≤ K(A)

1 − K(A) ‖ δA ‖
‖ A ‖

( ‖δb‖
‖b‖ +

‖ δA ‖
‖ A ‖

)

��������� � �������)%'��#���� ��� ��� 
�� ��#�� � ����� � ! �����(� ����$
P�7:JKDFIALH<>5yB8V6<zDF7:; GHB8I 7:JS7^]�B8V6<t; I J6<E@^5gDFrHDsB8<>=

Ax = b
d�I B8VSB8V6< , @^GKD8DFIA@^JM3Q; R:7:58I B8V6=YO�]t<>J67^B8<t9\r

x
B8V6<h<Na6@:fmBQDF7:; GHB8I 7:JY@^JKLT9\r

x̂
B8V6<W@:fmB8GK@^; ; rMf�7:=U46GHB8<ELYDF7:; GHB8I 7:J
9\rSB8V6<W@^; R:7:58I B8V6=YOx�r\46IAf>@^; ; r:bCB8V6< , @^GKD8DFIA@^JU3Q; R:7:58I B8V6=�R:I Z:<EDc@hDF=S@^; ;HJ67:58= ]�7:5cB8V6<�58<EDFIALHGK@^;HZ:<EfmB87:5

r̂ = b−Ax̂
O

��<Ef>@^; ;�B8VK@CB�]�7:5�B8V6<W<Na6@:fmBtDF7:; GHB8I 7:J
x
I BtIAD

r = b − Ax = 0
O�o\7Kb6I BzDF<><>=SDQ@UR:7\7HLTIALH<E@jB87SBN@`_:<

‖ r̂ ‖ @:D�@j=U<E@:DFG658<z7^]uB8V6<hR:7\7HLHJ6<ED8Dg7^]uB8V6<WDF7:; GHB8I 7:J x̂
O Ó <�B�� DQDF<><¸I ]uB8V6IAD�IAD�I JKLH<><ELTB8V6<Wf>@:DF<:OÖ 58I B8I J6R

Ax̂ = b − r̂
dg<Mf>@^J�D8@[rÅB8VK@CB

x̂
IAD¸B8V6<TDF7:; GHB8I 7:J'7^]�7:G65h; I J6<E@^5aDFrHDsB8<>=�d�V6<>58<UB8V6<58I R:VqBtVK@^JKL¹DFIALH<aIAD �sGKDsB¸@M; I BFB8; <j4X<>5FB8G6589K@CB8I 7:JÅ7^]

b
9\r
B8V6<WB8<>58=

δb = −r̂
OzÇtDFI J6RMB8V6<a4658<>Z\I 7:GKD@^JK@^; rHDFIAD>bqB8V6<h<>58587:5�J67:58= ‖e‖ = ‖x − x̂‖ D8@CB8IAD�^K<ED

‖ e ‖
‖ x ‖ ≤ K(A) · ‖ r̂ ‖

‖ b ‖o\7Kb6I ]
K(A)

IAD�;A@^58R:<S_`B8VK@CBtIAD>bHB8V6<h; I J6<E@^5QDFrHDsB8<>=?IAD�I ; ; È�f�7:JKLHI B8I 7:J6<ELKngdg< ©S³C VK@[Z:<h@j;A@^58R:<¸<>58587:5<>Z:<>J
I ]uB8V6<W58<>;A@CB8I Z:<z58<EDFIALHGK@^; ‖ r̂ ‖ / ‖ b ‖ IAD�DF=S@^; ;µOg×tJ
B8V6<h7^B8V6<>5�VK@^JKL�b6I ]uB8V6<W; I J6<E@^5QDFrHDsB8<>=1IADdg<>; ; È�f�7:JKLHI B8I 7:J6<ELSB8V6<¸B8<EDsBQ7:JTB8V6<h58<EDFIALHGK@^;�dg7:5I_HDg4658<�BFBsrMdg<>; ;µO
�t���6���c���*������� yw°C¢6§m¨�±:¦�²W£�¥6¦h« ¨`¢l¦N³C²¸§m[§m£�¦�©

Hx = b
½u¥6¦�²8¦

H
¨A§h£�¥6¦ �h¨`« ·N¦�²m£�©S³C£µ²m¨ }
°s¯W°C²8±:¦�²

n = 10
¿ �Ð¦�£t´N¥6°E°[§>¦

b
¨`¢�°C²8±:¦�²U£�°M¥6³C¶C¦S£�¥6¦M¦I}\³:´�£�§>°C« ®H£µ¨�°C¢

x
°s¯S³C«`«�°C¢l¦m§>¿ {Ð§m¨`¢\Á �p³C£µ« ³:·m¬t½�¦

gw¢l± ‖ r̂ ‖ / ‖ b ‖ ≈ 10−16 ³C¢l± ‖ e ‖ / ‖ x ‖ ≈ 10−4 ½u¥\¨�´N¥p¨A§a©j®K´N¥
Á^²8¦N³C£�¦�²W£�¥6¦�¢i£�¥6¦a²8¦m§m¨�±C®K³C« ¿Àl¥\¨A§W¨A§a±C®K¦W£�°U£�¥6¦¸¥\¨ Á[¥
K(A) ≈ 1013 ¿
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B8V6IADt@^464X<>JKLHI a
dg<Wf>@^JÅDF<><W@Sf�7:=U46; <�B8< , @^GKD8DFIA@^J
<>; I =UI JK@CB8I 7:JYdg7:5I_\I J6RU7:JÅ@SDFrHDsB8<>=

Ax = b7^]u7:5NLH<>5
n = 4
O Ö <hVK@[Z:<

n − 1 = 4 − 1 = 3
DsB8<>4KD>O

• oqB8<>4 Ì�+ A(1)x = b(1) ⇔ L1 · A(1)(x) = L1 · b(1)
d�V6<>58<

L1
0><>587qDz@^; ;c<>; <>=U<>JqBNDz9X<>; 7Cd

a
(1)
11

9\rM<>; <>=U<>JqBN@^58rM587CdQDg7:4X<>5N@CB8I 7:JKDgGKDFI J6R
l21 = a

(1)
21 /a

(1)
11

l31 = a
(1)
31 /a

(1)
11

l41 = a
(1)
41 /a

(1)
11







⇒ L1 =







1 0 0 0
−l21 1 0 0
−l31 0 1 0
−l41 0 0 1







Ó <�B�� DQf�7:=U46GHB8<
A(2) = L1 · A(1)

+

L1 · A(1) =







1 0 0 0
−l21 1 0 0
−l31 0 1 0
−l41 0 0 1







·








a
(1)
11 a

(1)
12 a

(1)
13 a

(1)
14

a
(1)
21 a

(1)
22 a

(1)
23 a

(1)
34

a
(1)
31 a

(1)
32 a

(1)
33 a

(1)
34

a
(1)
41 a

(1)
42 a

(1)
43 a

(1)
44








=








a
(1)
11 a

(1)
12 a

(1)
13 a

(1)
14

−l21 · a(1)
11 + a

(1)
21 −l21 · a(1)

12 + a
(1)
22 −l21 · a(1)

13 + a
(1)
23 −l21 · a(1)

14 + a
(1)
24

−l31 · a(1)
11 + a

(1)
31 −l31 · a(1)

12 + a
(1)
32 −l31 · a(1)

13 + a
(1)
33 −l31 · a(1)

14 + a
(1)
34

−l41 · a(1)
11 + a

(1)
41 −l41 · a(1)

12 + a
(1)
42 −l41 · a(1)

13 + a
(1)
43 −l41 · a(1)

14 + a
(1)
44








=








a
(1)
11 a

(1)
12 a

(1)
13 a

(1)
14

0 −l21 · a(1)
12 + a

(1)
22 −l21 · a(1)

13 + a
(1)
23 −l21 · a(1)

14 + a
(1)
24

0 −l31 · a(1)
12 + a

(1)
32 −l31 · a(1)

13 + a
(1)
33 −l31 · a(1)

14 + a
(1)
34

0 −l41 · a(1)
12 + a

(1)
42 −l41 · a(1)

13 + a
(1)
43 −l41 · a(1)

14 + a
(1)
44








=








a
(2)
11 a

(2)
12 a

(2)
13 a

(2)
14

0 a
(2)
22 a

(2)
23 a

(2)
24

0 a
(2)
32 a

(2)
33 a

(2)
34

0 a
(2)
42 a

(2)
43 a

(2)
44








= A(2)

d�V6<>58<
a
(2)
1,j = a

(1)
1,j

b
j = 1, . . . , 4

@^JKL
a
(2)
i,j = a

(1)
ij − lij · a(1)

1j

b
i, j = 2, . . . , 4

b
• oqB8<>4�É;+ A(2)x = b(2) ⇔ L2 · A(2)(x) = L2 · b(2)

d�V6<>58<
L2

0><>587qDz@^; ;c<>; <>=U<>JqBNDz9X<>; 7Cd
a
(2)
22

9\rM<>; <>=U<>JqBN@^58rM587CdQDg7:4X<>5N@CB8I 7:JKDgGKDFI J6R
l32 = a

(1)
32 /a

(2)
22

l42 = a
(2)
42 /a

(2)
22







⇒ L2 =







1 0 0 0
0 1 0 0
0 −l32 1 0
0 −l42 0 1







Ó <�B�� DQf�7:=U46GHB8<
A(3) = L2 · A(2)

+

L2 · A(2) =







1 0 0 0
0 1 0 0
0 −l32 1 0
0 −l42 0 1







·








a
(2)
11 a

(2)
12 a

(2)
13 a

(2)
14

0 a
(2)
22 a

(2)
23 a

(2)
24

0 a
(2)
32 a

(2)
33 a

(2)
34

0 a
(2)
42 a

(2)
43 a

(2)
44








=








a
(2)
11 a

(2)
12 a

(2)
13 a

(2)
14

0 a
(2)
22 a

(2)
23 a

(2)
34

0 −l32 · a(2)
22 + a

(2)
32 −l32 · a(2)

23 + a
(2)
33 −l32 · a(2)

24 + a
(2)
34

0 −l42 · a(2)
22 + a

(2)
42 −l42 · a(2)

23 + a
(2)
43 −l42 · a(2)

24 + a
(2)
44










�;� �Z� ���H�H	������ � �^Ê

=








a
(2)
11 a

(2)
12 a

(2)
13 a

(2)
14

0 a
(2)
22 a

(2)
23 a

(2)
34

0 0 −l32 · a(2)
23 + a

(2)
33 −l32 · a(2)

24 + a
(2)
34

0 0 −l42 · a(2)
23 + a

(2)
43 −l42 · a(2)

24 + a
(2)
44








=








a
(3)
11 a

(3)
12 a

(3)
13 a

(3)
14

0 a
(3)
22 a

(3)
23 a

(3)
24

0 0 a
(3)
33 a

(3)
34

0 0 a
(3)
43 a

(3)
44








= A(3)

• oqB8<>4iÊ + A(3)x = b(3) ⇔ L3 · A(3)(x) = L3 · b(3)
d�V6<>58<

L3
0><>587qDz@^; ;c<>; <>=U<>JqBNDz9X<>; 7Cd

a
(3)
33

9\rM<>; <>=U<>JqBN@^58rM587CdQDg7:4X<>5N@CB8I 7:JKDgGKDFI J6R

l43 = a
(3)
43 /a

(3)
33 ⇒ L3 =







1 0 0 0
0 1 0 0
0 0 1 0
0 0 −l43 1







Ó <�B�� DQf�7:=U46GHB8<
A(4) = L3 · A(3)

+

L3 · A(3) =







1 0 0 0
0 1 0 0
0 0 1 0
0 0 −l43 1







·








a
(3)
11 a

(3)
12 a

(3)
13 a

(3)
14

0 a
(3)
22 a

(3)
23 a

(3)
24

0 0 a
(3)
33 a

(3)
34

0 0 a
(3)
43 a

(3)
44








=








a
(3)
11 a

(3)
12 a

(3)
13 a

(3)
14

0 a
(3)
22 a

(3)
23 a

(3)
24

0 0 a
(3)
33 a

(3)
34

0 0 −l43 · a(3)
33 + a

(3)
43 −l43 · a(3)

34 + a
(3)
44








=








a
(3)
11 a

(3)
12 a

(3)
13 a

(3)
14

0 a
(3)
22 a

(3)
23 a

(3)
24

0 0 a
(3)
33 a

(3)
34

0 0 0 −l43 · a(3)
34 + a

(3)
44








=








a
(4)
11 a

(4)
12 a

(4)
13 a

(4)
14

0 a
(4)
22 a

(4)
23 a

(4)
24

0 0 a
(4)
33 a

(4)
34

0 0 0 a
(4)
44








= A(4)

3gBTB8V6<'<>JKL,7^]hB8V6<pB8V658<><'DsB8<>4�bQdg<pVK@[Z:<p@^J,G6464X<>5
B858IA@^J6R:G6;A@^5M; I J6<E@^5YDFrHDsB8<>=
A(4)x = b(4)<2\qG6I ZC@^; <>JqBzB87TB8V6< ^K5NDsBh7:J6<:O Æ 7:58<>7CZ:<>5EbX; 7\7�_\I J6R
@CBzB8V6<

LU
]�@:fmB87:58I 0E@CB8I 7:J�b�LH<N^KJ6I J6R

U = A(4)
bdg<¸VK@[Z:<

L3 · L2 · L1 · A
︸ ︷︷ ︸

U

x = L3 · L2 · L1 · b

@^JKLMB8V\GKD
L3 · L2 · L1 · A = U ⇔ A = L−1

1 · L−1
2 · L−1

3
︸ ︷︷ ︸

L

·U

�¼BQIAD�<E@:DFrSB87SfNV6<Ef7_SB8VK@CB

L = L−1
1 · L−1

2 · L−1
3 =







1 0 0 0
l21 1 0 0
l31 0 1 0
l41 0 0 1







·







1 0 0 0
0 1 0 0
0 l32 1 0
0 l42 0 1







·







1 0 0 0
0 1 0 0
0 0 1 0
0 0 l43 1









�CÍ ���������
	�� �;� ������	���� )*	���� ��� �V&"����#�����	����'�=$H���
	�) �

=







1 0 0 0
l21 1 0 0
l31 l32 1 0
l41 l42 l43 1







$M|�� &('M����)g� �Ð���
3�DsBN@^5�J6<E@^5�B8V6<hJ\G6=a9X<>5�7^]y@^J
<NaH<>5Nf�IADF<¸LH<>J67^B8<W@ULHI *Mf�G6; BQ7:J6<:O
Ì:O Õ I JKLTB8V6<WDF4X<EfmB858G6=

σ(A)
b6B8V6<WDF4X<EfmB85N@^;�5N@:LHI GKD

ρ(A)
bHB8V6< ‖A‖1

@^JKL ‖A‖∞
7^]uB8V6<¸=S@CB858I a

A =





1 2 3
0 0 2
0 −2 0





ÉHO Õ I JKL�bqG6JKLH<>5cB8V6<Qf�7:JKLHI B8I 7:J ‖x‖2 = 1
bCB8V6<�=S@XaHI =aG6= ZC@^; G6<�7^]XB8V6<�]�G6JKfmB8I 7:J

f(x) = ‖Ax‖2d�V6<>58<
A
IAD

A =

(
1 2
2 1

)

- 3QJKDFdg<>52+uB8V6<h=S@XaHI =aG6=?IAD �sGKDsB ‖A‖2
@^JKL
DF7UI BQIAD ‖A‖2 =

(
ρ(AT · A)

)1/2
= 3
O /

Ê6O�Îw587CZ:<zB8VK@CBQ@^; ;�<>I R:<>J\ZC@^; G6<EDg7^]uB8V6<¸=S@CB858I a

A =





1/3 1/4 1/5
1/4 1/5 1/6
1/5 1/6 1/7





VK@[Z:<z=U7HLHG6; GKD�; <ED8DgB8V6<>J
5/6
O�- 3QJKDFdg<>52+u]�7:5�<E@:fNV
<>I R:<>J\ZC@^; G6<ED

λ
7^]ÐB8V6<h=S@CB858I a

A
dg<¸VK@[Z:<

|λ| ≤ ρ(A) ≤ ‖A‖∞ = max ({47/60 , 37/60 , 107/210}) = 47/60 < 5/6
O /

ÍKO�Îw587CZ:<�B8VK@CBgI ]
A
IADgDFr\=U=U<�B858IAft@^JKLU4X7qDFI B8I Z:<zLH<N^KJ6I B8<QB8V6<>J
@^; ;XV6IAD�<>I R:<>J\ZC@^; G6<EDw@^58<Q4X7qDFI B8I Z:<:O

- 2QI JqB2+cBN@`_:<
x
@:D�@^JT<>I R:<>J\Z:<EfmB87:5g7^]

A
b6IµO <:O b

Ax = λx
O�o\7

xT Ax = xT (λx) = λ‖x‖2
@^JKLDF7U7:J�O /

�HO Õ I JKL¤B8V6<
J\G6=a9X<>5j7^]Q7:4X<>5N@CB8I 7:JKDa58<2\qG6I 58<EL'B87if�7:=U46GHB8< ∑n
k=1 lk · r2

k

O(- 2QI JqB2+MJ67^B8<TB8VK@CB
lk · r2

k = lk · rk · rk
O /

Ò6O��¼BUIAD�_\J67Cd�J�B8VK@CBaB8V6<
LU
]�@:fmB87:58I 0E@CB8I 7:J,_

L
VK@:Dj@^; ;g7:J6<EDWI J¤B8V6<T=S@^I J�LHIA@^R:7:JK@^;`n¸7^]QB8V6<=S@CB858I a

A
VK@:D |U | = −2

O Õ I JKL�b6I ]c4X7qD8DFI 96; <:b |A−2| O
�\OtP�7:=U46GHB8<¸B8V6<

LU
]�@:fmB87:58I 0E@CB8I 7:J'_�d�I B8V67:GHBQ46I Z:7^B8I J6R\nw]�7:5�B8V6<h=S@CB858I a

A =





2 1 1
1 3 1
2 1 2





ÇtDFI J6RUB8V6<
LU
]�@:fmB87:58I 0E@CB8I 7:J�bHf�7:=U46GHB8< |A| @^JKL |A−1| Oh- 3QJKDFdg<>52+

L =





1 0 0
1/2 1 0
1 0 1



 , U =





2 1 1
0 5/2 1/2
0 0 1





@:Dudg<gf>@^JjfNV6<Ef7_hLH7:I J6RQB8V6<g46587HLHGKfmBEOcx�V6<>J�bCdg<gR:<�B |A| = |LU | = |L|·|U | = 2·(5/2)·1 = 5DFI JKf�< |L| = 1
Oyx�V6<>J�b6dg<¸VK@[Z:< |A−1| = 1/|A| = 1/5

/
Ë6O�3 ;A@^58R:<Q; I J6<E@^5�DFrHDsB8<>=

Ax = b
d�I B8V

n = 103
<2\qGK@CB8I 7:JKDg@^JKL

K(A) = 106
IADgDF7:; Z:<ELSGKDFI J6R

, @^GKD8DFIA@^JS<>; I =UI JK@CB8I 7:J�O��¸J67Cd�I J6R¸B8VK@CB�B8V6<�B858G6<zDF7:; GHB8I 7:J
x
VK@:D ‖x‖∞ = 100

@^JKLjB8V6<�^KJK@^;58<>;A@CB8I Z:<�58<EDFIALHGK@^;HIAD ‖r‖∞/‖b‖∞ ≈ 10−12
b:IADyI BwB858G6<�B8VK@CBw<E@:fNVUf�7:=U4X7:J6<>JqBy7^]XB8V6<t@:fmB8GK@^; ; rf�7:=U46GHB8<ELYDF7:; GHB8I 7:J
VK@:D�@CBQ; <E@:DsB�B8V658<><hLH<Ef�I =S@^;�46;A@:f�<ED�f�7:5858<EfmBND�@C]`B8<>5�B8V6<WLH<Ef�I =S@^;�4X7:I JqB�+



�;���f� 	���	��W�
�C�Z	"� � �

Ñ6OtP�7:=U46GHB8<¸B8V6<Wf�7:JKLHI B8I 7:J
J\G6=a9X<>5
K2(A)

7^]ÐB8V6<h=S@CB858I a

A =





1 0 0
0 104 0
0 0 10−4





- 3QJKDFdg<>52+
A
IADWDFr\=U=U<�B858IAfS@^JKLi4X7qDFI B8I Z:<MLH<N^KJ6I B8<Md�I B8V�<>I R:<>J\ZC@^; G6<ED

λ1 = 10−4
b
λ2 = 1

b
λ3 = 104 b B8V\GKD>bqB8V6<z=UI J6I =aG6=1<>I R:<>J\ZC@^; G6<tIAD λmin = 10−4

@^JKLSB8V6<z=S@XaHI =aG6=e<>I R:<>J\ZC@^; G6<IAD
λmax = 104

OwÇtDFI J6RjB8V6<>7:58<>=?Ê6O Ñjdg<¸VK@[Z:<
K2(A) = λmax/λmin = 104/10−4 = 108

O /
Ì��6O�3v=S@CB858I a

A ∈ Rn×n
IAD�DsB858IAfmB8; rTLHIA@^R:7:JK@^; ; rMLH7:=UI JK@^JqBQ9\rM587CdQDgI ]

| aii | >

n∑

k=1
k 6=i

| aik | i = 1, . . . , n

��J
B8V6<WD8@^=U<¸=S@^J6J6<>5Eb
A
IAD�DsB858IAfmB8; r
LHIA@^R:7:JK@^; ; rMLH7:=UI JK@^JqB�9\rTf�7:; G6=UJKD�I ]

| aii | >

n∑

k=1

k 6=i

| aki | i = 1, . . . , n

Îw587CZ:<yB8VK@CBy@tDFr\=U=U<�B858IAf�@^JKLaDsB858IAfmB8; rhLHIA@^R:7:JK@^; ; rzLH7:=UI JK@^JqBc9\r¸587Cd¡_�7:5u9\rhf�7:; G6=UJXn�=S@CB858I aIAD�4X7qDFI B8I Z:<hLH<N^KJ6I B8<:O
Ì:Ì:O , I Z:<WDF7:=U<h<Na6@^=U46; <ED�7^]ydg<>; ;Ðf�7:JKLHI B8I 7:J6<EL
=S@CB858IAf�<ED�@^JKLYDF7:=U<h7^B8V6<>5�<Na6@^=U46; <ED�7^]cI ; ;uf�7:JHÈLHI B8I 7:J6<EL
=S@CB858IAf�<ED>O
Ì[ÉHO , I Z:<¸@^J
<Na6@^= 46; <¸7^]u@jDI\qGK@^58<t=S@CB858I aM7^]u7:5NLH<>5

n = 3
d�V6<>58<zI B�IADg4X7qD8DFI 96; <tB87ULH7aB8V6<�^K5NDsBDsB8<>4Y7^]uB8V6< , @^GKD8DFIA@^J
<>; I =UI JK@CB8I 7:JY96GHBQI BQIAD�J67^BQ4X7qD8DFI 96; <zB87SLH7UB8V6<WDF<Ef�7:JKLTDsB8<>4�O

ÌEÊ6O�x�V6<WDI\qGK@^58<¸=S@CB858I a
A
VK@:DQLHI =U<>JKDFI 7:J

n = 1000
d�I B8V¹@^; ;�0><>587qD�96GHB

aii = 4
b
i = 1, . . . , n

b
ai,i−1 = −2

b
i = 2, . . . , n

b
ai,i+1 = −1

b
i = 1, . . . , n − 1

OwÎw587CZ:<zB8VK@CBQB8V6IAD�=S@CB858I a
IAD�J67:JDFI J6R:G6;A@^5EOMx�V6<>J�buGKDFI J6R Æ @CB8;A@^9'7:5U×zfmBN@[Z:<:b�46; 7^BWB8V6<S<>I R:<>J\ZC@^; G6<ED¸I J'B8V6<Tf�7:=U46; <Nap46;A@^J6<:O
- 2QI JqB2+U@Å=S@CB858I a'IADaDFI J6R:G6;A@^5WI ]Q@^JKLi7:J6; r'I ]�I BaVK@:DhB8V6<M<>I R:<>J\ZC@^; G6<

0
O Ö VK@CBjf>@^J�dg<MD8@[r@^9X7:GHB�B8V6<h58<>R:I 7:JT7^]uB8V6<hf�7:=U46; <Na
46;A@^J6<¸d�V6<>58<¸<>I R:<>J\ZC@^; G6<EDg7^]

A
@^58<;+@/

Ì>ÍKO�x�V6<S58<E@^;µbuDFr\=U=U<�B858IAfU@^JKL'4X7qDFI B8I Z:<MLH<N^KJ6I B8<S=S@CB858I a
A
VK@:DhDF4X<EfmB85N@^;w5N@:LHI GKD

ρ(A) = 1/3
OÖ V6IAfNVY7^]uB8V6<¸]�7:; ; 7Cd�I J6RU@^58<zB858G6<;+

_�@qn
A
VK@:D�@jJ6<>Rq@CB8I Z:<z<>I R:<>J\ZC@^; G6<:O_�9Xn

A
=S@[rM9X<WDFI J6R:G6;A@^5EO_�fEn

A
=S@[rMVK@[Z:<tB8V6<h<>I R:<>J\ZC@^; G6<

1/10 + i/10
O_�LKn

A
VK@:D�@^; ;lB8V6<h<>I R:<>J\ZC@^; G6<EDgI J
B8V6<

(0, 1/3]
I JqB8<>58ZC@^;�7^]uB8V6<h58<E@^;�@XaHIAD>O_�<[n

A
VK@:D�@MP�V67:; <EDC_\rS]�@:fmB87:58I 0E@CB8I 7:J�O

Ì �HO¸_
?
n Ö 58I B8<a@ Æ @CB8;A@^9Y7:5¸×zfmBN@[Z:<z]�G6JKfmB8I 7:JY]�7:5�B8V6< , @^GKD8DFIA@^J
<>; I =UI JK@CB8I 7:J¹@^96; <¸B87TDF7:; Z:<¸B8V6<; I J6<E@^5yDFrHDsB8<>=

Ax = b
d�I B8VU@^JKLWd�I B8V67:GHBy4K@^5FB8IA@^;q46I Z:7^B8I J6RKOux�V6<>J�b^GKDF<�B8V6IADÐ]�G6JKfmB8I 7:JjI JKDFIALH<@UD8f�58I 4HB�B87 ^KJKL�^KR:G658<ED�; I _:<�^KR:G658<S_�Ê6O ÊqnmO

ÌEÒ6O�ÇtDF<jP�V67:; <EDC_\rU]�@:fmB87:58I 0E@CB8I 7:JTB87 ^KJKL
I ]uB8V6<¸]�7:; ; 7Cd�I J6Rj=S@CB858I aTIAD�7:5�IAD�J67^BQ4X7qDFI B8I Z:<hLH<N^KJ6I B8<




1 1 1
1 2 1
1 1 3





P�V6<Ef7_Mr:7:G65Q@^JKDFdg<>5�GKDFI J6RjB8V6<¸]�G6JKfmB8I 7:JY<>I RX_µng7^] Æ @CB8;A@^9
7:5z×zfmBN@[Z:<:O



�^Ò ���������
	�� �;� ������	���� )*	���� ��� �V&"����#�����	����'�=$H���
	�) �



���������
	����

� %�!�� �¡��21!(% ���,+ . ! ����� + 0 +1��/�� ��

ÔQ7Cd�@:L6@[rHDu;A@^58R:<�; I J6<E@^5�DFrHDsB8<>=SDyd�V6<>58<�=U7qDsBw7^]lB8V6<tf�7\<@*Mf�I <>JqBNDw@^58<J0><>587W@^58<g]�58<2\qG6<>JqB8; rj<>JKf�7:G6JHÈB8<>58<EL
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IADzZ:<>58r
<NaH4X<>JKDFI Z:<j@^JKL¹DF7Tdg<��sGKDsB¸VK@[Z:<a@MZ:<>58rYDF=S@^; ;c@^=U7:G6JqBz7^]wI BEb�D8@[r@^9X7:GHBtÉ Æ �¡B87SË Æ �zOo\7KbHI ]uB8V6<¸; I J6<E@^5�DFrHDsB8<>=1IADg;A@^58R:<z96GHB�VK@:D�Z:<>58rS; I BFB8; <¸<>; <>=U<>JqBND�LHI kl<>58<>JqB�]�587:= 0><>587aB8V6<>58<h@^58<B8<EfNV6J6IS\qG6<EDuB87WDsB87:58<�@^; ;HB8V6<EDF<�J67:Jf0><>587¸<>; <>=U<>JqBNDyI JKDFIALH<�B8V6<zPg3tP�2 � O Ö VK@CBw=S@[rWVK@^464X<>JKDyGKDFI J6R
, @^GKD8DFIA@^Jj<>; I =UI JK@CB8I 7:JU7:5 Ó Ç�]�@:fmB87:58I 0E@CB8I 7:J�b^DF<><�B8V6<�^KR:G658<�9X<>; 7Cdhb:IADcB8V6<tf�58<E@CB8I 7:Jj7^]�@¸; 7^Bw7^]lJ6<>dJ67:JHÈS0><>587W<>; <>=U<>JqBND¸_�dg<¸D8@[rjB8VK@CBgB8VK@CB�dg<zVK@[Z:<QB8V6< gw«`« Â�¨`¢ 46V6<>J67:=U<>JK@j@^JKLSB8V6<z=S@CB858I a
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B8I =U<EDNnmOx�V6<z@^I = 7^]�I B8<>5N@CB8I Z:<�=U<�B8V67HL6D�IADyB87a4658<EDF<>58Z:<gB8V6<t7:58I R:I JK@^;KDF4K@^5NDFI Bsra7^]�B8V6<t=S@CB858I aU@^JKLUB87WR:<�B]�@:DsBQDF7:; GHB8I 7:J
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x�V6<M9K@:DFIAfSIALH<E@Å7^]t@^J�I B8<>5N@CB8I Z:<M=U<�B8V67HL�IADhB8V6<M]�7:; ; 7Cd�I J6RKO Õ I 5NDsBa58<E@^585N@^J6R:<jB8V6<M; I J6<E@^5jDFrHDsB8<>=
Ax = b

@:Dg@W^ aH<ELS4X7:I JqBg<2\qGK@CB8I 7:J
x = Ex+q

]�7:5gDF7:=U<t=S@CB858I a
E
@^JKLSZ:<EfmB87:5

q
Owo\<Ef�7:JKL�b4^KJKLB8V6<�^ aH<ELT4X7:I JqB

x
7^]�B8V6IAD�;A@CBFB8<>5�<2\qGK@CB8I 7:J
@:D�B8V6<¸; I =UI B�]�7:5

k → +∞ 7^]ÐB8V6<hDF<2\qG6<>JKf�< x(k)
R:I Z:<>J9\r

x(k+1) = Ex(k) + q
b
k = 0, 1, . . .

d�V6<>58<
x(0)
IADtDF7:=U<WDsBN@^5FB8I J6RS4X7:I JqBEO Õ I 5NDsBt7^]y@^; ;µbK; <�B�� DtDF<><B8V6<zf�7:JKLHI B8I 7:JKDw]�7:5gd�V6IAfNVSB8V6<¸DF<2\qG6<>JKf�<zf�7:J\Z:<>58R:<�B87WB8V6<�^ aH<ELM4X7:I JqBEO@]t<>J67^B8I J6RWB8V6<z<>58587:5w7^]�B8V6<

k
ÈµB8V
I B8<>5N@CB8I 7:J

x(k)
9\r

e(k) = x − x(k), k = 0, 1, . . .dg<¸VK@[Z:<
e(k) = x − x(k) = ( Ex + q ) −

(

Ex(k−1) + q
)

= E
(

x − x(k−1)
)

= Ee(k−1)

@^JKL�DF7KbuGKDFI J6R¹=S@CB8V6<>=S@CB8IAf>@^;�I JKLHGKfmB8I 7:J�b
e(k) = Eke(0)

O Õ 7:5WB8V6<T9X<>VK@[Z\I 7:G65W7^]�B8V6<
DF<2\qG6<>JKf�<
e(k)
dg<¸J6<><ELTB8V6<¸]�7:; ; 7Cd�I J6Rj; <>=U=S@j]�7:5�d�V6IAfNV
dg<hDC_\I 4
B8V6<h46587\7^]sO
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lim
k→+∞

Ek = On ⇔ ρ(E) < 1.
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x(k)
O

� �u�Zq dC�\� �Ð���?Àl¥6¦¸§>¦Nº�®K¦�¢l´N¦
x(k+1) = Ex(k) +q

¬
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´N°C¢K¶C¦�²µÁq¦m§z£�°j£�¥6¦Hg
}\¦N±�ªK°C¨`¢K£
x°s¯¸£�¥6¦j¦Nº�®K³C£µ¨�°C¢

x = Ex + q
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x(0) ¨ ¯W³C¢l±T°C¢K« M¨ ¯ ρ(E) < 1
¿

�g²8°E°s¯�¿ � Ö <QJ67^B8<�B8VK@CB
x(k)
f�7:J\Z:<>58R:<EDÐB87

x
I ]�@^JKLU7:J6; raI ]

e(k)
f�7:J\Z:<>58R:<EDÐB87

0
Ocx�V6<>J�b\@:D8DFG6=UI J6R

Ek → 0n
bHGKDFI J6RjB8V6<h; <>=U=S@6b6dg<¸VK@[Z:<

lim
k→+∞

e(k) = lim
k→+∞

Eke(0) = On · e(0) = 0

×tJ¹B8V6<j7^B8V6<>5¸VK@^JKL�b�I ]
e(k) → 0

]�7:5¸<E@:fNV
x(0)
blB8V6<>J'I B¸=aGKDsBh9X<

Ek → 0n
OW��JKLH<><EL�b�I ]�B8V6IADzIADJ67^BhB8V6<Tf>@:DF<:b�B8V6<>J'B8V6<>58<SIADa@CBW; <E@:DsBW7:J6<U<>; <>=U<>JqBa7^]gB8V6<M; I =UI Ba7^]

E(k)
LHI kl<>58<>JqBh]�587:=

0
O Ó <�B

E
(k)
ij → lij 6= 0

Oux�V6<>J�b^fNV67\7qDFI J6R
x(0)
I Ja7:5NLH<>5�B87tVK@[Z:<�@^JW<>58587:5

e(0)
d�I B8Vj@^; ;H0><>587qD�96GHBy@

1
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j
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ei
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ρ(E)
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‖e(k)‖
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Ax = b ⇔ (L + D + U)x = b ⇔ Dx = −(L + U)x + b

⇔ x = −D−1(L + U)x + D−1bo\<�BFB8I J6R
EJ = −D−1(L + U)
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qJ = D−1b
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x = EJx + qJ
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x(k+1) = EJx(k) + qJ , k = 0, 1, . . .
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Ax = b ⇔ (D + L + U)x = b ⇔ (D + L)x = −Ux + b
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ES = −(D + L)−1U
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qS = (D + L)−1b
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×t9\Z\I 7:GKDF; r:b�B8V6<S7:5NLH<>5h7^]gB8V6<S<2\qGK@CB8I 7:JKDhLH7\<EDhJ67^BWfNVK@^J6R:<jB8V6<MDF7:; GHB8I 7:Ji7^]�@
; I J6<E@^5WDFrHDsB8<>=YO

2Q7Cdg<>Z:<>5Eb\B8V6IADQ7:5NLH<>5Q=S@[r
@Ckl<EfmBQB8V6<jf�7:J\Z:<>58R:<>JKf�<z7^]� q@:f�7:96IÐ@^JKL , @^GKD8DsÈso\<>IALH<>;�=U<�B8V67HL6D>O Ó <�B�� DDF<><h@^J
<Na6@^=U46; <:O
cT�\�¤�;dfe �Ð���1Àl¥6¦Å°C²8±:¦�²Y°s¯M£�¥6¦Å¦Nº�®K³C£µ¨�°C¢ ¨`¢�£�¥6¦T« ¨`¢l¦N³C²M§m[§m£�¦�©Ã¨A§T¨`©QªK°C²m£�³C¢K£�¿(yw°C¢6§m¨�±:¦�²N¬�¯�°C²¦I}\³C©Qªl« ¦m¬�£�¥6¦��H³:´N°:·�¨y©S¦�£�¥6°E±t¯�°C²h£�¥6¦�¯�°C«`« °C½y¨`¢\Á
« ¨`¢l¦N³C²h§m[§m£�¦�© °s¯h©S³C£µ²m¨ }

A
¿ 1U¦¸¥6³C¶C¦

A =

(
α β
β α

)

⇒ BJ =





0 −β
α

−β
α 0



 ⇒ ρ(BJ) =
|β|
|α|

³C¢l±U£�¥\®\§¸£�¥6¦ �H³:´N°:·�¨y©S¦�£�¥6°E±T´N°C¢K¶C¦�²µÁq¦m§h¨ ¯ |β| < |α| ¿SÀl¥6³C£�§m£�³C£�¦N±[¬y« ¦�£ 
 §a¦I}\´N¥6³C¢\Áq¦W£�¥6¦h£µ½�°U²8°C½c§>¿�Ð°C²h£�¥6¦W¢l¦�½�©S³C£µ²m¨ }
Ã
¬w½�¦¸¥6³C¶C¦

Ã =

(
β α
α β

)

⇒ B̃J =





0 −α
β

−α
β 0



 ⇒ ρ(B̃J) =
|α|
|β|

³C¢l±U§>°[¬y§m¨`¢l´N¦W¢l°C½
ρ(B̃J ) > 1

¬ �H³:´N°:·�¨w¨`£�¦�²8³C£µ¨�°C¢6§a±:°M¢l°C£�´N°C¢K¶C¦�²µÁq¦E¿
cT�\�¤�;dfe �Ð�kj Àl¥6¦S£µ½�°
« ¨`¢l¦N³C²a§m[§m£�¦�©a§

Ax = b
³C¢l±

PAx = Pb
¥6³C¶C¦S£�¥6¦j§>³C©S¦j§>°C« ®H£µ¨�°C¢M¯�°C²¦N³:´N¥Å¢l°C¢p§m¨`¢\Á^®H« ³C²h©S³C£µ²m¨ }

P
» ªl²8¦N´N°C¢l±C¨`£µ¨�°C¢K¨`¢\Á
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��¦�¨�±:¦�«�©S¦�£�¥6°E±S£�°M³S²8¦N³C«qªl²8°:·�« ¦�©a¬�´N°C¢6§m¨�±:¦�²h£�¥6¦W©S³C£µ²m¨ } � §8¥6¦�²m©S³C¢ �:¿ ©j£k} � °s¯¸£�¥6¦ �p³C£µ²m¨ } �p³C² �:¦�£´N°C«`« ¦N´�£µ¨�°C¢�» ¯N²8¦N¦Q¯N²8°C© £�¥6¦ 1U¦E·�¾:¿ ~ §j½�¦
´N³C¢�§>¦N¦T°C¢¤£�¥6¦S« ¦�¯N£¸°s¯�guÁ^®H²8¦ �X¿ �^¬z¨`£t¨A§M³Å¶C¦�²m
§µªK³C²N§>¦©S³C£µ²m¨ }$�Q¨`£w¥6³[§a±C¨`©S¦�¢6§m¨�°C¢
n = 1000
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1
: �98 #&%*)+��, E

Àl¥6¦
©S³C£µ²m¨ }
P
¨A§
´N¥6°[§>¦�¢,³[§Y³'±C¨�³>Áq°C¢l³C«�©S³C£µ²m¨ }'½u¥6¦�²8¦Y¦�¢K£µ²m

pii = 1/
∑n

k=1 |aik |
¿ ~ §�guÁ^®H²8¦

�X¿ �
§8¥6°C½c§N¬g£�¥6¦�²8¦a¨A§h§>°C©S¦U³:±C¶C³C¢K£�³>Áq¦U¨`¢p§>°C« ¶E¨`¢\Á
PAx = Pb

¨`¢6§m£�¦N³:±
°s¯
Ax = b

¿
Àl¥6¦Qªl²8°:·�« ¦�©°s¯a¥6°C½ £�°¹´N¥6°E°[§>¦T£�¥6¦T·N¦m§m£z©S³C£µ²m¨ }
P
»¼¨�¿`¦E¿ ¬¸£�¥6¦S©S³C£µ²m¨ }j¯�°C²S½u¥\¨�´N¥�£�¥6¦
´N°C²m²8¦m§µªK°C¢l±C¨`¢\Á¹¨`£�¦�²8³C£µ¨�°C¢©S³C£µ²m¨ }U¥6³[§W£�¥6¦h§m©S³C«`« ¦m§m£�§µªK¦N´�£µ²8³C«�²8³:±C¨`®\§¼¾S¨A§a³T´N¥6³C«`« ¦�¢\Á^¨`¢\ÁWªl²8°:·�« ¦�©S¿

� ������� � ������� ��������� � ���3��� 
 � ��� ��
����
�� � 
 ��� � � � ��% � ����� � ��#�� ������
��%� 
�!
, I Z:<>JiB8V6<M; I J6<E@^5aDFrHDsB8<>=

Ax = b
I BaIADWJ67^Bj@^; d�@[rHD¸<E@:DFrpB87V^KJKLiB8V6<MI B8<>5N@CB8I 7:J�=S@CB858I a

EJ
7:5

ES
@^JKLYB87
f�7:=U46GHB8<WB8V6<jf�7:5858<EDF4X7:JKLHI J6RMDF4X<EfmB85N@^;u5N@:LHI GKD>Otx�V\GKD>bXI B¸IADQI JqB8<>58<EDsB8I J6RMB87TR:I Z:<aDF7:=U<DFG *Mf�I <>JqByf�7:JKLHI B8I 7:JKDÐ]�7:5uB8V6<�f�7:J\Z:<>58R:<>JKf�<w7^]6B8V6<h q@:f�7:96I\@^JKL , @^GKD8DsÈso\<>IALH<>;q=U<�B8V67HL6D �sGKDsBy; 7\7�_\I J6R7:JTB8V6<h=S@CB858I a

A
Owx�V6<>58<h@^58<hDFGKfNV
=S@^J\rM7^]ÐB8V6<EDF<Wf�7:JKLHI B8I 7:JKD>O Ö <��sGKDsBQR:I Z:<hDF7:=U<:O

� �u�Zq dC�\� �Ð�kj  �¯¸£�¥6¦W©S³C£µ²m¨ }
A
°s¯h£�¥6¦W« ¨`¢l¦N³C²¸§m[§m£�¦�©

Ax = b
¨A§h§m£µ²m¨�´�£µ« T±C¨�³>Áq°C¢l³C«`« Y±:°C©j¨`¢l³C¢K£·�S²8°C½c§a°C²a·�T´N°C« ®H©j¢i·N°C£�¥ �H³:´N°:·�¨�³C¢l± hQ³C®\§N§mÂv��¦�¨�±:¦�«�©S¦�£�¥6°E±[§a³C²8¦j´N°C¢K¶C¦�²µÁq¦�¢K£�¿

� �u�Zq dC�\� �Ð�S�v �¯Å£�¥6¦'©S³C£µ²m¨ }
A
°s¯¹£�¥6¦'« ¨`¢l¦N³C²¹§m[§m£�¦�©

Ax = b
¨A§¹§mC©j©S¦�£µ²m¨�´�³C¢l±YªK°[§m¨`£µ¨`¶C¦±:¦igw¢K¨`£�¦W£�¥6¦�¢¹£�¥6¦|hQ³C®\§N§mÂv��¦�¨�±:¦�«Ð©S¦�£�¥6°E±S¨A§a´N°C¢K¶C¦�²µÁq¦�¢K£�¿

� �u�Zq dC�\� �Ð� �� �¯j£�¥6¦M©S³C£µ²m¨ }
A
°s¯U£�¥6¦M« ¨`¢l¦N³C²U§m[§m£�¦�©

Ax = b
¨A§T³Y£µ²m¨�±C¨�³>Áq°C¢l³C«g©S³C£µ²m¨ }^¬t£�¥6¦�¢

�H³:´N°:·�¨¸³C¢l±'£�¥6¦uhQ³C®\§N§mÂv��¦�¨�±:¦�«g©S¦�£�¥6°E±[§Å³C²8¦Å·N°C£�¥ ±C¨`¶C¦�²µÁq¦�¢K£a°C²Y·N°C£�¥ ´N°C¢K¶C¦�²µÁq¦�¢K£�¿ �p°C²8¦N°C¶C¦�²N¬W¨ ¯£�¥6¦�T³C²8¦j´N°C¢K¶C¦�²µÁq¦�¢K£�¬w£�¥6¦�¢
ρ(ES) = ρ2(EJ )

¿
Õ 7:5Y@�R:<>J6<>5N@^;z; I J6<E@^5YDFrHDsB8<>=

Ax = b
btB8V6<>58<'IAD
J67 58<>;A@CB8I 7:JKDFV6I 4,9X<�Bsdg<><>J,B8V6<if�7:J\Z:<>58R:<>JKf�<9X<>VK@[Z\I 7:G65y7^]� q@:f�7:96I6@^JKL , @^GKD8DsÈso\<>IALH<>;6=U<�B8V67HL6D>Oyx�VK@CBwIAD>bq9X7^B8VU=S@[raJ67^Bgf�7:J\Z:<>58R:<:bC7:5w7:J6<�=S@[r96GHBQJ67^B�B8V6<¸7^B8V6<>5EbH7:5�9X7^B8VÅf>@^JYf�7:J\Z:<>58R:<td�I B8V¹LHI kl<>58<>JqB�5N@CB8<ED>O Ó <�B�� D�DF<><WDF7:=U<¸<Na6@^=U46; <ED>O

�t���6���c��� �Ð�kj �Ð¦�£
a > 0

	w£�¥6¦W« ¨`¢l¦N³C²¸§m[§m£�¦�© ½y¨`£�¥Y©S³C£µ²m¨ }
A
Á^¨`¶C¦�¢�·�

A =

(
1 a
a 1

)

¥6³[§
EJ =

(
0 −a
−a 0

)

, ES = −(D + L)−1U =

(
1 0
−a 1

)

·
(

0 a
0 0

)

=

(
0 a
0 −a2

)

³C¢l±�§>°
ρ(EJ ) = a

³C¢l±
ρ(ES) = a2 ¿ Àl¥\®\§N¬T·N°C£�¥¡©S¦�£�¥6°E±[§p³C²8¦i´N°C¢K¶C¦�²µÁq¦�¢K£j¨ ¯ a < 1

½y¨`£�¥
hQ³C®\§N§mÂv��¦�¨�±:¦�«:¯�³[§m£�¦�²h§m¨`¢l´N¦

ρ(ES) = a2 < a = ρ(EJ )
¬�·N°C£�¥¹³C²8¦j±C¨`¶C¦�²µÁq¦�¢K£g¨ ¯

a > 1
¿
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a = 0.5 � 8 3<.4% ��'�,B1

a = 2 � 04) = CD% �9E

�t���6���c��� �Ð�S� {Ð§m¨`¢\ÁT³ �p³C£µ« ³:·�ªl²8°8Á^²8³C©a¬w½�¦z¥6³C¶C¦�gw¢l±U£�¥6¦y¯�°C«`« °C½y¨`¢\Á
©S³C£µ²m¨�´N¦m§¸½y¨`£�¥
£�¥6¦a´N°C²m²8¦�Â§µªK°C¢l±C¨`¢\ÁS§µªK¦N´�£µ²8³C«�²8³:±C¨`¨�°s¯¸£�¥6¦��H³:´N°:·�¨g³C¢l±*hQ³C®\§N§mÂv��¦�¨�±:¦�«�©S¦�£�¥6°E±[§>¿

A =





34 20 11
17 −5 −16
−8 −13 −20



 , ρ(EJ ) = 0.53, ρ(ES) = 0.87

A =





−22 −6 −10
2 −14 3
2 −2 −5



 , ρ(EJ ) = 0.55, ρ(ES) = 0.15

A =





−11 −6 −11
4 −10 −11

−9 0 −8



 , ρ(EJ ) = 1.21, ρ(ES) = 0.82

A =





3 −8 14
−13 −16 −11
−18 −10 40



 , ρ(EJ ) = 0.57, ρ(ES) = 1.42

A =





3 −2 18
9 15 10

−6 −3 6



 , ρ(EJ ) = 2.60, ρ(ES) = 4.84
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�T|%$ � ~ �Ï�u~ ���u~h� ���
�Ã�N�u���c�¸�u��~W� �
x�V6<>58<¸@^58<QBsdg7j=S@^I JYDsB87:4646I J6RUf�58I B8<>58IA@h]�7:5gB8V6<¸I B8<>5N@CB8I Z:<z=U<�B8V67HL

xk+1 = Exk + q
b
k = 0, 1, . . ._�@qn Ó <�B

rk = b − Axk
9X<YB8V6<Y58<EDFIALHGK@^;�Z:<EfmB87:5S@CBUB8V6<

k
ÈµB8V I B8<>5N@CB8I 7:J�O , I Z:<>J�DF7:=U<YDF=S@^; ;4X7qDFI B8I Z:<

ε
blB8V6<jI B8<>5N@CB8I Z:<W=U<�B8V67HLpDsB87:4KDzd�V6<>J ‖rk‖ < ε‖b‖ ]�7:5¸DF7:=U<aR:I Z:<>J¹J67:58=YO¸x�VK@CBIAD>bXB8V6<jI B8<>5N@CB8I 7:JKDzDsB87:4¹d�V6<>JÅB8V6<j58<EDFIALHGK@^;uIADt; 7Cd�<>J67:G6R:V¹d�I B8V¹58<EDF4X<EfmBzB87

b
O¸xÐ7YDF<><WB8V6<R:7\7HLHJ6<ED8D¸7^]gB8V6IADWDsB87:4646I J6R¹f�58I B8<>58IA@6b�J67^B8<UB8VK@^JiI ]�dg<Ud�58I B8<

Axk = b − rk
B8V6<>J

xk
f>@^J9X<MDF<><>Ji@:DzB8V6<Mf�7:5858<EfmBhDF7:; GHB8I 7:J¹B87YB8V6<U4X<>5FB8G6589X<EL'; I J6<E@^5WDFrHDsB8<>=

Axk = b + δb
d�V6<>58<

δb = −rk
O�o\7KbHdg<hf>@^J
58<>;A@CB8<zB8V6<h<>58587:5

ek = x − xk
B87jB8V6<h58<EDFIALHGK@^;�@:D

‖ ek ‖
‖ x ‖ ≤ K(A) · ‖ rk ‖

‖ b ‖Ö V6<>J�B8V6<
DsB87:4646I J6Rpf�58I B8<>58IA@YIADW]�G6; ^K; ; <EL�bydg<MVK@[Z:< ‖ek‖/‖x‖ ≤ K(A)ε
Opo\7KbcI ]

K(A)
IADDF=S@^; ;µbuB8V6<>J�B8V6<
DsB87:4646I J6Rpf�58I B8<>58IA@YR:GK@^5N@^JqB8<><EDW@^;ADF7¹@¹DF=S@^; ;�58<>;A@CB8I Z:<M<>58587:5EO�2Q7Cdg<>Z:<>5EbÐI ]

K(A)
IAD¸;A@^58R:<:bXB8V6<>J'B8V6<U46587HLHGKfmB

K(A)ε
IAD¸;A@^58R:<j@^JKL�bÐ@:Dh@
f�7:JKDF<2\qG6<>JKf�<:blB8V6<SDsB87:4646I J6Rf�58I B8<>58IA@jIAD�J67^Bt@^96; <zB87UR:GK@^5N@^JqB8<><¸@UDF=S@^; ;�58<>;A@CB8I Z:<¸<>58587:5EO



� � � � 	���	��W�
�C�Z	"� Ò:Ê
_�9Xn , I Z:<>J�DF7:=U<SDF=S@^; ;w4X7qDFI B8I Z:<

ε
b�B8V6<SI B8<>5N@CB8I Z:<U=U<�B8V67HL�DsB87:4KD¸d�V6<>J ‖xk+1 − xk‖ < ε ‖b‖ Oxu@`_\I J6RUI JqB87S@:f>f�7:G6JqB�B8VK@CB ‖e(k+1)‖ ≈ ρ(E)‖e(k)‖ bHdg<hf>@^J
d�58I B8<

∥
∥
∥e

(k)
∥
∥
∥ = ‖x− xk‖ = ‖(x − xk+1) − (xk − xk+1)‖

≤ ‖x− xk+1‖ + ‖xk − xk+1‖
=

∥
∥
∥e

(k+1)
∥
∥
∥+ ‖xk+1 − xk‖

≈ ρ(E)
∥
∥
∥e

(k)
∥
∥
∥+ ‖xk+1 − xk‖@^JKLTB8V\GKD

∥
∥
∥e

(k)
∥
∥
∥ ≤ 1

1 − ρ(E)
· ( ‖xk+1 − xk‖ )

Ö V6<>JSB8V6<zDsB87:4646I J6Raf�58I B8<>58IA@¸IADy]�G6; ^K; ; <EL�b\dg<QVK@[Z:< ‖e(k)‖/‖b‖ ≤ ε/[1−ρ(E)]
Oc3tD�@Wf�7:JKDF<�È

\qG6<>JKf�<:b6I ]
ρ(E) � 1

B8V6<WDsB87:4646I J6RSf�58I B8<>58IA@jR:GK@^5N@^JqB8<><EDg@UDF=S@^; ;�58<>;A@CB8I Z:<z<>58587:5 b 7^B8V6<>58d�IADF<:bI ]
ρ(E) ≈ 1

B8V6<WDsB87:4646I J6RSf�58I B8<>58IA@aIAD�J67^BQ@^96; <zB87SR:GK@^5N@^JqB8<><¸@UDF=S@^; ;�58<>;A@CB8I Z:<z<>58587:5EO
�T|�� ��'M����)g� �Ð���
3�DsBN@^5h_

?
ngJ6<E@^5�B8V6<hJ\G6=a9X<>5�7^]y@^J
<NaH<>5Nf�IADF<¸LH<>J67^B8<W@ULHI *Mf�G6; BQ7:J6<:O

Ì:O��sD�I B�B858G6<zB8VK@CBQI ]ÐB8V6<�^ aH<ELT4X7:I JqB�I B8<>5N@CB8I 7:JKD
x(k) = Ex(k) + q

b
k = 0, 1, . . .

f�7:J\Z:<>58R:<EDy]�7:5@^; ;
x(0)
B8V6<>JÅ@^;ADF7

x(k) = E2x(k) + q
b
k = 0, 1, . . .

LH7\<ED�I B�+ � aH46;A@^I J�O
ÉHO , I Z:<>J
B8V6<hI B8<>5N@CB8I 7:JT=S@CB858I a

E =

(
1/20 0

1 −1/10

)

<EDsB8I =S@CB8<pB8V6<pJ\G6=a9X<>5Y7^]WI B8<>5N@CB8I 7:JKDMJ6<><ELH<EL¡B87�VK@[Z:< ‖e(k)‖ ≤ ε‖e(0)‖ ]�7:5 ε = 10−9
O

- 3QJKDFdg<>52+yÑ /
Ê6OQoqBN@^5FB8I J6R�]�587:=

x(0) = (0, 0)T
b2^KJKL¸B8V6<w9X<>VK@[Z\I 7:G65�7^]\B8V6<�<>58587:5l]�7:5P q@:f�7:96I:@^JKL , @^GKD8DsÈso\<>IALH<>;]�7:5�B8V6<h; I J6<E@^5QDFrHDsB8<>=

Ax = b
d�I B8V

A =

(
1 1
1 1

)

, b =

(
2
2

)

ÍKO Õ I JKLTB8V6<h9X<EDsBtDsB87:4646I J6RSf�58I B8<>58IA@a]�7:5
x(k+1) = Ex(k) + q

I ]cB8V6<hI B8<>5N@CB8I 7:JT=S@CB858I a
E
IAD

E =

(
0.999 0

1 0.998

)

�HOtP�7:JKDFIALH<>5�B8V6<h; I J6<E@^5QDFrHDsB8<>=
Ax = b

R:I Z:<>J
9\r
A =





3 −1 0
−1 3 −1

0 −1 3



 , b =





2
1
2





_�@qnN :GKDsBW; 7\7�_\I J6R
B87ÅB8V6<S=S@CB858I a
A
b=^KJKLiI ]�B8V6<
 q@:f�7:96I�@^JKLpB8V6< , @^GKD8DsÈso\<>IALH<>;w=U<�B8V67HL6D@^58<hf�7:J\Z:<>58R:<>JqBEO_�9Xn Ö 58I B8<h<NaH46; IAf�I B8; rSB8V6<¸B8V658<><hI B8<>5N@CB8I 7:J
<2\qGK@CB8I 7:JKD�]�7:5�9X7^B8V# q@:f�7:96I�@^JKL , @^GKD8DsÈso\<>IALH<>;µO_�fEn Õ I JKL¡B8V6<p<>I R:<>J\ZC@^; G6<EDM7^]hB8V6<'I B8<>5N@CB8I 7:J,=S@CB858I a�7^]V q@:f�7:96Iz@^JKL�B8V6<if�7:5858<EDF4X7:JKLHI J6RDF4X<EfmB85N@^;�5N@:LHI GKD>O_�LKn ��<>4X<E@CB¸4X7:I JqBM_�fEn�]�7:5 , @^GKD8DsÈso\<>IALH<>;µOjP�V6<Ef7_Yr:7:G65¸@^JKDFdg<>5zGKDFI J6R Æ @CB8;A@^9p7:5W×zfmBN@[Z:<:OÖ V6IAfNVY=U<�B8V67HLYf�7:J\Z:<>58R:<EDw]�@:DsB8<>5�+_�<[n , I Z:<U@^J¹<EDsB8I =S@CB8I 7:Jp7^]wB8V6<jJ\G6=a9X<>5¸7^]wI B8<>5N@CB8I 7:JKDtJ6<><ELH<ELÅB87
VK@[Z:< ‖e(k)‖ < ε‖e(0)‖]�7:5

ε = 10−6
O
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_`]Nn¹P�V6<Ef7_T@^JKDFdg<>5NDg7^]u4X7:I JqBNDW_�fEnmbÐ_�LKnmbÐ_�<[ngGKDFI J6R Æ @CB8;A@^9
7:5z×zfmBN@[Z:<:O
Ò6O�x�V6<U; I J6<E@^5¸DFrHDsB8<>=

Ax = b
VK@:DQB8V6<U=S@CB858I a

A
DFr\=U=U<�B858IAfj@^JKL¹4X7qDFI B8I Z:<jLH<N^KJ6I B8<:O Ö VK@CBf>@^JYdg<hD8@[rS]�7:5�B8V6<aDF4X<EfmB85N@^;�5N@:LHI GKD�7^]uB8V6< , @^GKD8DsÈso\<>IALH<>;�I B8<>5N@CB8I 7:J
=S@CB858I a�+ - 3QJKDFdg<>52+cB8V6<

, @^GKD8DFIA@^J
=U<�B8V67HL
IAD�f�7:J\Z:<>58R:<>JqB�@^JKL
DF7
ρ(ES) < 1

O /
�\O , I Z:<>J
B8V6<h; I J6<E@^5�DFrHDsB8<>=

Ax = b
d�I B8V

A =

(
1 α
1 α2

)

^KJKL
α ∈ R

DFGKfNV�B8VK@CBjB8V6<TI B8<>5N@CB8I 7:J¤=S@CB858I ai7^]�B8V6< , @^GKD8DsÈso\<>IALH<>;�=U<�B8V67HL¤VK@:DjDF4X<EfmB85N@^;5N@:LHI GKD�<2\qGK@^;lB87
1/2
O

Ë6O�Îw587CZ:<¸B8VK@CB
λ = 0

IADt@^; d�@[rHDQ@^JY<>I R:<>J\ZC@^; G6<h7^]cB8V6< , @^GKD8DsÈso\<>IALH<>;�I B8<>5N@CB8I 7:JÅ=S@CB858I a�O=- 2QI JqB2+DFI JKf�<
U
VK@:DgB8V6< ^K5NDsBQf�7:; G6=UJY7^]c@^; ;�0><>587qD>bqB8V6<>JÅ@^;ADF7

ES = −(D + L)−1U
LH7\<ED>O /

Ñ6OtP�7:=U46GHB8<WV67Cdv=S@^J\rTI B8<>5N@CB8I 7:JKDQLH7\<ED�B8V6<c q@:f�7:96I�=U<�B8V67HLÅJ6<><ELYI JÅ7:5NLH<>5�B87MVK@[Z:<W@SJ67:58=7^]uB8V6<h<>58587:5 ‖e(k)‖ < 10−9
]�7:5�B8V6<h; I J6<E@^5QDFrHDsB8<>=

Ax = b
R:I Z:<>JT9\r

A =





1/10 0 0
0 1/20 0
0 0 −1/10



 , b =





1
2
1





DsBN@^5FB8I J6Rj]�587:=
x(0) = (0 , 0 , 0)T

Oh- 3QJKDFdg<>52+ �sGKDsBQ7:J6<¸I B8<>5N@CB8I 7:J�O /
Ì��6OgÎw587CZ:<
B8VK@CBMIAD

λ
IADM@^J <>I R:<>J\ZC@^; G6<Y7^]tB8V6<Å=S@CB858I a

E
B8V6<>J

λk
IADM@^J <>I R:<>J\ZC@^; G6<
]�7:5

Ek
O

- 3QJKDFdg<>52+c; <�B
v
9X<W@^J
<>I R:<>J\Z:<EfmB87:5�@:D8DF7Hf�IA@CB8<ELMB87

λ
Owx�V6<>J�b6dg<¸VK@[Z:<

Ekv = Ek−1(Ev) =
Ek−1(λv) = λEk−1v = λEk−2(Ev) = · · · = λkv

@^JKLMB8V\GKD
λk
IAD�@^JY<>I R:<>J\ZC@^; G6<z7^]

Ek
O /

Ì:Ì:O¸_
?
n , I Z:<>JÅB8V6<U; I J6<E@^5¸DFrHDsB8<>=

Ax = b
7^]�7:5NLH<>5

n = 2
b�^KJKL�b�I ]�4X7qD8DFI 96; <:b�@T=S@CB858I a

A
]�7:5d�V6IAfNV
B8V6< , @^GKD8DsÈso\<>IALH<>;l=U<�B8V67HLYf�7:J\Z:<>58R:<ED�96GHB= q@:f�7:96I�LH7\<ED�J67^Btf�7:J\Z:<>58R:<:O
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�S|>{ �l�a�Ð�c~S� �N)w�u��~W�
x�V6<¸I JqB8<>584X7:;A@CB8I 7:J
46587:96; <>=1IADgB8V6<¸]�7:; ; 7Cd�I J6RKO
� dXq(/c���\� !���� �Ð¦�£ F ·N¦¸³g¯�³C©j¨`« M°s¯Ð¯N®H¢l´�£µ¨�°C¢6§z±:¦¼ªK¦�¢l±C¨`¢\ÁM°C¢ n+1

ªK³C²8³C©S¦�£�¦�²N§>¿ 1U¦Q§>¦N³C²8´N¥t¯�°C²³Q¯N®H¢l´�£µ¨�°C¢
f̃ ∈ F §m®K´N¥Y£�¥6³C£

f̃(xi) = yi, i = 0, . . . , n
»¼¨`¢K£�¦�²µªK°C« ³C£µ¨�°C¢�´N°C¢l±C¨`£µ¨�°C¢6§¼¾

½u¥6¦�²8¦
(xi, yi)

¬
i = 0, . . . , n

³C²8¦
n + 1

Á^¨`¶C¦�¢SªK°C¨`¢K£�§>¿ 1U¦a´N³C«`«
xi
¢l°E±:¦m§>¿

��JqB8<>584X7:;A@CB8I 7:Jhf�7:JKLHI B8I 7:JKD�R:I Z:<w@QDFrHDsB8<>=YbE=S@[r\9X<wJ67:Jh; I J6<E@^5EbE7^]
n+1
<2\qGK@CB8I 7:JKD�I J

n+1
G6J _\J67Cd�JKD4K@^5N@^=U<�B8<>5ND>OÐx�V6<QDF7:; GHB8I 7:Jj7^]XB8V6IADyDFrHDsB8<>=�R:I Z:<EDÐB8V6<�4K@^5N@^=U<�B8<>5NDc@^JKLWB8V\GKDcB8V6<�]�G6JKfmB8I 7:J

f̃
Oyo\7:=U<]�@^=UI ; I <ED F @^58<tB8V6<¸]�7:; ; 7Cd�I J6RKO

• ��qX�	��r
qX� p��6��tvn
r
w`o2piqMr
� 7^]yLH<>R:58<><U_�@CBQ=U7qDsBmn n _�4X7:; r\J67:=UIA@^;�I JqB8<>584X7:;A@CB8I 7:JXn
f̃(x) = pn(x) = a0 + a1x + . . . + anxn

Ö <hVK@[Z:<
n + 1
4K@^5N@^=U<�B8<>5ND

ak
b
k = 0, . . . , n

O
• � dXpi�MqMr
qX�¤�4o�dXpiw�tvn
r
w`o2piqMr
�

f̃(x) =
c0

2
+

m∑

k=1

[ ck cos(kx) + bk sin(kx) ]

Ö <hVK@[Z:<
n = 2m + 1

4K@^5N@^=U<�B8<>5ND
ck
b
k = 0, . . . , m

@^JKL
bk
b
k = 1, . . . , m

O
• cT�;o2piqMru�6�"tvn
r
w`o2piqMr
�

f̃(x) =
a0 + a1x + . . . + apx

p

b0 + b1x + . . . + bqxqÖ <hVK@[Z:<
n = p + q + 1

4K@^5N@^=U<�B8<>5ND
ak
b
k = 0, . . . , p

@^JKL
bk
b
k = 0, . . . , q

O
• �t����qMru�Zr�o2p��6�"tvn
r
w`o2piqMr
�

f̃(x) = a0e
λ0x + . . . + ameλmx

Ö <hVK@[Z:<
n = 2m + 2

4K@^5N@^=U<�B8<>5ND
ak
b
k = 0, . . . , m

@^JKL
λk
b
k = 0, . . . , m

O
�S|�� 	,~W� �S�
~a�����W�¤���a�u���u�'~W���¸�u��~W�
x�V6<z]�7:; ; 7Cd�I J6RjB8V6<>7:58<>=1V67:;AL6D>O
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� �u�Zq dC�\� !���� �Ð¦�£
(xi, yi)

¬
i = 0, . . . , n

·N¦W³a§>¦�£�°s¯
n +1
ªK°C¨`¢K£�§z½y¨`£�¥Y±C¨ zt¦�²8¦�¢K£w¢l°E±:¦m§

xi
»¼¨�¿`¦E¿ ¬

xi 6= xj
¯�°C²

i 6= j
¾:¿MÀl¥6¦�¢6¬�£�¥6¦�²8¦W¨A§j°C¢l¦j³C¢l±
°C¢K« T°C¢l¦�ªK°C« C¢l°C©j¨�³C«

pn(x)
°s¯W±:¦¼Á^²8¦N¦

n
§m®K´N¥Y£�¥6³C£

p(xi) = yi
¬
i = 0, . . . , n

¿
� dXq�qMt8�¸Ó <�B

pn(x) = a0 + a1x + . . . + anxn
O�x�V6<

n + 1
I JqB8<>584X7:;A@CB8I 7:J¹f�7:JKLHI B8I 7:JKD

p(xi) = yi
b

i = 0, . . . , n
R:I Z:<ED�B8V6<h; I J6<E@^5QDFrHDsB8<>=17^]

n + 1
<2\qGK@CB8I 7:JKD�I J

n + 1
G6J _\J67Cd�JKD

ai
b
i = 0, . . . , n







p(x0) = y0

p(x1) = y1

· · · = · · ·
p(xi) = yi

· · · = · · ·
p(xn) = yn

⇔







a0 + a1x0 + a2x
2
0 + . . . + anxn

0 = y0

a0 + a1x1 + a2x
2
1 + . . . + anxn

1 = y1

· · · = · · ·
a0 + a1xi + a2x

2
i + . . . + anxn

i = yi

· · · = · · ·
a0 + a1xn + a2x

2
n + . . . + anxn

n = yn7:5�GKDFI J6RS=S@CB858IAf�<ED>b
Vna = y

d�V6<>58<










1 x0 x2
0 . . . xn

0

1 x1 x2
1 . . . xn

1

. . . . . . . . . . . . . . .
1 xi x2

i . . . xn
i

. . . . . . . . . . . . . . .
1 xn x2

n . . . xn
n











·











a0

a1

. . .
ai

. . .
an











=











y0

y1

. . .
yi

. . .
yn











x�V6<¸=S@CB858I aM7^]�B8V6<¸; I J6<E@^5�DFrHDsB8<>=1IAD�@��w@^JKLH<>58=U7:JKLH<z=S@CB858I a�O Õ 7:5gB8V6IAD�_\I JKLT7^]Ð=S@CB858IAf�<ED>b\I BQf>@^J9X<h46587CZ:<ELSB8VK@CB�B8V6<WLH<�B8<>58=UI JK@^JqB�IAD�R:I Z:<>J
9\r
|Vn| =

n−1∏

i=0





n∏

j=i+1

(xj − xi)





]tG6<hB87UB8V6<a@:D8DFG6=U4HB8I 7:JY7^]yLHIADsB8I JKfmBtJ67HLH<ED>bHB8V6<aLH<�B8<>58=UI JK@^JqBQI J¹LHI kl<>58<>JqB�]�7:58= 0><>587M@^JKLYDF7UB8V6<; I J6<E@^5UDFrHDsB8<>= VK@:Dj7:J6; ri7:J6<YDF7:; GHB8I 7:J�O¤x�V6IADU=U<E@^JKDWB8VK@CBUB8V6<>58<
IADj7:J6; ri7:J6<
4X7:; r\J67:=UIA@^;gB8VK@CB]�G6; ^K; ;AD�B8V6<hI JqB8<>584X7:;A@CB8I 7:JYf�7:JKLHI B8I 7:JKD>O
2Õ 587:=?@jJ\G6=U<>58IAf>@^;l4X7:I JqB�7^]cZ\I <>dhbHdg<zVK@[Z:<tB87jBN@`_:<¸I J
=UI JKLTB8VK@CB�B8V6<��w@^JKLH<>58=U7:JKLH<¸=S@CB858I a

Vn
IADuI ; ; È�f�7:JKLHI B8I 7:J6<ELT_�@^JKLjDF7zIADÐB8V6<�f�7:5858<EDF4X7:JKLHI J6RQ; I J6<E@^5yDFrHDsB8<>=MnÐ@:Dudg<�f>@^JjDF<><�]�587:=vB8V6<gBN@^96; <ED

n
Ì Ê � Ì �

K(Vn) 6 103 109 1023

= ÈsÉ ÈNÌ � Ì É
K(V3) 106 2 · 103 103 105 108

×tJ B8V6<Å; <�]`BEbgB8V6<pf�7:JKLHI B8I 7:J�J\G6=a9X<>5
K2(Vn)

IADUBN@`_:<>J ]�7:5MLHI kl<>58<>JqBMZC@^; G6<EDS7^]
n
fNV67\7qDFI J6R�@:DJ67HLH<ED

xi = i + 1
b
i = 0, . . . , n

Oh×tJÅB8V6<a58I R:VqBEbKB8V6<Uf�7:JKLHI B8I 7:J¹J\G6=a9X<>5z7^]
K2(V3)

IADzf�7:=U46GHB8<EL]�7:5UB8V6<¹D8@^=U<YJ\G6=a9X<>5S7^]¸J67HLH<EDU96GHBTd�I B8V¡LHI kl<>58<>JqBMDF4K@:f�<EDU9X<�Bsdg<><>J Bsdg7�f�7:JKDF<Ef�GHB8I Z:<
J67HLH<ED�+
xi = (i + 1) · 10m

b
i = 0, . . . , n

<EL
m = −2,−1, 0, 1, 2

Oz3tDzdg<Uf>@^J'DF<><:b�@^Rq@^I JÅB8V6<Uf�7:JKLHI B8I 7:JJ\G6=a9X<>5h=S@[r¹9X<UZ:<>58r¹V6I R:V�OSx�V\GKD¸dg<UVK@[Z:<aB87YBN@`_:<Uf>@^58<Ud�V6<>JpB8V6<SI JqB8<>584X7:;A@CB8I 7:J'4X7:; r\J67:=UIA@^;IADaf�7:=U46GHB8<EL�I JiB8V6IADad�@[r:O Æ 7:58<>7CZ:<>5EbÐ; GKf7_\I ; r:bÐB8V6<>58<
@^58<S7^B8V6<>5a=U7:58<MDsBN@^96; <Td�@[rHDzB87 ^KJKLiB8V6<I JqB8<>584X7:;A@CB8I J6Rj4X7:; r\J67:=UIA@^;µO
��������� � �
��������������� ������
���'��!����������
Ö <h9X<>R:I J
d�I B8V
B8V6<WLH<N^KJ6I B8I 7:JY7^] Ó @^R:5N@^J6R:IA@^JM4X7:; r\J67:=UIA@^;AD>O
�
�4��r
p�o2piqMr !���� h�¨`¶C¦�¢i£�¥6¦a§>¦�£Q°s¯

n + 1
±C¨A§m£µ¨`¢l´�£�¢l°E±:¦m§

xi
¬
i = 0, . . . , n

¬�£�¥6¦
k
Â�£�¥ �Ð³>Á^²8³C¢\Á^¨�³C¢ªK°C« C¢l°C©j¨�³C«

lk
¨A§a±:¦igw¢l¦N±T³[§

lk(x) =

n∏

j=0

j 6=k

x − xj

xk − xj
, k = 0, . . . , n, k = 0, . . . , n



�Z� � � ����#=$@� ��)*����# ��� �
	�������#=���
����� Ò �
3tD�dg<Wf>@^JYDF<><:b Ó @^R:5N@^J6R:IA@^JM4X7:; r\J67:=UIA@^;AD�LH<>4X<>JKLY7:J6; rM7:J
J67HLH<ED�@^JKL
VK@[Z:<tB8V6<h46587:4X<>5FBsrSB8VK@CB

lk(xi) =

{
0 , i 6= k
1 , i = kÕ 7:5�<Na6@^=U46; <:b Ó @^R:5N@^J6R:IA@^JM4X7:; r\J67:=UIA@^;ADg7^]yLH<>R:58<><

n = 2
@:D8DF7Hf�IA@CB8<ELSB87SJ67HLH<ED

x0
b
x1
b
x2
@^58<

l0(x) =

2∏

j=0

j 6=0

x − xj

x0 − xj
=

x − x1

x0 − x1
· x − x2

x0 − x2

l1(x) =

2∏

j=0

j 6=1

x − xj

x1 − xj
=

x − x0

x1 − x0
· x − x2

x1 − x2

l2(x) =

2∏

j=0

j 6=2

x − xj

x2 − xj
=

x − x0

x2 − x0
· x − x1

x2 − x1

1 1.5 2
−3

−2

−1

0

1

x

y

l
0
(x)

1 1.5 2

0

1

2

3

x

y

l
1
(x)

1 1.5 2
−0.5

0

0.5

1

x
y

l
2
(x)

xu@^96; < �HO Ì�+ �M8�P�/C8�?4P L 8�?*.;023 :�?4026 L 8�3 <�0�QHO�57P�/�575 n = 2
8�<><>0XA L 8NK�5EOVK�0�K�G45 ?40`O�57<

x0 = 0.9
Y
x1 = 1.0

Y
x2 = 2.0 T
Ó @^R:5N@^J6R:<z4X7:; r\J67:=UIA@^;AD�; <E@:LTB87T@UDFI =U46; <W<NaH4658<ED8DFI 7:JT]�7:5�B8V6<WI JqB8<>584X7:;A@CB8I 7:J
4X7:; r\J67:=UIA@^;µO Ó <�B

(xi, yi)
b
i = 0, . . . , n

9X<z@aDF<�Bg7^]
n + 1
4X7:I JqBND�d�I B8VTLHI kl<>58<>JqBgJ67HLH<ED

xi
Owx�V6<>J�b:B8V6<zI JqB8<>584X7:;A@CB8I 7:J4X7:; r\J67:=UIA@^;

pn
f>@^J
9X<hd�58I B8<W@:D

pn(x) =

n∑

k=0

yklk(x)

d�V6IAfNViIADW_\J67Cd�Ji@:D¸B8V6< Ó @^R:5N@^J6R:<a<NaH4658<ED8DFI 7:Jp]�7:5hB8V6<SI JqB8<>584X7:;A@CB8I 7:J'4X7:; r\J67:=UIA@^;AD>OM��JKLH<><EL�b
pn]�G6; ^K; ;AD�B8V6<hI JqB8<>584X7:;A@CB8I 7:JYf�7:JKLHI B8I 7:JKD

pn(xi) = xi
b
i = 0, . . . , n

DFI JKf�<
pn(xi) =

n∑

k=0

yklk(xi) = yili(xi) +

n∑

k=0

k 6=i

yklk(xi)

= yi · 1 +

n∑

k=0

k 6=i

yk · 0 = yi, i = 0, . . . , n

ÔQ7CdhbXDFI JKf�<WB8V6<a4X7:; r\J67:=UIA@^;�B8VK@CBt]�G6; ^K; ;ADtI JqB8<>584X7:;A@CB8I 7:J¹f�7:JKLHI B8I 7:JKDQIADQG6J6IS\qG6<:b
pn
IADt<Na6@:fmB8; rTB8V6<I JqB8<>584X7:;A@CB8I 7:JT4X7:; r\J67:=UIA@^;µOÇtDFI J6RTB8V6< Ó @^R:5N@^J6R:<h<NaH4658<ED8DFI 7:JY]�7:5tB8V6<jI JqB8<>584X7:;A@CB8I 7:JÅ4X7:; r\J67:=UIA@^;µblI B¸IADz<E@:DFrTB87
46587CZ:<hB8V6<]�7:; ; 7Cd�I J6RaB8V6<>7:58<>=YO

� �u�Zq dC�\� !��kj Àl¥6¦��Ð³>Á^²8³C¢\Á^¨�³C¢UªK°C« C¢l°C©j¨�³C« §j³[§N§>°E´�¨�³C£�¦N±S£�°j£�¥6¦a±C¨A§m£µ¨`¢l´�£�¢l°E±:¦m§
xi
¬
i = 0, . . . , n§>³C£µ¨A§�¯N

n∑

k=0

lk(x) = 1.

� dXq�qMt8� P�7:JKDFIALH<>5tB8V6<
n + 1

4X7:I JqBND
(xi, 1)

b
i = 0, . . . , n

OW×Q]gf�7:G65NDF<:b6B8V6<j4X7:; r\J67:=UIA@^;ÐB8V6587:G6R:VB8V6<EDF<¸4X7:I JqBND�IAD
pn(x) = 1

@^JKLYDF7
1 =

∑n
k=0 1 · lk(x) =

∑n
k=0 lk(x)

O
2x�V\GKD>b\B8V6<WDFG6=?7^]c@^; ;�B8V6< Ó @^R:5N@^J6R:<z4X7:; r\J67:=UIA@^;lIAD

1
]�7:5Q@^; ;

x ∈ R
O
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�����

��������� 	�����
���'��!���������� 
�������
o\7:=U<�B8I =U<ED>b�I BhIADzGKDF<�]�G6;cB87
VK@[Z:<:b�@CB¸; <E@:DsB¸I Ji@TR:I Z:<>J¹I JqB8<>58ZC@^;

[a, b]
b�@ ªK°C« C¢l°C©j¨�³C« @^; IA@:D

pn
]�7:5@UR:I Z:<>JT]�G6JKfmB8I 7:J

f
OQ×tJ6<h4X7qD8DFI 96; <WfNV67:IAf�<¸]�7:5�B8V6IADQ4X7:; r\J67:=UIA@^;�IAD�B8V6<WI JqB8<>584X7:;A@CB8I 7:JY4X7:; r\J67:=UIA@^;B8V6587:G6R:VMB8V6<¸4X7:I JqBND
(xi, yi = f(xi))

b
i = 0, . . . , n

d�V6<>58<
xi
@^58<¸fNV67qDF<>JTI J

[a, b]
Owx�V6<¸58<E@:DF7:JSB877:4X<>5N@CB8<�I JUI JUB8V6IADyd�@[rWIADwDFI =U46; <�+uI JKDsB8<E@:Lj7^]�LH7h7:4X<>5N@CB8I 7:JKDcGKDFI J6R

f
b:dg<�LH7¸B8V6<tD8@^=U<�7:4X<>5N@CB8I 7:JKDGKDFI J6R

pn
O Õ 7:5t<Na6@^=U46; <:b6]�7:5

x̄ ∈ [a, b]
bXI JKDsB8<E@:LY7^]wf�7:=U46GHB8I J6R

f(x̄)
dg<af�7:=U46GHB8<

pn(x̄)
@^JKLYdg<@:D8DFG6=U<UB8V6IADW;A@:DsBaZC@^; G6<M@:DW@^J¤@^4646587faHI =S@CB8I 7:Jp]�7:5

f(x̄)
+

f(x̄) ≈ pn(x̄)
O Ö <TLH7ÅB8V6<TD8@^=U<U]�7:5=U7:58<hf�7:=U46; IAf>@CB8<ELT7:4X<>5N@CB8I 7:JKD�DFGKfNVY@:D�LH<>58I ZC@CB8I Z:<ED�@^JKL
I JqB8<>R:5N@^;AD�+

f ′(x̄) ≈ p′n(x̄),

∫ b

a

f(x)dx ≈
∫ b

a

pn(x) dx

]t7:I J6R¹DF7Ydg<SVK@[Z:<S@Yf�; <E@^5W@:LHZC@^JqBN@^R:<SDFI JKf�<S7:4X<>5N@CB8I 7:JKDzd�I B8V�4X7:; r\J67:=UIA@^;ADh@^58<UZ:<>58rpDFI =U46; <UB87dg7:5I_W7:GHBEOw×tJjB8V6<�7^B8V6<>5wVK@^JKL�b:dg<�VK@[Z:<gB87¸BN@`_:<�G6JKLH<>5�f�7:JqB8587:;\B8V6<Q<>58587:5
En(x) = f(x)−pn(x)

b
x ∈ [a, b]

O
� �u�Zq dC�\� !��S� �Ð¦�£

f ∈ Cn+1( [a, b] )
¿� �¯

xi ∈ [a, b]
¬
i = 0, . . . , n

³C²8¦j±C¨A§m£µ¨`¢l´�£g¢l°E±:¦m§N¬�£�¥6¦�¢
En(x) =

(
n∏

i=0

(x − xi)

)

· f (n+1)(ξ)

(n + 1)!¯�°C²a³U§m®H¨`£�³:·�« ¦�ªK°C¨`¢K£
ξ
±:¦¼ªK¦�¢l±:¦�¢K£�°C¢

x
¬
ξ ∈ (a, b)

¿
Ö <TDC_\I 4'B8V6<M46587\7^]�7^]gB8V6<SB8V6<>7:58<>=YOÅo\I JKf�<Sdg<MLH7¹J67^B9_\J67Cd

ξ
buI BaIADWGKDF<�]�G6;wB87ÅR:I Z:<M@^JiG6464X<>59X7:G6JKLT]�7:5 |En(x)| b x ∈ [a, b]

O Ö <hVK@[Z:<¸7:9\Z\I 7:GKDF; r
|En(x)| ≤

∣
∣
∣
∣
∣

n∏

i=0

(x − xi)

∣
∣
∣
∣
∣
· Mn+1

(n + 1)!

d�V6<>58<
Mn+1 =

=S@Xa
x∈[a,b]

∣
∣
∣ f (n+1)(x)

∣
∣
∣

x�V6IAD¸G6464X<>5h9X7:G6JKL'=S@[rÅ9X<SZ:<>58rÅ;A@^58R:<Uf�7:=U4K@^58<ELÅB87
B8V6<M@:fmB8GK@^; ; rÅ<>58587:5h@^JKL'DF7
; <ED8D¸GKDF<�]�G6;�@:DB8V6<¸]�7:; ; 7Cd�I J6Rj<Na6@^=U46; <hDFV67CdQD>O
�t���6���c��� !���� yw°C¢6§m¨�±:¦�²

f(x) =
√

x
¬
x ∈ [1, 9]

¿��Ð¦�£ 
 §h´N¥6°E°[§>¦h£�¥6¦h¨`¢K£�¦�²µªK°C« ³C£µ¨`¢\ÁzªK°C« C¢l°C©j¨�³C«
p2°s¯W±:¦¼Á^²8¦N¦

n = 2
½y¨`£�¥Y¢l°E±:¦m§

x0 = 1
¬
x1 = 4

¬
x2 = 9

Á^¨`¶C¦�¢�·�
p2(x) =

2∑

k=0

yklk(x) = y0 · l0(x) + y1 · l1(x) + y2 · l2(x)

= 1 · (x − 4) · (x − 9)

(1 − 4) · (1 − 9)
+ 2 · (x − 1) · (x − 9)

(4 − 1) · (4 − 9)
+ 3 · (x − 1) · (x − 4)

(9 − 1) · (9 − 4)

= − 1

60
· x2 +

5

12
· x +

3

5§m¨`¢l´N¦
y0 = f(x0) =

√
1 = 1
¬
y1 = f(x1) =

√
4 = 2
¬
y2 = f(x2) =

√
9 = 3
¿YÀl¥6¦M´N°C©QªK³C²m¨A§>°C¢·N¦�£µ½�¦N¦�¢

f
³C¢l±

p2
½y¨`£�¥M£�¥6¦h¦�²m²8°C²

E2
¨A§�§8¥6°C½y¢Y¨`¢WguÁ^®H²8¦��:¿��:¿ ~ §t½�¦¸´N³C¢
§>¦N¦m¬u£�¥6¦h¦�²m²8°C²t¨A§Q§m©S³C«`« �

|E2(x)| ≤ 0.05
¯�°C²

x ∈ [1, 9]
¿��Ð°C²a¦I}\³C©Qªl« ¦m¬l¯�°C²

x̄ = 4.1
½�¦zÁq¦�£

f(x̄) = 2.02
³C¢l±

p2(x̄) = 2.03½y¨`£�¥
³C¢Å¦�²m²8°C²¸°s¯
0.01
¿ �a°C½�¦�¶C¦�²N¬c£�¥6¦z®Eª:ªK¦�²z·N°C®H¢l±a¨A§t¶C¦�²m�ªK°E°C²>¿��X¨`¢l´N¦

f (3)(x) = 3x−5/2/8
³C¢l±§>°

M3 = f (3)(1) = 3/8
¬c½�¦¸Áq¦�£
|E2(x̄)| ≤ |(4.1 − 1)(4.1 − 4)(4.1− 9)| · 3/8

3!
≈ 2½u¥\¨�´N¥Å¨A§j³:·N°C®H£g£µ½�°T°C²8±:¦�²j°s¯h©S³>Á^¢K¨`£µ®K±:¦zÁ^²8¦N³C£�¦�²h£�¥6³C¢p£�¥6¦U³:´�£µ®K³C«`« 
¦�²m²8°C²>¿MÀl¥6¦U·N°C®H¢l±zªK¦�²�¯�°C²m©a§·N¦�£µ£�¦�²t¨ ¯h·N°C£�¥T£�¥6¦¸¨`¢K£�¦�²m¶C³C«

[a, b]
³C¢l±U£�¥6¦

n + 1
±:¦�²m¨`¶C³C£µ¨`¶C¦j°s¯

f
³C²8¦z§m©S³C«`« ¿SÀK³��C¨`¢\ÁC¬K¯�°C²W¦I}\³C©Qªl« ¦m¬

x0 = 3.61
¬
x1 = 4

³C¢l±
x2 = 4.41

¬y½�¦zÁq¦�£g£�¥6¦h¢l¦�½¡®Eª:ªK¦�²a·N°C®H¢l±
|E2(x̄)| ≤ |(4.1 − 3.61)(4.1− 4)(4.41 − 4.1)| · 3/8

3!
≈ 10−3

Àl¥6¦S´N°C²m²8¦m§µªK°C¢l±C¨`¢\ÁY¨`¢K£�¦�²µªK°C« ³C£µ¨`¢\ÁaªK°C« C¢l°C©j¨�³C«c¨A§U³:·�« ¦U£�°UÁ^®K³C²8³C¢K£�¦N¦U³C£�« ¦N³[§m£�£�¥\²8¦N¦U´N°C²m²8¦N´�£t±C¨ Á^¨`£�§³s¯N£�¦�²h£�¥6¦j±:¦N´�¨`©S³C«HªK°C¨`¢K£�¿
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x

E
2(x
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Õ I R:G658< �HO Ì�+ � 5IQ K
�
K�G45�QSJ4?4AIK L 02? f(x) =

√
x
8�?ZO|K�G45 L ?XK�5I/�.;023 8NK L 02?V.;023 :�?4026 L 8�3 p2(x)

0�Q�O�57P�/�575�K F�0
8�<><>0XA L 8NK�5EO*K�0RK�G459?40`O�57<

x0 = 1
Y
x1 = 4

8�?ZO
x2 = 9

F�5�P25IK
p2(x) = T���L P2GXK �

K�G45W5I/>/�0�/
E2(x) =

f(x) − p2(x) T

� �u��/�����u�4m%r
q��u�Z�
3�46587:4X<>5gfNV67:IAf�<t7^]�B8V6<zJ67HLH<ED

xi
b
i = 0, . . . , n

I JKDFIALH<
[a, b]
f>@^JM; <E@:LUB87j@W9X<�BFB8<>5�@^4646587faHI =S@CB8I 7:J46587:4X<>5FBsrz7^]6B8V6<gI JqB8<>584X7:;A@CB8I 7:JW4X7:; r\J67:=UIA@^;µO Ó 7\7�_\I J6Rt9K@:f7_zB87QB8V6<g<NaH4658<ED8DFI 7:Jh7^]6B8V6<gG6464X<>5c9X7:G6JKL]�7:5 |En(x)| b^B8V6<gIALH<E@QIADÐB87zfNV67\7qDF<yB8V6<gJ67HLH<EDuI Ja7:5NLH<>5�B87t=UI J6I =UI 0><gB8V6<g=S@XaHI =aG6=v7^]6B8V6<�@^9KDF7:; GHB8<ZC@^; G6<¸7^]

ω(x) =
n∏

i=0

(x − xi)

]�7:5
x ∈ [a, b]

Ocx�V6<zDF<E@^5NfNV6I J6R¸]�7:5wB8V6<EDF<tJ67HLH<EDwIAD�J67^Bg@^JM<E@:DFrWBN@:DC_lOy3,J6<E@^5w7:4HB8I =S@^;lDF<�Bg7^]�J67HLH<ED@^58<tB8V6<jP�V6<>9\rHDFV6<>ZMJ67HLH<ED�R:I Z:<>J
9\r
ti = cos

(
2i + 1

n + 1
· π

2

)

, xi =
b + a

2
+

b − a

2
· ti, i = 0, · · · , n

d�V6<>58<
ti
b
i = 0, . . . , n

@^58<�B8V6<zP�V6<>9\rHDFV6<>ZWJ67HLH<EDc7^]XB8V6<�I JqB8<>58ZC@^;
[−1, 1]

Oux�V6<g]�7:; ; 7Cd�I J6RzB8V6<>7:58<>=V67:;AL6Dg]�7:5zP�V6<>9\rHDFV6<>ZMJ67HLH<ED>O
� �u�Zq dC�\� !�� ��l��j�4dXr
��oE�Zpir@x �Ð¦�£

xi
¬

i = 0, . . . , n
·N¦¹£�¥6¦ yÐ¥6¦E·�[§8¥6¦�¶�¢l°E±:¦m§p°s¯Å£�¥6¦¹¨`¢K£�¦�²m¶C³C«

[a, b]
¿UÀl¥6¦�¢6¬X¯�°C²a¦N³:´N¥W¯N®H¢l´�£µ¨�°C¢

f ∈ C1([a, b])
½�¦¸¥6³C¶C¦

lim
n→+∞

max
x∈[a,b]

| En(x) | = 0.

x�VK@CBSIAD>b�@:DU7:J6<Y=S@[r¤V67:4X<:bgd�V6<>J B8V6<ÅJ\G6=a9X<>5S7^]¸J67HLH<EDUI JKf�58<E@:DF<EDaB8V6<¹f�7:5858<EDF4X7:JKLHI J6R'<>58587:5LH<Ef�58<E@:DF<ED>Ocx�V6IADgIAD�@W]�<E@CB8G658<z7^]ÐB8V6<aP�V6<>9\rHDFV6<>ZSJ67HLH<ED>O Õ 7:5�<Na6@^=U46; <:bq]�7:5�<2\qGK@^; ; rMDF4K@:f�<ELMJ67HLH<EDB8V6<S<>58587:5¸=S@[r¹J67^BaLH<Ef�58<E@:DF<Ud�V6<>J'B8V6<SJ\G6=a9X<>5W7^]�J67HLH<EDhI JKf�58<E@:DF<ED¸@:DzB8V6<S]�7:; ; 7Cd�I J6R
<Na6@^=U46; <DFV67CdQD>O
�t���6���c��� !��kj%l�c�n
r
�X� x�yw°C¢6§m¨�±:¦�²N¬�¨`¢p£�¥6¦W¨`¢K£�¦�²m¶C³C«

[−5, 5]
¬y£�¥6¦zÄt®H¢\Áq¦w¯N®H¢l´�£µ¨�°C¢

f(x) =
1

1 + x2Àl¥\¨A§z¨A§z£�¥6¦y¯N®H¢l´�£µ¨�°C¢Y®\§>¦N±S·�hÄt®H¢\Áq¦t£�°a§8¥6°C½ £�¥6³C£y£�¥6¦W¦�²m²8°C²z©S³Cj¢l°C£�±:¦N´�²8¦N³[§>¦¸¨ ¯z£�¥6¦z¢K®H©S·N¦�²¸°s¯¦Nº�®K³C«`« z§µªK³:´N¦N±�¢l°E±:¦m§g¨`¢l´�²8¦N³[§>¦m§>¿���¦N¦�guÁ^®H²8¦m§��:¿ �j³C¢l± �:¿��j°C¢S£�¥6¦�« ¦�¯N£�¿jÀl¥6¦�¢l°E±:¦m§
xi
¬
i = 0, . . . , n§m£�³C²m£�½y¨`£�¥

x0 = −5
³C¢l±
³C²8¦j¦Nº�®K³C«`« S§µªK³:´N¦N±M¨`¢

[−5, 5]
¿ 1U¦a´N³C¢¹§>¦N¦m¬�¨`¢i·N°C£�¥WguÁ^®H²8¦m§N¬w£µ½�°zªK¦N³��[§³C£�£�¥6¦M¦�¢l±8ªK°C¨`¢K£�§M°s¯a£�¥6¦U¨`¢K£�¦�²m¶C³C« ¿ �p°C²8¦N°C¶C¦�²N¬t£�¥6¦S³C©Qªl« ¨`£µ®K±:¦T°s¯j£�¥6¦m§>¦tªK¦N³��[§j¨`¢l´�²8¦N³[§>¦m§j½y¨`£�¥'£�¥6¦¢K®H©S·N¦�²U°s¯j¢l°E±:¦m§>¿���°[¬t³C« §>°Å£�¥6¦M¦�²m²8°C²U¨`¢l´�²8¦N³[§>¦m§j½y¨`£�¥'£�¥6¦U¢K®H©S·N¦�²S°s¯QªK°C¨`¢K£�§>¿U m£z´N³C¢�·N¦zªl²8°C¶C¦N±£�¥6³C£

maxx∈[−5,5] |En(x)| Áq°E¦m§W£�°C½�³C²8± +∞ ³[§ n Áq°E¦m§W£�° +∞ »¼£�¥\¨A§h¨A§j³
±C¨ ��´�®H« £�²8¦m§m®H« £�´N°C©j¨`¢\Á¯N²8°C© ´N°C©Qªl« ¦I}
³C¢l³C« [§m¨A§¼¾:¿�yw°C¢6§m¨�±:¦�²h¢l°C½�£�¥6¦z§>³C©S¦HguÁ^®H²8¦m§h°C¢Å£�¥6¦h²m¨ Á[¥\£�½u¥6¦�²8¦ yÐ¥6¦E·�[§8¥6¦�¶j¢l°E±:¦m§³C²8¦U£�³��:¦�¢¤¨`¢K£�°Å³:´N´N°C®H¢K£�¿)1U¦M´N³C¢i§>¦N¦U£�¥6³C£Q£�¥6¦�²8¦T³C²8¦U¢l°
©S°C²8¦zªK¦N³��[§M³C¢l±Y½u¥6¦�¢�£�¥6¦S¢K®H©S·N¦�²U°s¯ªK°C¨`¢K£�§�¨`¢l´�²8¦N³[§>¦m§�£�¥6¦Q¨`¢K£�¦�²µªK°C« ³C£µ¨�°C¢WªK°C« C¢l°C©j¨�³C«�·N¦N¥6³C¶C¦m§z·N¦�£µ£�¦�²>¿ �w¨`¢l³C«`« [¬c¨`¢�guÁ^®H²8¦ �:¿ �U½�¦z´N³C¢M§>¦N¦
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p�o2piqMr !��kj �Ð¦�£

xi
¬
i = 0, . . . , n

·N¦
n+1
±C¨A§m£µ¨`¢l´�£y¢l°E±:¦m§z³C¢l±

f
³g¯N®H¢l´�£µ¨�°C¢ �C¢l°C½y¢i»s³C£c« ¦m§m£ ¾¨`¢p£�¥\¨A§h¢l°E±:¦m§>¿ 1U¦a±:¦igw¢l¦

f [x0, x1] =
f(x1) − f(x0)

x1 − x0

»s°C²8±:¦�² �N¾
f [x0, x1, x2] =

f [x1, x2] − f [x0, x1]

x2 − x0

»s°C²8±:¦�² ��¾
f [x0, x1, x2, x3] =

f [x1, x2, x3] − f [x0, x1, x2]

x3 − x0

»s°C²8±:¦�² �m¾
. . . = . . .

f [x0, x1, x2, . . . , xn−1, xn] =
f [x1, x2, . . . , xn] − f [x0, x1, . . . , xn−1]

xn − x0

»s°C²8±:¦�²W¢^¾
xÐ58I Z\IA@^; ; r:b6dg<hVK@[Z:<

f [x0, x1] = f [x1, x0]
b B8VK@CBtIAD>b6B8V6<W7:5NLH<>5�7^]cB8V6<W4X7:I JqBNDQLH7\<EDQJ67^BtfNVK@^J6R:<¸B8V6<LHI Z\IALH<ELYLHI kl<>58<>JKf�<¸7^]c7:5NLH<>5¸Ì:Oyx�V6IAD�IAD�@jR:<>J6<>5N@^;l58G6; <:O

� �u�Zq dC�\� !���! �W¨`¶E¨�±:¦N±a±C¨ zt¦�²8¦�¢l´N¦m§t±:°¸¢l°C£c±:¦¼ªK¦�¢l±a°C¢M£�¥6¦t°C²8±:¦�²Q°C¢M½u¥\¨�´N¥S£�¥6¦uªK°C¨`¢K£�§Q³C²8¦�£�³��:¦�¢l¿
�g²8°E°s¯�¿ � ×t=UI BFB8<EL�O

2x�V\GKD>bHI ]cdg<hf�7:JKDFIALH<>5�B8V658<><¸4X7:I JqBND>b6dg<¸VK@[Z:<
f [x0, x1, x2] = f [x0, x2, x1] = f [x1, x0, x2] = f [x1, x2, x0] = f [x2, x0, x1] = f [x2, x1, x0]@:D�dg<hf>@^J
dg7:5I_S7:GHBQ<NaH46; IAf�I B8; r:Oy�¼BQIAD�GKDFGK@^;�B87U4658<EDF<>JqBQLHI Z\IALH<ELYLHI kl<>58<>JKf�<ED�I JÅ@aBN@^96; <:O Ó <�B�� D�DF<><V67Cd,BN@^96; <ED�d�I B8VYBsdg7KbHB8V658<><W@^JKLT]�7:G65Q4X7:I JqBND�; 7\7�_lO Õ 587:=1B8V6<EDF<:b6I BNDtf�; <E@^5�V67Cd�B8V6<>rT9X<>VK@[Z:<z]�7:5@ULHI kl<>58<>JqBQJ\G6=a9X<>5�7^]u4X7:I JqBND>O

x0 f(x0)
x1 f(x1) f [x0, x1]

x0 f(x0)
x1 f(x1) f [x0, x1]
x2 f(x2) f [x1, x2] f [x0, x1, x2]

x0 f(x0)
x1 f(x1) f [x0, x1]
x2 f(x2) f [x1, x2] f [x0, x1, x2]
x3 f(x3) f [x2, x3] f [x1, x2, x3] f [x0, x1, x2, x3]

cT�\�¤�;dfe !���� �Ð°E°��C¨`¢\ÁS³C£Xªl²8¦�¶E¨�°C®\§t£�³:·�« ¦m§N¬y¨`£c¨A§¸´�« ¦N³C²t£�¥6³C£y£�¥6¦t§>¦N´N°C¢l±W£�³:·�« ¦¸¨A§t£�¥6¦
gw²N§m£w°C¢l¦wªl« ®\§£�¥6¦¸« ³[§m£w²8°C½�¿SÀl¥6¦¸§>³C©S¦¸¨A§¸£µ²m®K¦c¯�°C²¸£�¥6¦¸£�¥\¨`²8±M°C¢l¦9�Q¨`£w¨A§¸£�¥6¦z§>¦N´N°C¢l±Qªl« ®\§¸£�¥6¦¸« ³[§m£w²8°C½�¿���°[¬y¨ ¯z½�¦³C« ²8¦N³:±CW¥6³C¶C¦h³¸Á^¨`¶C¦�¢Y£�³:·�« ¦m¬c¨`£c¨A§¸¦N³[§ma£�°j³:±:±S³�ªK°C¨`¢K£�³C¢l±U´N°C¢6§m£µ²m®K´�£u£�¥6¦t¢l¦�½�£�³:·�« ¦E¿ �q®\§m£y³8ª:ªK¦�¢l±£�¥6¦�ªK°C¨`¢K£t³C£�£�¥6¦U¦�¢l±[¬g²8¦¼Áq³C²8±\« ¦m§N§j¨`£�§W¶C³C« ®K¦j½y¨`£�¥Å²8¦m§µªK¦N´�£�£�°
°C£�¥6¦�²a¢l°E±:¦m§N¬Q³C¢l±
´N°C¢6§m£µ²m®K´�£g£�¥6¦j« ³[§m£« ¨`¢l¦j°s¯h£�¥6¦h¢l¦�½¡£�³:·�« ¦E¿
�t���6���c��� !��S� Àl¥6¦U±C¨`¶E¨�±:¦N±Y±C¨ zt¦�²8¦�¢l´N¦m§h£�³:·�« ¦U°s¯�ªK°C¨`¢K£�§

(−1, 0)
¬
(0, 1)
³C¢l±

(1, 3)
¨A§

−1 0

0 1 1
1 3 2 1/2§m¨`¢l´N¦W½�¦¸¥6³C¶C¦T»¼« °E°��T³C£g£�¥6¦�ªl²8¦�¶E¨�°C®\§h£�³:·�« ¦a¨`¢¹£�¥6¦W©j¨�±:±\« ¦�¾

f [x0, x1] =
f(x1) − f(x0)

x1 − x0
=

1 − 0

0 − (−1)
= 1

f [x1, x2] =
f(x2) − f(x1)

x2 − x1
=

3 − 1

1 − 0
= 2

f [x0, x1, x2] =
f [x1, x2] − f [x0, x1]

x2 − x0
=

2 − 1

1 − (−1)
=

1

2
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]tI Z\IALH<ELYLHI kl<>58<>JKf�<ED�@^; ; 7Cd�@SLHI kl<>58<>JqB�<NaH4658<ED8DFI 7:JMB87UB8V6<hI JqB8<>584X7:;A@CB8I J6Rj4X7:; r\J67:=UIA@^;µO
� �u�Zq dC�\� !��
	sl��Å� �Ro2qMr��q���
dC�Z�2�2piqMr@x Àl¥6¦¤¨`¢K£�¦�²µªK°C« ³C£µ¨`¢\ÁiªK°C« C¢l°C©j¨�³C«

p
£�¥\²8°C®:Á[¥6°C®H£hªK°C¨`¢K£�§

( xi, f(xi) )
¬
i = 0, . . . , n

¬w½y¨`£�¥¹±C¨A§m£µ¨`¢l´�£g¢l°E±:¦m§N¬�©S³CT·N¦W½y²m¨`£µ£�¦�¢'³[§
p(x) = f(x0) +

+ f [x0, x1](x − x0) +

+ f [x0, x1, x2](x − x0)(x − x1) +

+ . . .

+ f [x0, x1, x2, . . . , xn](x − x0)(x − x1) · · · (x − xn−1)

�g²8°E°s¯�¿ � ×t=UI BFB8<EL�O
2

�t���6���c��� !�� � �Ð¦�£ 
 §Hgw¢l±S£�¥6¦h¨`¢K£�¦�²µªK°C« ³C£µ¨`¢\ÁhªK°C« C¢l°C©j¨�³C«
p
£�¥\²8°C®:Á[¥6°C®H£�ªK°C¨`¢K£�§S»

yi = f(xi)
¾

(x0, y0) = (−1, 1), (x1, y1) = (0, 2), (x2, y2) = (1, 0), (x3, y3) = (2, 1)

Àl¥6¦j±C¨`¶E¨�±:¦N±Y±C¨ zt¦�²8¦�¢l´N¦m§W£�³:·�« ¦W¨A§
−1 1

0 2 1

1 0 −2 −3/2
2 1 1 3/2 1

Ät¦N³:±C¨`¢\ÁM£�¥6¦W¢K®H©S·N¦�²N§¸¨`¢'·N°C« ±[¬g½�¦zÁq¦�£�£�¥6¦W¨`¢K£�¦�²µªK°C« ³C£µ¨`¢\ÁhªK°C« C¢l°C©j¨�³C«
p(x) = 1 + 1 · ( x − (−1) ) − 3

2
( x − (−1) )(x − 0) + 1 · ( x − (−1) )(x − 0)(x − 1)

= 1 + (x + 1) − 3

2
x(x + 1) + x(x + 1)(x − 1)

 m£�¨A§a¦N³[§mS£�°U§>¦N¦W£�¥6³C£g¨`¢K£�¦�²µªK°C« ³C£µ¨�°C¢�´N°C¢l±C¨`£µ¨�°C¢6§
p(xi) = yi

¬
i = 0, . . . , 3

³C²8¦�¯N®H« gw«`« ¦N±:¿
P�7:JKDFIALH<>5�B8V6<W4X7:; r\J67:=UIA@^;

p
I JqB8<>584X7:;A@CB8I J6RS@j]�G6JKfmB8I 7:J

f
@CBtLHIADsB8I JKfmBtJ67HLH<ED

xi
b
i = 0 . . . , n

O Ö <=S@[rSBN@`_:<
p
@:D�@^JY@^; IA@:D�7^]

f
LH7:I J6RU7:4X<>5N@CB8I 7:JKDgd�I B8V

p
I JKDsB8<E@:LT7^]

f
O Õ 7:5�<Na6@^=U46; <:bHdg<hd�58I B8<

f(ξ) ≈ p(ξ) f ′(ξ) ≈ p′(ξ)

∫ b

a

f(x) dx ≈
∫ b

a

p(x) dx

d�V6<>58<
ξ
b

a
b
b
@^58<
4X7:I JqBNDjd�I B8V6I J B8V6<Y=UI J6I =aG6=#J67HLH<EDU@^JKL¤B8V6<Y=S@XaHI =aG6= J67HLH<ED>O Îw58<>Z\I 7:GKD58<>;A@CB8I 7:JKDQ@^58<WJ67^Bz<Na6@:fmBtI J¹R:<>J6<>5N@^;Ð96GHBEbXB8V6<a58I R:VqBtVK@^JKL¹DFIALH<:bX=S@[r
R:I Z:<a@S58<E@:DF7:JK@^96; <h<EDsB8I =S@CB8<7^]ÐB8V6<h<Na6@:fmB�ZC@^; G6<hI J
B8V6<¸; <�]`BtVK@^JKL
DFIALH<:O

�t���6���c��� !���!�yw°C¢6§m¨�±:¦�²j£�¥6¦�ªK°C« C¢l°C©j¨�³C«c¨`¢K£�¦�²µªK°C« ³C£µ¨`¢\Á
f(x) = ex ³C£�¢l°E±:¦m§ x0 = 0

¬
x1 = 0.5

¬
x2 = 1

¿ 1U¦¸¥6³C¶C¦a£�¥6¦W£�³:·�« ¦
0 1
0.5

√
e 2 (

√
e − 1 )

1 e 2 ( e −√
e ) 2 ( e + 1 − 2

√
e )

³C¢l±U§>°S£�¥6¦W¨`¢K£�¦�²µªK°C« ³C£µ¨`¢\ÁhªK°C« C¢l°C©j¨�³C«Ð¨A§
p(x) = 1 + 2

( √
e − 1

)
x + 2

(
e + 1 − 2

√
e
)
x(x − 0.5)

ÀK³��C¨`¢\ÁC¬Ð¯�°C²S¦I}\³C©Qªl« ¦m¬
ξ = 0.75

½�¦a¥6³C¶C¦
f(ξ) = f ′(ξ) = 2.12

³C¢l±
p(ξ) = 2.13

¬
p′(ξ) = 2.14

	£�¥\®\§N¬y£�¥6¦�²8¦W¨A§a³aÁq°E°E±
³>Á^²8¦N¦�©S¦�¢K£�¿
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, I Z:<>JTB8V6<hDF<�B�7^]

m + 1
4X7:I JqBND

(xi, yi)
b
i = 0, . . . , m

I JTB8V6<h46;A@^J6<:bHdg<¸DF<E@^5NfNVM]�7:5�@j4X7:; r\J67:=UIA@^;
p(x) = a0 + a1x + . . . + anxn 7^]gLH<>R:58<>< n < m

_�I JKLH<><EL�b�I Jp58<E@^;u46587:96; <>=SDtdg<aVK@[Z:<
n � m

nDFGKfNVTB8VK@CBQIAD�=UI J6I =aG6=
d =

m∑

i=0

[ p(xi) − yi ]
2

o\7Kbldg<j=UI J6I =UI 0><jB8V6<UDFG6=�7^]gDI\qGK@^58<EDQ7^]�Z:<>5FB8IAf>@^;cLHIADF46;A@:f�<>=U<>JqBNDz9X<�Bsdg<><>J
p(xi)
@^JKL

yi
O Õ 587:=B8V6IAD>bÐdg<Mf>@^; ;

p
B8V6< ³8ª:ªl²8°�}:¨`©S³C£µ¨`¢\ÁSªK°C« C¢l°C©j¨�³C«g¨`¢¤£�¥6¦M« ¦N³[§m£t§>º�®K³C²8¦S§>¦�¢6§>¦ OS�¼BNDaf�7\<@*Mf�I <>JqBNDh@^58<DF7:; GHB8I 7:J
7^]ÐB8V6<h; I J6<E@^5QDFrHDsB8<>=

AT Aa = AT y
_�f>@^; ; <EL
J67:58=S@^;l<2\qGK@CB8I 7:JKDNn�d�V6<>58<

A =









1 x0 . . . xn
0

1 x1 . . . xn
1

1 x2 . . . xn
2

. . . . . . . . . . . .
1 xm . . . xn

m









, y =









y0

y1

y2

. . .
ym









@^JKL
a = ( a0, a1, . . . , an )T

OzÔQ7^B8<WB8VK@CB
A
VK@:D

m + 1
587CdQDt@^JKL

n + 1
f�7:; G6=UJKD>Ozx�V6<a=S@CB858I a

AT A
IAD>bg7:9\Z\I 7:GKDF; r:b�DFr\=U=U<�B858IAfY@^JKL�b�I BTf>@^J�9X<Å46587CZ:<EL�b�4X7qDFI B8I Z:<¹LH<N^KJ6<:O�x�V\GKD>b�dg<Åf>@^J�GKDF<P�V67:; <EDC_\rWB87aDF7:; Z:<�B8V6<zDFrHDsB8<>=�7^]�B8V6<QJ67:58=S@^;6<2\qGK@CB8I 7:JKD>O�2Q7Cdg<>Z:<>5Eb^I Bg=S@[raVK@^464X<>JUB8VK@CB

AT A
IADZ:<>58rMI ; ;uf�7:JKLHI B8I 7:J6<EL b I J¹DFGKfNVÅf>@:DF<ED>b6I BtIADQ9X<�BFB8<>5QB87MGKDF<h7^B8V6<>5t=U<�B8V67HL6D�B87R^KJKLYB8V6<W4X7:; r\J67:=UIA@^;f�7\<@*Mf�I <>JqBND�DFGKfNVY@:DgB8V6<�� �,]�@:fmB87:58I 0E@CB8I 7:JT7:5�B8V6<ao ��]1_µo\I J6R:G6;A@^5 �w@^; G6<9]t<Ef�7:=U4X7qDFI B8I 7:JXnmO
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Ö <pf>@^; ; ²8¦¼Á^²8¦m§N§m¨�°C¢ « ¨`¢l¦ B8V6<p@^4646587faHI =S@CB8I J6Ri4X7:; r\J67:=UIA@^;Q7^]WLH<>R:58<><

n = 1
O o\<�BFB8I J6R

p(x) =
a1x + a0

b6dg<¸R:<�B�<E@:DFI ; r

AT A =

(
1 1 1 . . . 1
x0 x1 x2 . . . xm

)

·









1 x0

1 x1

1 x2

. . . . . .
1 xm









=








m + 1
m∑

i=0

xi

m∑

i=0

xi

m∑

i=0

x2
i








AT y =

(
1 1 1 . . . 1
x0 x1 x2 . . . xm

)

·









y0

y1

y2

. . .
ym









=








m∑

i=0

yi

m∑

i=0

xiyi








oqBN@CB8I J6RjB8V6<h; I J6<E@^5QDFrHDsB8<>=1I J
B8V6<hGKDFGK@^;�d�@[r:bHdg<¸VK@[Z:<






(m + 1) a0 +
m∑

i=0

xi a1 =
m∑

i=0

yi

m∑

i=0

xi a0 +
m∑

i=0

x2
i a1 =

m∑

i=0

xi yi

x�V6< ^K5NDsBa<2\qGK@CB8I 7:J�7^]�B8V6<
DFrHDsB8<>=ÃDsBN@CB8<EDhB8VK@CBa9K@^58rHf�<>JqB8<>5
G = (xG, yG)

7^]�B8V6<
DF<�Bj7^]�R:I Z:<>J4X7:I JqBND�LH<N^KJ6<ELY@:D
xG =

m∑

i=0

xi

m + 1
yG =

m∑

i=0

yi

m + 1; I <ED�7:JTB8V6<h58<>R:58<ED8DFI 7:JT; I J6<:OwxÐ7U46587CZ:<:b �sGKDsBtLHI Z\IALH<hI BQ9\r
m + 1
O

cT�\�¤�;dfe !��kj l��*qMr¡�ipiru�\�;dM� q��u�\�i�Xx%h�¨`¶C¦�¢
m+1
ªK°C¨`¢K£�§

(xi, yi)
¬
i = 0, . . . , m

¬y³W²8¦¼Á^²8¦m§N§m¨�°C¢« ¨`¢l¦M©S³C'³C« §>°'·N¦U§>¦N¦�¢�³[§T³�gw²N§m£¸°C²8±:¦�²S©S°E±:¦�«�£�°p±:¦m§>´�²m¨�·N¦T£�¥6¦M²8¦�« ³C£µ¨�°C¢6§8¥\¨ ª ·N¦�£µ½�¦N¦�¢ ³:·m§>´�¨A§N§>³[§³C¢l± °C²8±C¨`¢l³C£�¦�°s¯UªK°C¨`¢K£�§>¿ÃÀl¥6¦p²8¦¼Á^²8¦m§N§m¨�°C¢v« ¨`¢l¦p½�°C² �[§p½�¦�«`«z¨ ¯'±:³C£�³ ³C²8¦ �`§>°C©S¦N¥6°C½ �Å³C²8°C®H¢l± ³
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« ¨`¢l¦E¿���°C©S¦�£µ¨`©S¦m§N¬Ð¥6°C½�¦�¶C¦�²N¬w£�¥\¨A§t« ¨`¢l¦N³C²z²8¦�« ³C£µ¨�°C¢6§8¥\¨ ª'¨A§¸°:·�¶E¨�°C®\§m« U½y²8°C¢\ÁS³[§z½�¦z©S³CS´N¥6¦N´ �S³>Áq³C¨`¢ªl« °C£µ£µ¨`¢\ÁM£�¥6¦�ªK°C¨`¢K£�§a°C²a·�U§>°C©S¦j°C£�¥6¦�²N¬�©S³C:·N¦W£�¥6¦N°C²8¦�£µ¨�´N³C« ¬�³[§µªK¦N´�£�§>¿
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�w¨ Á^®H²8¦ �:¿�����FH��0>1A'�%('���, %<C�3�8 3<.4% '�8 )<, 3L'�0? �� 1D3 8
y = a1x + a0

:3534 >:�=A� � 1�@ #&% .��0>1A'�%('���, %<C�3I04) = CD%
)<%�:3534 >:�@434%*% 340I%(��:3L'�0 �4C�.��0I'�,B��%<C�340I% �4!�3>�/.� �� 1D3 8 E

1U¦a´N°C¢6§m¨�±:¦�² �m®\§m£�£µ½�°S£µ8ªK¦m§a°s¯¸©S°E±:¦�«c±:¦¼ªK¦�¢l±C¨`¢\ÁY°C¢SªK³C²8³C©S¦�£�¦�²N§
K
³C¢l±

λ
�

»¼¨ ¾
y = K eλ x,

»¼¨`¨ ¾
y = K xλ

ÀK°U§>¦N¦¸¥6°C½¡£�°�gw¢l±zªK³C²8³C©S¦�£�¦�²N§N¬g´N°C¢6§m¨�±:¦�²j´N³[§>¦M»¼¨ ¾:¿SÀK³��C¨`¢\ÁT« °8Áq³C²m¨`£�¥\©a§j°s¯W·N°C£�¥
§m¨�±:¦m§W½�¦zÁq¦�£
ln(y) = λ x + ln(K)½u¥\¨�´N¥T¨A§¸³a« ¨`¢l¦N³C²t²8¦�« ³C£µ¨�°C¢¹·N¦�£µ½�¦N¦�¢
£�¥6¦z¢l¦�½¤¶C³C²m¨�³:·�« ¦m§

Y = ln(y)
³C¢l±

X = x
¿g m¢
£�¥6¦t§>³C©S¦z½�³C[¬¯�°C²a´N³[§>¦T»¼¨`¨ ¾S½�¦¸¥6³C¶C¦

ln(y) = λ ln(x) + ln(K)½u¥\¨�´N¥¡¨A§'³�« ¨`¢l¦N³C²¹²8¦�« ³C£µ¨�°C¢v·N¦�£µ½�¦N¦�¢�£�¥6¦¹¢l¦�½e¶C³C²m¨�³:·�« ¦m§
Y = ln(y)

³C¢l±
X = ln(x)

¿ ~ §p³C¢¦I}\³C©Qªl« ¦m¬�´N°C¢6§m¨�±:¦�²a³M©S°E±:¦�«u°s¯h£µ8ªK¦M»¼¨ ¾Q¯�°C²h£�¥6¦�ªK°C¨`¢K£�§tÁ^¨`¶C¦�¢p¨`¢p£�¥6¦W£�³:·�« ¦
xi

Ì É Ê Í � Ò � Ë Ñ Ì��
yi

�\O �CÑ Ò6O � �*ÍKO �^É Ê6O Ò:Ë ÉHO Ë � ÉHO É^Ê Ì:O �CÊ Ì:O Ê ��Ì:O � � �6O ËqÉ
�w¨`²N§m£�¬w½�¦j´N°C©Qªl®H£�¦W£�¥6¦W¢l¦�½�£�³:·�« ¦

Xi = xi
Ì É Ê Í � Ò � Ë Ñ Ì��

Yi = ln(yi)
ÉHO � ��Ì:O Ë � Ì:O � ��Ì:O Ê � Ì:O � � �6O Ë � �6O � � �6O Ê � �6O � �*È �6O É �

��¦N´N°C¢l±[¬�®\§m¨`¢\Á �p³C£µ« ³:·m¬Ð½�¦wÁq¦�£�£�¥6¦g²8¦¼Á^²8¦m§N§m¨�°C¢S« ¨`¢l¦
Y = −0.25X+2.30

¿���°[¬�¨`£�¨A§
λ = a1 = −0.25³C¢l±

ln(K) = a0 = 2.30
°C²

K = e2.30 = 9.97 ≈ 10
¿UÀl¥6¦W©S°E±:¦�«Ð¨A§

y = 10 · e−0.25x ¿
�S|�� &('M����)g� �Ð���
Ì:O Ö 58I B8<UB8V6< Ó @^R:5N@^J6R:IA@^J¹4X7:; r\J67:=UIA@^;AD

l0
@^JKL

l1
@:D8DF7Hf�IA@CB8<ELÅB87YB8V6<MLHIADsB8I JKfmBaJ67HLH<ED

x0
@^JKL

x1
OyÎw; 7^BEb6I J
B8V6<WD8@^=U<¸d�I JKLH7Cdhb\B8V6<hR:5N@^46VKDg7^]ÐB8V6<¸Bsdg7U4X7:; r\J67:=UIA@^;µO

ÉHOtP�7:=U46GHB8<YB8V6<ÅB8V658<>< Ó @^R:5N@^J6R:<
4X7:; r\J67:=UIA@^;Q@:D8DF7Hf�IA@CB8<EL�B87iB8V6<ÅJ67HLH<ED
x0 = 0

b
x1 = 1

b
x2 = 2

@^JKLÅ46587CZ:<zB8VK@CBtB8V6<>I 5zDFG6= R:I Z:<ED
1
O�x�V6<>J�bXR:I Z:<hB8V6< Ó @^R:5N@^J6R:<¸<NaH4658<ED8DFI 7:J
]�7:5QB8V6<I JqB8<>584X7:;A@CB8I 7:J
4X7:; r\J67:=UIA@^;lB8V6587:G6R:VTB8V6<h4X7:I JqBND

(x0, 1)
b
(x1,−1)

b
(x2, 2)

O
Ê6OtP�7:=U46GHB8<
B8V6<YÔQ<>d�B87:J�<NaH4658<ED8DFI 7:J�]�7:5jB8V6<
I JqB8<>584X7:;A@CB8I 7:J¤4X7:; r\J67:=UIA@^;�@:D8DF7Hf�IA@CB8<ELiB87pB8V6<4X7:I JqBND

(0, 2)
b
(1, 3)
b
(2, 1)
Ogx�V6<>J¹@:L6LTB8V6<W4X7:I JqB

(3,−1)
@^JKL[^KJKL
B8V6<hJ6<>dvI JqB8<>584X7:;A@CB8I 7:J4X7:; r\J67:=UIA@^;Hd�I B8V67:GHBy58<Ef�7:=U46GHB8I J6Rh@^; ;qB8V6<QLHI kl<>58<>JKf�<gBN@^96; <:OwP�V6<Ef7_hB8VK@CBcB8V6<�R:I Z:<>JU@^JKDFdg<>5ND@^58<hf�7:5858<EfmB��
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�C�Z	"� � �

ÍKO Ó <�B
f(x) = x −√

x
O , I Z:<>JTB8V6<WDF<�BQ7^]uJ67HLH<ED

xi = i2
b
i = 0, 1, 2, 3

bHf�7:=U46GHB8<:bHI ]c4X7qD8DFI 96; <:bB8V6<hJ\G6=a9X<>5
d
LH<N^KJ6<ELY@:D

d = | f [x0, x1, x2, x3] − f [x0, x3] − f [x3, x2, x1, x0] |

�HO Õ I JKLMB8V6<¸58<>R:58<ED8DFI 7:JS; I J6<z]�7:5gB8V6<t]�7:G65�4X7:I JqBND�7^] � aH<>5Nf�IADF<¸Ê6Owo\V67Cd¡B8VK@CBgB8V6<¸9K@^58rHf�<>JqB8<>5g7^]B8V6<EDF<h4X7:I JqBND�IAD�7:JTB8V6<h58<>R:58<ED8DFI 7:JM; I J6<:O
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ÔQG6=U<>58IAf>@^;ÐI JqB8<>R:5N@CB8I 7:JÅIADz@^;ADF7|_\J67Cd�J¹@:D ¢K®H©S¦�²m¨�´N³C«wº�®K³:±C²8³C£µ®H²8¦ Ozx�V6<a46587:96; <>= IADQB87
f�7:=U46GHB8<:bd�I B8VÅ@j4658<ED8f�58I 9X<EL
LH<>R:58<><z7^]y@:f>f�G65N@:f�r:bqB8V6<WLH<N^KJ6I B8<hI JqB8<>R:5N@^;
I =

∫ b

a

f(x)dx

d�V6<>58<
f
IAD¸@
f�7:JqB8I J\G67:GKDQ]�G6JKfmB8I 7:J�bÐ@CB¸; <EDsB¸I J¹B8V6<UI JqB8<>58ZC@^;

[a, b]
bld�I B8V

a < b
OWx�V6<j=S@^I JpIALH<E@6bIADgB87S58<>46;A@:f�<:b\I J
B8V6<hI JqB8<>58ZC@^;

[a, b]
b\B8V6<¸]�G6JKfmB8I 7:J

f
d�I B8VÅ@^J
I JqB8<>584X7:;A@CB8I 7:J
4X7:; r\J67:=UIA@^;

pn(x)
7^]LH<>R:58<><

n
@^JKLMB87Mf�7:=U46GHB8<zB8V6<hI JqB8<>R:5N@^;l7^]

pn(x)
@:D�@^JÅ@^4646587faHI =S@CB8I 7:JM7^]

I
+

I =

∫ b

a

f(x)dx ≈
∫ b

a

pn(x)dx =: In

P�7:JKDFIALH<>5Ð@QDF<�BÐ7^]
n+1
LHIADsB8I JKfmBÐ4X7:I JqBND�I J

[a, b]
bCf>@^; ; <ELzJ67HLH<ED>OuÇtDFI J6R�B8V6< Ó @^R:5N@^J6R:<c<NaH4658<ED8DFI 7:J]�7:5�B8V6<hI JqB8<>584X7:;A@CB8I 7:JT4X7:; r\J67:=UIA@^;µbHdg<�^KJKLY@ ^K5NDsB�<Na6@^=U46; <¸7^] º�®K³:±C²8³C£µ®H²8¦w¯�°C²m©j®H« ³

In =

∫ b

a

(
n∑

i=0

f(xi)li(x)

)

dx =

n∑

i=0

f(xi)

∫ b

a

li(x)dx =

n∑

i=0

A
(n)
i f(xi)

d�V6<>58<¸dg<¸VK@[Z:<¸LH<N^KJ6<EL
A

(n)
i :=

∫ b

a

li(x)dx, i = 0, . . . , nÆ 7:58<zR:<>J6<>5N@^; ; r:bHdg<¸R:I Z:<tB8V6<WLH<N^KJ6I B8I 7:J
�
�4��r
p�o2piqMr 	���� yw°C¢6§m¨�±:¦�²W£�¥6¦j´N°C©Qªl®H£�³C£µ¨�°C¢i°s¯h£�¥6¦h¨`¢K£�¦¼Á^²8³C«

I =

∫ b

a

ω(x)f(x)dx

½u¥6¦�²8¦
ω(x)
¬

x ∈ [a, b]
¨A§p³pÁ^¨`¶C¦�¢�ªK°[§m¨`£µ¨`¶C¦j¯N®H¢l´�£µ¨�°C¢l¿ yw°C¢6§m¨�±:¦�²p³i§>¦�£U°s¯p±C¨A§m£µ¨`¢l´�£a¢l°E±:¦m§

xi
¬

i = 0, . . . , n
¨`¢

[a, b]
¿ ~ º�®K³:±C²8³C£µ®H²8¦w¯�°C²m©j®H« ³M¨A§a³C¢KU§m®H© °s¯h£�¥6¦ �C¨`¢l±

In =

n∑

i=0

αif(xi)
_�Ò6O Ì[n

®\§m¨`¢\Á�£�°¤³8ª:ªl²8°�}:¨`©S³C£�¦p£�¥6¦Å¨`¢K£�¦¼Á^²8³C«
I
¿ �h®H©S·N¦�²N§

αi
³C²8¦p´N³C«`« ¦N±¤½�¦�¨ Á[¥\£�§p³C¢l±

xi
¢l°E±:¦m§p°s¯Y£�¥6¦º�®K³:±C²8³C£µ®H²8¦w¯�°C²m©j®H« ³:¿

ÔQ7^B8<�B8VK@CByI JaB8V6<�\qGK@:LH5N@CB8G658<w]�7:58=aG6;A@zLH7\<EDuJ67^By@^464X<E@^5uB8V6<g]�G6JKfmB8I 7:J
ω(x)
OwP�; <E@^58; r:b[B8V6<�46G6584X7qDF<7^]�@^J\r*\qGK@:LH5N@CB8G658<W]�7:58=aG6;A@SIADtB87
R:I Z:<aR:7\7HL¤_�4X7qD8DFI 96; <a<Na6@:fmBmnt@^4646587faHI =S@CB8I 7:JKD�7^]

I
Oh3 d�@[rTB87

\qGK@^JqB8I ]�rSB8V6<hR:7\7HLHJ6<ED8Dg7^]y@R\qGK@:LH5N@CB8G658<t]�7:58=aG6;A@jIADgB8V6587:G6R:V67:GHB�B8V6<¸]�7:; ; 7Cd�I J6RULH<N^KJ6I B8I 7:J�O
�
�4��r
p�o2piqMr 	��kj l �
�Z� dC�\� qMt��
dC�Zw�pi�2piqMr@x ~ º�®K³:±C²8³C£µ®H²8¦g¯�°C²m©j®H« ³M¥6³[§S±:¦¼Á^²8¦N¦S°s¯�ªl²8¦N´�¨A§m¨�°C¢

s ∈
N
¨ ¯

� �
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• ¨A§a´N°C²m²8¦N´�£l¯�°C²a¦N³:´N¥jªK°C« C¢l°C©j¨�³C«y°s¯a±:¦¼Á^²8¦N¦ n ≤ s
	

• £�¥6¦�²8¦z¨A§z³C£y« ¦N³[§m£w°C¢l¦wªK°C« C¢l°C©j¨�³C«�°s¯z±:¦¼Á^²8¦N¦ n = s+1
¯�°C²t½u¥\¨�´N¥T£�¥6¦u¯�°C²m©j®H« ³a¨A§t¢l°C£w´N°C²m²8¦N´�£»¼£�¥6³C£g¨A§N¬

In 6= I
¾:¿

�¼BQIAD�4X7qD8DFI 96; <zB87S46587CZ:<tB8V6<¸]�7:; ; 7Cd�I J6R
� �u�Zq dC�\� 	����?Àl¥6¦¹º�®K³:±C²8³C£µ®H²8¦¸¯�°C²m©j®H« ³ » �^¿��N¾¹¥6³[§Å³C£W©S°[§m£a±:¦¼Á^²8¦N¦Å°s¯hªl²8¦N´�¨A§m¨�°C¢

s = 2n + 1»s°:·�£�³C¨`¢l¦N±Q¯�°C²W£�¥6¦|hQ³C®\§N§m¨�³C¢iº�®K³:±C²8³C£µ®H²8¦�¯�°C²m©j®H« ³[§¼¾:¿
Ó <�B�� DtDF<><WV67Cdv@Sd�@[r:b6J67^BQB8V6<a9X<EDsBt7:J6<WI JKLH<><EL�bKB87Tf�7:=U46GHB8<hB8V6<jf�7\<@*Mf�I <>JqBNDQ@^JKL
B8V6<aJ67HLH<EDQI J7:5NLH<>5gB87UVK@[Z:<zB8V6<h=S@XaHI =aG6=?LH<>R:58<><¸7^]u4658<Ef�IADFI 7:J�O
�t���6���c��� 	���� yw°C¢6§m¨�±:¦�²a£�¥6¦aº�®K³:±C²8³C£µ®H²8¦�¯�°C²m©j®H« ³

∫ 1

0

√
xf(x)dx ≈

1∑

i=0

αif(xi)

�X¨`¢l´N¦
n = 1
¬u£�¥6¦z©S³�}:¨`©j®H©1±:¦¼Á^²8¦N¦¸°s¯cªl²8¦N´�¨A§m¨�°C¢Å¨A§

s = 2 ·1+1 = 3
¿���°[¬u½�¦h´N³C¢Å´N¥6°E°[§>¦¸½�¦�¨ Á[¥\£�§³C¢l±
¢l°E±:¦m§j¨`¢�°C²8±:¦�²j£�°M¥6³C¶C¦T³¸¯�°C²m©j®H« ³Y½u¥\¨�´N¥ÅÁ^¨`¶C¦m§U£�¥6¦S´N°C²m²8¦N´�£Q²8¦m§m®H« £�¯�°C²S¦N³:´N¥MªK°C« C¢l°C©j¨�³C«g°s¯±:¦¼Á^²8¦N¦a³C£w©S°[§m£

3
¿��X¨`¢l´N¦W³Mº�®K³:±C²8³C£µ®H²8¦w¯�°C²m©j®H« ³U¨A§W¦I}\³:´�£X¯�°C²W¦N³:´N¥aªK°C« C¢l°C©j¨�³C«c°s¯h±:¦¼Á^²8¦N¦a³C£�©S°[§m£

n
¨ ¯a³C¢l±T°C¢K« S¨ ¯h¨`£g¨A§a¦I}\³:´�£X¯�°C²

xi ¬ i = 0, . . . , n
¬y½�¦a¨`©QªK°[§>¦W£�¥6¦j´N°C¢l±C¨`£µ¨�°C¢6§

∫ 1

0

√
x · 1 dx = α0 + α1

∫ 1

0

√
x · x dx = α0x0 + α1x1

∫ 1

0

√
x · x2 dx = α0x

2
0 + α1x

2
1

∫ 1

0

√
x · x3 dx = α0x

3
0 + α1x

3
1

Àl¥6¦h§>°C« ®H£µ¨�°C¢i°s¯h£�¥\¨A§h¢l°C¢p« ¨`¢l¦N³C²¸§m[§m£�¦�© Á^¨`¶C¦m§
x0 = 5

9 − 2
√

70
63 α0 = 1

3 −
√

70
150

x1 = 5
9 + 2

√
70

63 α1 = 1
3 +

√
70

150

Àl¥6¦jº�®K³:±C²8³C£µ®H²8¦�¯�°C²m©j®H« ³M¨A§h£�¥6¦�¢
∫ 1

0

√
xf(x)dx ≈

(

1

3
−

√
70

150

)

f

(

5

9
− 2

√
70

63

)

+

(

1

3
+

√
70

150

)

f

(

5

9
+

2
√

70

63

)

½u¥\¨�´N¥TÁ^¨`¶C¦m§W£�¥6¦j´N°C²m²8¦N´�£�²8¦m§m®H« £X¯�°C²j¦N³:´N¥
f(x) = pn(x)

¬
n ≤ 3
¿

�M|>{ � �	� �u~W��}�~¸�u���e�C~h�y� �
��� ���F)g��~ �Ð��� �C~h�y���
Ö <hVK@[Z:<tB8V6<EDF<¸]�7:58=aG6;A@:DgI ]uB8V6<

n + 1
LHIADsB8I JKfmBtJ67HLH<ED�@^58<¸<2\qGK@^; ; rMDF4K@:f�<ELTI J

[a, b]
@:D

xi = a + ih, i = 0, . . . , n
d�I B8V

h =
b − a

nÖ <Yf>@^J DF<><Y@^J�<Na6@^=U46; <
7^]
5
J67HLH<EDY_�@^JKL�DF7

n = 4
nWI J¤B8V6<
]�7:; ; 7Cd�I J6R ^KR:G658<:O���J¤B8V6IADSf>@:DF<:b

h = (b − a)/4
O
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ÇtDFI J6RÅB8V6< Ó @^R:5N@^J6R:<j<NaH4658<ED8DFI 7:J']�7:5hB8V6<TI JqB8<>584X7:;A@CB8I J6RÅ4X7:; r\J67:=UIA@^;µbuI BaIADW4X7qD8DFI 96; <S58<>d�58I B8<SB8V6<J\G6=a9X<>5ND
An

i

@:D
An

i = nhC
(n)
i

d�V6<>58<
C

(n)
i =

1

n

∫ n

0

∏n
r=0,r 6=i(s − r)

∏n
r=0,r 6=i(i − r)

ds

d�V6<>58<
C

(n)
i

@^58<�f>@^; ; <ELhB8V6< yw°C£�¦m§�¢K®H©S·N¦�²N§ Oux�V6<gIALH<E@z7^]6B8V6<�46587\7^]KIAD �sGKDsBwfNVK@^J6R:<wB8V6<�I JqB8<>R:5N@CB8I 7:JZC@^58IA@^96; <¸@:D
x = x0 + hs

I J
B8V6<hI JqB8<>R:5N@^;l7^]
li(x)
O

� �u�Zq dC�\� 	��kj Àl¥6¦|yw°C£�¦m§h¢K®H©S·N¦�²N§y¯N®H« gw«`«Ð£�¥6¦h²8¦�« ³C£µ¨�°C¢
n∑

i=0

C
(n)
i = 1.

�g²8°E°s¯�¿  :GKDsB�BN@`_:<
f(x) = 1

b
x ∈ [a, b]

Oc��J
B8V6IADQf>@:DF<:bHdg<¸VK@[Z:<
b − a =

∫ b

a

1 dx =

∫ b

a

n∑

i=0

li(x)dx =

n∑

i=0

∫ b

a

li(x)dx =

n∑

i=0

nhC
(n)
i = (b − a)

n∑

i=0

C
(n)
i

DFI JKf�<
nh = b − a

Oyx�V6<h46587\7^]uIAD�f�7:=U46; <�B8<:O
2

ÔQ7^B8<QB8VK@CB�B8V6<hP�7^B8<EDwJ\G6=a9X<>5NDgLH7WJ67^B�LH<>4X<>JKLM7:JUB8V6<t]�G6JKfmB8I 7:JMJ67:5�7:JSB8V6<tI JqB8<>R:5N@CB8I 7:JSI JqB8<>58ZC@^;µOo\7Kb\B8V6<>rT=S@[rM9X<Wf�7:=U46GHB8<EL��sGKDsBt7:JKf�<:O
�t���6���c��� 	��kj%l � dC�H��� -�qMpi�u�6�"dXnu��� x�yw°C¢6§m¨�±:¦�²S£�¥6¦T´N³[§>¦

n = 1
³C¢l±
§>°

x0 = a
¬
x1 = b

¬
h =

b − a
¿ 1U¦¸¥6³C¶C¦

C
(1)
0 =

∫ 1

0

s − 1

0 − 1
ds =

[

− s2

2
+ s

]1

0

=
1

2

C
(1)
1 =

∫ 1

0

s − 0

1 − 0
ds =

[
s2

2

]1

0

=
1

2³C¢l±U§>°S£�¥6¦j´N°C²m²8¦m§µªK°C¢l±C¨`¢\ÁYº�®K³:±C²8³C£µ®H²8¦w¯�°C²m©j®H« ³M¨A§
I1 =

1∑

i=0

A
(1)
i f(xi) = (b − a)

[
1

2
f(x0) +

1

2
f(x1)

]

=
(b − a)[ f(a) + f(b) ]

2

��°
I1
¨A§h£�¥6¦j³C²8¦N³T°s¯h£�¥6¦W£µ²8³8ªK¦ �E°C¨�±M¨`¢p£�¥6¦h¢l¦I}:£MguÁ^®H²8¦E¿
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�t���6���c��� 	��S�sl��a��m6�6���ip��4dXp�� "�p������2qMr dXnu��� x�yw°C¢6§m¨�±:¦�²U£�¥6¦S´N³[§>¦
n = 2

³C¢l±T§>°
x0 = a

¬
x1 =

(a + b)/2
¬
x2 = b

³C¢l±
h = (b − a)/2

¿ 1U¦¸¥6³C¶C¦
C

(2)
0 =

1

2

∫ 2

0

(s − 1)(s − 2)

(0 − 1)(0 − 2)
ds =

1

6

C
(2)
1 =

1

2

∫ 2

0

(s − 0)(s − 2)

(1 − 0)(1 − 2)
ds =

4

6

C
(2)
2 =

1

2

∫ 2

0

(s − 0)(s − 1)

(2 − 0)(2 − 1)
ds =

1

6

³C¢l±U§>°S½�¦¸¥6³C¶C¦a£�¥6¦|yw³C¶C³C« ¨�¦�²m¨`Âv�X¨`©QªX§>°C¢¤º�®K³:±C²8³C£µ®H²8¦�¯�°C²m©j®H« ³

I2 =

2∑

i=0

A
(2)
i f(xi) =

b − a

2

[
1

3
f(x0) +

4

3
f(x1) +

1

3
f(x2)

]

x�V6<a4658<>Z\I 7:GKD�]�7:58=aG6;A@:D>bl@:Dt@^J\r*\qGK@:LH5N@CB8G658<¸]�7:58=aG6;A@6bl@^58<WJ67^B¸f�7:5858<EfmBtI J¹B8V6<aR:<>J6<>5N@^;uf>@:DF<:bXIµO <:Odg<¸VK@[Z:<
I = In + En

d�V6<>58<
En
IADgB8V6<h<>58587:5EO� :GKDsBQ@:D�@^J
<Na6@^=U46; <:b6dg<¸VK@[Z:<

I =

∫ 1

0

x3dx =
1

4
6= 1

2
=

(1 − 0)[03 + 13]

2
= I1

d�V6<>58<¸dg<¸VK@[Z:<zGKDF<ELTB8V6<¸B85N@^4X<q0>7:IAL6@^;X]�7:58=aG6;A@6O Ö <hVK@[Z:<tB8V6<¸]�7:; ; 7Cd�I J6RjB8V6<>7:58<>=SD>O
� �u�Zq dC�\� 	��S� �Ð¦�£

f ∈ C2( [a, b] )
¿SÀl¥6¦U¦�²m²8°C²a°s¯h£�¥6¦
ÀH²8³8ªK¦ �E°C¨�±:³C«H¯�°C²m©j®H« ³S¨A§
E1 = − (b − a)3

12
f ′′(ξ)

½u¥6¦�²8¦
ξ
¨A§a³U§m®H¨`£�³:·�« ¦�ªK°C¨`¢K£g¨`¢

[a, b]
¿

� �u�Zq dC�\� 	�� � �Ð¦�£
f ∈ C4( [a, b] )

¿SÀl¥6¦U¦�²m²8°C²a°s¯h£�¥6¦ yw³C¶C³C« ¨�¦�²m¨`Âv�X¨`©QªX§>°C¢M¯�°C²m©j®H« ³M¨A§
E2 = − (b − a)5

2880
f (4)(ξ)

½u¥6¦�²8¦
ξ
¨A§a³U§m®H¨`£�³:·�« ¦�ªK°C¨`¢K£g¨`¢

[a, b]
¿

Õ 587:=eB8V6<EDF<zB8V6<>7:58<>=SDgdg<hDF<><zB8VK@CB�B85N@^4X<q0>7:IAL6@^;X]�7:58=aG6;A@jVK@:D�LH<>R:58<><z7^]c4658<Ef�IADFI 7:J
s = 1
d�V6<>58<E@:DPg@[ZC@^; I <>58I Èso\I =U4KDF7:JMVK@:D

s = 3
_�d�I B8V �sGKDsBt7:J6<¸=U7:58<¸J67HLH<[nmO

�M|�� }�~a�(�'~ �Ð�N�u� � �	� �u~W� � }�~¸�u���e�C~h�y� �
��� �
�¼BwIADyJ67^B�@¸R:7\7HLjIALH<E@zB87hVK@[Z:<�@^JjI JqB8<>584X7:;A@CB8I 7:JU4X7:; r\J67:=UIA@^;H7^]lV6I R:VSLH<>R:58<><�LHG6<�B87hI BNDy7qD8f�I ; ;A@CB87:58r9X<>VK@[Z\I 7:G65
@CBTB8V6<p<>JKLH4X7:I JqBND>O �¼B
IADT9X<�BFB8<>5
B87 LHI Z\IALH<¹B8V6<'I JqB8<>R:5N@CB8I 7:J¡I JqB8<>58ZC@^;

[a, b]
I JqB87

mI JqB8<>58ZC@^;ADy@^JKLaB87W@^4646; rj@¸ÔQ<>d�B87:JHÈFP�7^B8<EDu]�7:58=aG6;A@U_�d�I B8VM@¸; 7Cd LH<>R:58<><�I JqB8<>584X7:;A@CB8I 7:Jj4X7:; r\J67:=UIA@^;`nB87Å<E@:fNV'7^]�B8V6<EDF<SI JqB8<>58ZC@^;AD>OMÎw587Hf�<><ELHI J6RÅI JiB8V6IADhd�@[r¹dg<S7:9HBN@^I J'B8V6< ´N°C©QªK°[§m¨`£�¦ �a¦�½y£�°C¢KÂEyw°C£�¦m§¯�°C²m©j®H« ³[§ O
��������� � ��$ �'��� � ��
 ����� �'
 � ���%� ��! � ���($ #�!��
x�V6<zIALH<E@aIAD�DFV67Cd�JMI JMB8V6<z]�7:; ; 7Cd�I J6R9^KR:G658<td�V6<>58<

m = 4
DFI JKf�<

[a, b]
IAD�LHI Z\IALH<ELMI JqB87jÍjI JqB8<>58ZC@^;AD>O3gBQ<E@:fNVTI JqB8<>58ZC@^;�dg<W@^4646; rSB8V6<¸B85N@^4X<q0>7:IAL6@^;l58G6; <:O
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��JWB8V6<�R:<>J6<>5N@^;qf>@:DF<:bC<E@:fNVWI JqB8<>58ZC@^;\VK@:Du; <>J6R^B8V
h = (b−a)/m

@^JKLaDF7zdg<�R:<�BEb^GKDFI J6RtB8V6<�@:L6LHI B8I Z\I Bsr7^]ÐB8V6<hI JqB8<>R:5N@^;µb
∫ b

a

f(x)dx =

m−1∑

k=0

∫ xk+1

xk

f(x)dx ≈
m−1∑

k=0

h[ f(xk) + f(xk+1) ]

2

=
b − a

m

[

1

2
f(x0) +

m−1∑

k=1

f(xk) +
1

2
f(xm)

]

DFI JKf�<W<E@:fNVYI JqB8<>58JK@^;Ð4X7:I JqBEbXIµO <:bK]�7:5
k = 1

B87
k = m − 1

bXIADtf�7:G6JqB8<EL
Bsd�IAf�<:O�x�V6<aR:; 7:9K@^;�<>58587:5�IADB8V6<aDFG6= 7^]uB8V6<a<>58587:5NDgdg<hVK@[Z:<hI JÅ<E@:fNVYI JqB8<>58ZC@^; b LH<>J67^B8I J6RM@:D E1,k k = 0, . . . , m − 1
B8V6<W<>58587:5I J
B8V6<hI JqB8<>58ZC@^; Ik = [xk , xk+1]

bHdg<hR:<�B
Em =

m−1∑

k=0

E1,k =

m−1∑

k=0

− h3

12
f ′′(ξk) = − (b − a)3

12m3

∑m−1
k=0 f ′′(ξk)

m
· m

(∗)
= − (b − a)3

12m2
f ′′(ξ)

d�V6<>58<
ξ
IADtDF7:=U<aDFG6I BN@^96; <W4X7:I JqBtI JKDFIALH<

[a, b]
O�xÐ7TDsBN@CB8<W<2\qGK@^; I Bsr

(∗) dg<WJ6<><ELYB8V6<af�7:JqB8I J\G6I Bsr
7^]
f ′′(x)

I JKDFIALH<
[a, b] b B8V6<>J�b6dg<W@^4646; rSB8V6<W@^; ;�ZC@^; G6<EDgB8V6<>7:58<>=?DFI JKf�<hdg<¸VK@[Z:<

min
x∈[a,b]

f ′′(x) ≤
∑m−1

k=0 f ′′(ξk)

m
≤ max

x∈[a,b]
f ′′(x)

cT�\�¤�;dfe 	���� ~ §N§m®H©j¨`¢\Áj£�¥6³C£
f ′′(x)

±:°E¦m§z¢l°C£�´N¥6³C¢\Áq¦h£�°j©j®K´N¥T¨`¢
[a, b]
¬y½�¦t¥6³C¶C¦h£�¥6¦c¯�°C«`« °C½y¨`¢\Á·N¦N¥6³C¶E¨�°C®H²j°s¯h£�¥6¦a¦�²m²8°C²>¿

E2m

Em
=

− (b−a)3

12(2m)3 f ′′(ξ2m)

− (b−a)3

12m3 f ′′(ξm)
=

f ′′(ξ2m)

4 · f ′′(ξm)
≈ 1

4
.

Àl¥\®\§N¬g±:°C®K·�« ¨`¢\ÁT£�¥6¦W¢K®H©S·N¦�²W°s¯�ªK°C¨`¢K£�§N¬�£�¥6¦j¦�²m²8°C²
E2m
²8¦N±C®K´N¦m§¸£�°T³:·N°C®H£

Em/4
¿

��������� � ��$ �'��� � ��
 � � � ��!���
�(� ��� ��$ � ����� � ���($ #�!��
Îw587Hf�<><ELHI J6RWI JSB8V6<zD8@^=U<td�@[r:b:dg<�^KJKLUB8V6< ´N°C©QªK°[§m¨`£�¦Ryw³C¶C³C« ¨�¦�²m¨`Âv�X¨`©QªX§>°C¢U¯�°C²m©j®H« ³ Oy��JSB8V6IADgf>@:DF<:bV67Cdg<>Z:<>5Eb[<E@:fNVUI JqB8<>58ZC@^;HVK@:Dy@^;ADF7h@z4X7:I JqBwI JjB8V6<Q=UIAL6LH; <:Ocx�V6<Qf�7:=U4K@^58IADF7:Ja9X<�Bsdg<><>JjB8V6<�Bsdg7h58G6; <EDIAD�R:I Z:<>J
I J
B8V6< ^KR:G658<S_�I JY9X7^B8VÅf>@:DF<EDgdg<¸VK@[Z:<

m = 4
nmO
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x�V\GKD>b^B8V6<tI JqB8<>58ZC@^;ADw@^58<�J67Cd Ik = [x2k , x2k+2]
b
k = 0, 1 . . . , m−1

Oco\7Kbq58<Ef>@^; ; I J6RzB8V6<hPg@[ZC@^; I <>58I Èo\I =U4KDF7:J
58G6; <:b6dg<¸7:9HBN@^I J
∫ b

a

f(x)dx ≈ b − a

2m






1

3
f(x0) +

2

3

∑

internal
even

f(xk) +
4

3

∑

internal

odd

f(xk) +
1

3
f(x2m)






��J
B8V6<hD8@^=U<¸d�@[rSB8V6<h<>58587:5gIAD
Em = − (b− a)5

2880m4
f (4)(ξ)DFI JKf�<h<E@:fNV
7:J6<¸7^]uB8V6<

m
I JqB8<>58ZC@^;AD�VK@:D�; <>J6R^B8V

(b − a)/m b @^Rq@^I J�b ξ IADQ@SDFG6I BN@^96; <h4X7:I JqBQI J [a, b]
O3tD�I J
B8V6<h4658<>Z\I 7:GKD�58<>=S@^5I_lb\I ]

f (4)(x)
LH7\<ED�J67^BtfNVK@^J6R:<z=aGKfNVYI J

[a, b]
bHdg<¸VK@[Z:<

E2m

Em
≈ 1

16
.

�M|%$ � �@) �
�h�c� �Ð~W� ��'U�Ð�c�h�'~W���¸�u��~W�
P�7:JKDFIALH<>5UB8V6<¹f�7:=U4X7qDFI B8<YB85N@^4X<q0>7:IAL6@^;�58G6; <:O�3tD8DFG6=UI J6RiB8VK@CBMB8V6<¹DF<Ef�7:JKL�LH<>58I ZC@CB8I Z:<ÅLH7\<EDSJ67^BfNVK@^J6R:<a=aGKfNVpI JpB8V6<UI JqB8<>R:5N@CB8I 7:J¹I JqB8<>58ZC@^;µb�dg< _\J67CdvB8VK@CB

E2m/Em ≈ 1/4
O9]t<N^KJ6I J6R

Qm
@^JKL

Q2m
@^4646587faHI =S@CB8I 7:JKDgd�I B8V

m
@^JKL

2m
I JqB8<>58ZC@^;AD>b\dg<Wf>@^J
d�58I B8<

{
Qm = I + 4E2m

Q2m = I + E2mo\7:; Z\I J6Rj]�7:5
I
dg<hR:<�B�B8V6< ��IAfNVK@^5NL6DF7:JT<Na\B85N@^4X7:;A@CB8I 7:JM]�7:58=aG6;A@
_`]�7:5�B8V6<¸B85N@^4X<q0>7:IAL6@^;`n

I =
4Q2m − Qm

3��JMB8V6<¸D8@^=U<td�@[rj96GHB�GKDFI J6Rjf�7:=U4X7qDFI B8<hPg@[ZC@^; I <>58I Èso\I =U4KDF7:JU]�7:58=aG6;A@6b:]�7:5gd�V6IAfNVTI B�IAD
E2m/Em ≈

1/16
b\dg<�^KJKLTB8V6< ��IAfNVK@^5NL6DF7:JT<Na\B85N@^4X7:;A@CB8I 7:JM]�7:58=aG6;A@
_`]�7:5¸Pg@[ZC@^; I <>58I Èso\I =U4KDF7:JXn

I =
16Q2m − Qm

15

��������� 	���$&%'
��� $ 
 ��� �h�
o\<�BFB8I J6R

m = 2p
b
p = 0, 1, 2, . . .

I BhIADt4X7qD8DFI 96; <aB87
7:9HBN@^I Jp@MBN@^96; <Y_�@
DFG696I JqB8<>58ZC@^;uIADz7^]yB8V6<R_\I JKL
[xk, xk+1]

n
p
J\G6=a9X<>5�7^]yDFG696I JqB8<>58ZC@^;AD

0 1 2 3 4 . . .

0 1 A0

1 2 A1 B1

2 4 A2 B2 C2

3 8 A3 B3 C3 D4

4 16 A4 B4 C4 D4 E4

. . . . . . . . . . . . . . . . . . . . . . . .
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d�V6<>58<

Ap
@^58<¸7:9HBN@^I J6<ELTGKDFI J6RjB8V6<Wf�7:=U4X7qDFI B8<zB85N@^4X<q0>7:IAL6@^;l]�7:58=aG6;A@j@^JKL

Bp =
4Ap − Ap−1

41 − 1
, p ≥ 1

Cp =
16Bp − Bp−1

42 − 1
, p ≥ 2

Dp =
64Cp − Cp−1

43 − 1
, p ≥ 3

@^JKLTDF7a7:J�Oc�¼B�IADg4X7qD8DFI 96; <tB87j46587CZ:<QB8VK@CBgB8V6<¸9X<EDsB�@^4646587faHI =S@CB8I 7:JS7^]ÐB8V6<zI JqB8<>R:5N@^;XIADg7:JMB8V6<¸58I R:VqB; 7Cdg<>5�DFIALH<¸7^]uB8V6<¸BN@^96; <:O
�t���4dXw�pi�E� 	���� yw°C¢6§m¨�±:¦�²W£�¥6¦j±:¦igw¢K¨`£�¦h¨`¢K£�¦¼Á^²8³C«

I =

∫ 2

1

x ln(x) dx.

�:¿ yw°C©Qªl®H£�¦j·�U¥6³C¢l±[§h£�¥6¦j¦I}\³:´�£g¶C³C« ®K¦j°s¯¸£�¥6¦W¨`¢K£�¦¼Á^²8³C«
I
¿

�\¿V{Ð§m¨`¢\Áuyw³C¶C³C« ¨�¦�²m¨`Âv�X¨`©QªX§>°C¢
¯�°C²m©j®H« ³[¬t´N°C©Qªl®H£�¦U£�¥6¦S³8ª:ªl²8°�}:¨`©S³C£µ¨�°C¢
I1
°s¯a£�¥6¦j¨`¢K£�¦¼Á^²8³C« 	�Á^¨`¶C¦£�¥6¦W©S³�}:¨`©j®H©�ªK°[§N§m¨�·�« ¦S¦�²m²8°C²a°s¯¸£�¥6¦j³8ª:ªl²8°�}:¨`©S³C£µ¨�°C¢¤³C¢l±S£�¥6¦W²8¦N³C«u¦�²m²8°C²

E1 = |I − I1|
¿

�q¿V{Ð§m¨`¢\ÁT£�¥6¦j´N°C©QªK°[§m¨`£�¦[yw³C¶C³C« ¨�¦�²m¨`Âv�X¨`©QªX§>°C¢�½y¨`£�¥
m = 2

¬g´N°C©Qªl®H£�¦a£�¥6¦j³8ª:ªl²8°�}:¨`©S³C£µ¨�°C¢
I2
°s¯£�¥6¦a¨`¢K£�¦¼Á^²8³C« 	yÁ^¨`¶C¦j£�¥6¦a©S³�}:¨`©j®H©�ªK°[§N§m¨�·�« ¦S¦�²m²8°C²j°s¯W£�¥6¦U³8ª:ªl²8°�}:¨`©S³C£µ¨�°C¢�³C¢l±M£�¥6¦a²8¦N³C«y¦�²m²8°C²

E2 = |I − I2|
¿

�X¿V{Ð§m¨`¢\ÁW£�¥6¦gÄt¨�´N¥6³C²8±[§>°C¢Å¦I}:£µ²8³8ªK°C« ³C£µ¨�°C¢z¯�°C²m©j®H« ³[¬Zgw¢l±¸£�¥6¦z·N¦m§m£6ªK°[§N§m¨�·�« ¦¸³8ª:ªl²8°�}:¨`©S³C£µ¨�°C¢Å°s¯�£�¥6¦¨`¢K£�¦¼Á^²8³C«u³C¢l±S£�¥6¦j´N°C²m²8¦m§µªK°C¢l±C¨`¢\ÁY¦�²m²8°C²
ER = |I − IR|

¿
�:¿ �w¨`¢l±
³C¢l± �m®\§m£µ¨ ¯NS£�¥6¦W²8³C£µ¨�°[§

E
 �' �

,1

E
 �' �

,2
,

E1

E2
.

�^¿ �w¨`¢l±U£�¥6¦W·N¦m§m£XªK°[§N§m¨�·�« ¦a³8ª:ªl²8°�}:¨`©S³C£µ¨�°C¢'°s¯z£�¥6¦¸¨`¢K£�¦¼Á^²8³C«l®\§m¨`¢\ÁhÄt°C©S·N¦�²µÁS³C¢l±
m = 4

§m®K·N±C¨`¶E¨`Â§m¨�°C¢�°s¯¸£�¥6¦W¨`¢K£�¦�²m¶C³C« ¿
�[¿ �w¨`¢l±Å³C¢¤¦m§m£µ¨`©S³C£µ¨�°C¢�°s¯a£�¥6¦j¢K®H©S·N¦�²

m
°s¯a¨`¢K£�¦�²m¶C³C« §a¢l¦N¦N±:¦N±
£�°S¥6³C¶C¦�¯�°C²a§m®H²8¦U³C¢¤³:·m§>°C« ®H£�¦¶C³C« ®K¦U°s¯¸£�¥6¦j¦�²m²8°C²h« ¦m§N§h£�¥6¦�¢

10−6 ¿
� r
� �a�4d\�V{Ð§m¨`¢\ÁS£�¥6¦W¨`¢K£�¦¼Á^²8³C£µ¨�°C¢i·�zªK³C²m£�§N¬w½�¦�gw¢l±
∫ 2

1

x ln(x) dx =

[
x2

2
· ln(x)

]2

1

−
∫ 2

1

x2

2
· 1

x
dx =

22

2
· ln(2) − 12

2
· ln(1) − 1

2

[
x2

2

]2

1

= 2 ln(2) − 1

2
·
[
22

2
− 12

2

]

= 2 ln(2) − 3

4
≈ 0.6362943611

§m¨`¢l´N¦
ln(1) = 0

¿UÀl¥6¦|yw³C¶C³C« ¨�¦�²m¨`Âv�X¨`©QªX§>°C¢pÁ^¨`¶C¦m§
I1 =

h

3
[ f(x0) + 4f(x1) + f(x2) ] , h =

b − a

2
=

2 − 1

2
=

1

2½y¨`£�¥Y¢l°E±:¦m§
xk = x0 + k h

³C¢l±
fk = f(xk) = xk · ln(xk)

¬
k = 0, 1, 2

Á^¨`¶C¦�¢i·�
k 0 1 2

xk 1 3
2 2

fk 0 3
2 · ln

(
3
2

)
2 · ln(2)
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§m¨`¢l´N¦
x0 = a

¬
x2 = b

¦
x1 = (a + b)/2

¿jÀl¥\®\§N¬�½�¦j°:·�£�³C¨`¢
I1 =

1/2

3
·
[

0 + 4 · 3

2
· ln
(

3

2

)

+ 2 · ln(2)

]

≈ 0.6365141683.

Àl¥6¦W©S³�}:¨`©j®H© »s³:·m§>°C« ®H£�¦W¶C³C« ®K¦j°s¯h£�¥6¦�¾M¦�²m²8°C²W¨A§
E
 �' �

,1 =
h5

90
· max

ξ∈[a,b]
|f (4)(ξ)| =

(1/2)5

90
· 2

13
≈ 6.9 · 10−4

§m¨`¢l´N¦
f (4)(x) = 2/x3 ¨A§M³p±:¦N´�²8¦N³[§m¨`¢\Áa¯N®H¢l´�£µ¨�°C¢¤¨`¢ [1, 2]

³C¢l±Y§>°T¥6³[§S¨`£�§U©S³�}:¨`©j®H©�¯�°C²
ξ = 1
¿Àl¥6¦W²8¦N³C«u¦�²m²8°C²W¨A§

E1 = |I − I1| ≈ |0.6362943611− 0.6365141683| ≈ 2.2 · 10−4.

�a°C½c¬T£�³��:¦'¨`¢K£�°�³:´N´N°C®H¢K£U£�¥6¦�´N°C©QªK°[§m¨`£�¦syw³C¶C³C« ¨�¦�²m¨`Âv�X¨`©QªX§>°C¢�¯�°C²m©j®H« ³ ½y¨`£�¥
m = 2

¿ Àl¥6¦±C¨A§m£�³C¢l´N¦j·N¦�£µ½�¦N¦�¢'´N°C¢6§>¦N´�®H£µ¨`¶C¦W¢l°E±:¦m§h¨A§
h =

1

2
· b − a

m
=

2 − 1

2 · 2 =
1

4
.

��¦�£µ£µ¨`¢\Á
x0 = a

¬w¢l°E±:¦m§
xk = x0 + k · h ³C¢l±S¶C³C« ®K¦m§ f(xk)

¬
k = 0, · · · , 2m

³C²8¦
k 0 1 2 3 4

xk 1 5
4

6
4

7
4 2

fk 0 5
4 · ln

(
5
4

)
3
2 · ln

(
3
2

)
7
4 · ln

(
7
4

)
2 · ln(2)

Àl¥6¦�¯�°C«`« °C½y¨`¢\ÁWguÁ^®H²8¦tÁ^¨`¶C¦j³C« §>°
³zªl¨�´�£µ®H²8¦j°s¯¸£�¥6¦W¢l°E±:¦m§>¿

Àl¥\®\§N¬w½�¦zÁq¦�£
I2 =

h

3
[f0 + 4 (f1 + f3) + 2f2 + f4]

=
1/4

3

{

0 + 4 ·
[
5

4
· ln
(

5

4

)

+
7

4
· ln
(

7

4

)]

+ 2 · 3

2
· ln
(

3

2

)

+ 2 ln(2)

}

≈ 0.6363098298.Àl¥6¦W©S³�}:¨`©j®H©�¦�²m²8°C²h½�¦j´N³C¢Å¥6³C¶C¦W¨A§
E
 �' �

,2 =
(b − a)5

2880 · m4
· max

ξ∈[a,b]
|f (4)(ξ)| =

(2 − 1)5

2880 · 24
· 2

13
≈ 4.3 · 10−5

½u¥6¦�²8¦N³[§h£�¥6¦W²8¦N³C«u¦�²m²8°C²h½�¦¸¥6³C¶C¦a¨A§
E2 = |I − I2| ≈ |0.6362943611− 0.6363098298| ≈ 1.5 · 10−5.

�X¨`¢l´N¦
I1
³C¢l±

I2
³C²8¦
´N°C©Qªl®H£�¦N±Y®\§m¨`¢\ÁÅ£�¥6¦T´N°C©QªK°[§m¨`£�¦ yw³C¶C³C« ¨�¦�²m¨`Âv�X¨`©QªX§>°C¢Å¯�°C²m©j®H« ³Å½y¨`£�¥

m = 1³C¢l±
m = 2

½�¦j´N³C¢ gw¢l±M³T·N¦�£µ£�¦�²W³8ª:ªl²8°�}:¨`©S³C£µ¨�°C¢i®\§m¨`¢\ÁaÄt¨�´N¥6³C²8±[§>°C¢�¦I}:£µ²8³8ªK°C« ³C£µ¨�°C¢ �
IR =

16 · I2 − I1

15
=

16 · 0.6363098298− 0.6365141683

15
≈ 0.6362962072

½y¨`£�¥¹³C¢i¦�²m²8°C²
ER = |I − IR| = |0.6362943611− 0.6362962072| ≈ 1.8 · 10−6.
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����� Ë �
Àl¥6¦W²8³C£µ¨�°[§j·N¦�£µ½�¦N¦�¢¹©S³�}:¨`©j®H© ¦�²m²8°C²N§a³C¢l±M²8¦N³C«u¦�²m²8°C²N§a³C²8¦

E
 �' �

,1

E
 �' �

,2
=

6.9 · 10−4

4.3 · 10−5
≈ 16.0,

E1

E2
=

2.2 · 10−4

1.5 · 10−5
≈ 14.7

³[§Y¦I}mªK¦N´�£�¦N±[¬h§m¨`¢l´N¦
£�¥6¦
²8³C£µ¨�°�·N¦�£µ½�¦N¦�¢�©S³�}:¨`©j®H©#¦�²m²8°C²T¨A§Å¦I}\³:´�£µ« 
16
½u¥6¦�²8¦N³[§
£�¥6¦Å°C£�¥6¦�²
²8³C£µ¨�°±:¦¼ªK¦�¢l±[§U³C« §>°Y°C¢'£�¥6¦a²8³C£µ¨�°
°s¯W£�¥6¦U±:¦�²m¨`¶C³C£µ¨`¶C¦U¨`¢'£µ½�°
±C¨A§m£µ¨`¢l´�£uªK°C¨`¢K£�§>¿ �w¨`¢l³C«`« [¬�Ät°C©S·N¦�²µÁM©S¦�£�¥6°E±Á^¨`¶C¦m§

m

1 A0

2 A1 B1

4 A2 B2 C2

½u¥6¦�²8¦
B1 = I1 = 0.6365141683

³C¢l±
B2 = I2 = 0.6363098298

¿@��°S£�¥6¦a·N¦m§m£�³8ª:ªl²8°�}:¨`©S³C£µ¨�°C¢U¯�°C²£�¥6¦W¨`¢K£�¦¼Á^²8³C«�¨A§
IRG = C2 =

16B2 − B1

15
= IR

�Ð°C²h£�¥6¦W« ³[§m£�º�®K¦m§m£µ¨�°C¢6¬�£�¥6¦h©S³�}:¨`©j®H©�³:·m§>°C« ®H£�¦W¶C³C« ®K¦j°s¯h£�¥6¦j¦�²m²8°C²h®\§m¨`¢\Á
m
¨`¢K£�¦�²m¶C³C« §h¨A§

Emax,m =
(b − a)5

2880 m4
max

ξ∈[a,b]
|f (4)(ξ)|

��°[¬w²8¦Nº�®H¨`²m¨`¢\ÁM£�¥6³C£
Emax,m < ε

½y¨`£�¥
ε = 10−6 ½�¦�gw¢l±

m > 4

√

(b − a)5

2880 ε
max

ξ∈[a,b]
|f (4)(ξ)| =

4

√

(2 − 1)5

2880 · 10−6
· 2

13
≈ 5.1

Àl¥\®\§N¬w½�¦W¢l¦N¦N±
m = 6

¿
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x�V6<W4658<EDF<>JqBtfNVK@^4HB8<>5Q4658<EDF<>JqBtDF7:=U<h<NaH<>5Nf�IADF<ED�d�V6IAfNVÅ=S@[rT9X<WGKDF<�]�G6;�]�7:5QB8V6<W4658<>4K@^5N@CB8I 7:J
7^]cB8V6<<Na6@^=YO
�U|>{ �S�>� �
���¸�u��~W� {

�'nu��o2p��c���Vw �
qMpiw:� 	-nu�Z��o2piqMr
�
��<E@:LYf>@^58<�]�G6; ; r B8V6<¸B8<Na\BQ7^]c<E@:fNVV\qG6<EDsB8I 7:JY@^JKLT=S@^5I_SB8V6<h9X7faTd�I B8V
B8V6<h9X<EDsBt@^JKDFdg<>5EO
Ì:Oh2Q7Cd�=S@^J\r��K7q@CB8I J6RU4X7:I JqBQJ\G6=a9X<>5ND�VK@:D

F(2, 3,−1, 1)
+

� 21 � 24 � 25 � 27

ÉHO�x�V6<h=S@:fNV6I J6<¸4658<Ef�IADFI 7:JT]�7:5
F(10, 2,−3, 4)

IAD
� 0.001 � 0.01 � 0.05 � 0.1

Ê6O�x�V6<h=S@XaHI =aG6=1J\G6=a9X<>5QI J
F(10, 2,−3, 4)

IAD
� 9.9 � 99 � 990 � 9900

ÍKO Ó <�B
x = 0.5

b
y = 1

@^JKL
z = 10

9X< �K7q@CB8I J6RM4X7:I JqBzJ\G6=a9X<>5NDQ7^]
F(10, 1,−1, 2)

O Ö V6IAfNV¹IADB8V6<h58<EDFG6; BQ7^]
(x ⊕ y) ⊗ z

+

� 10 � 15 � 20 �
7CZ:<>5 �K7Cd

�HO�x�V6<h46587:96; <>=?7^]
^KJKLHI J6RUB8V6<WDF7:; GHB8I 7:JY7^]c@UJ67:JÅDFI J6R:G6;A@^5�; I J6<E@^5tDFrHDsB8<>=
Ax = b

IADQ@^; d�@[rHD@jdg<>; ;Ðf�7:JKLHI B8I 7:J6<ELT46587:96; <>=YO
�
xÐ58G6<

�
Õ @^;ADF<

Ò6O�x�V6<W@^9KDF7:; GHB8<hZC@^; G6<h7^]uB8V6<h<>58587:5�I J
B8V6<W96IADF<EfmB8I 7:JY=U<�B8V67HL
IADQ@^; d�@[rHDgJ67:JYI JKf�58<E@:DFI J6RKbHIµO <:O b
|ek+1| ≤ |ek|

]�7:5�<E@:fNV
k ≥ 0

�
xÐ58G6<

�
Õ @^;ADF<

�\Oh2Q7Cd�=S@^J\r ^ aH<EL
4X7:I JqBND�VK@:DgB8V6<¸]�G6JKfmB8I 7:J
f(x) = x3

+

� 0 � 1 � 2 � 3

Ë6O�x�V6<�^ aH<EL¤4X7:I JqBUI B8<>5N@CB8I 7:JKD
xk+1 = x2

k

d�I B8V
x0 = 0.5

R:7\<EDWB87Cd�@^5NL'B8V6<�^ aH<EL¤4X7:I JqB
α<2\qGK@^;ADgB87

� 0 � 0.5 � 1 � + ∞

Ë �
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Ñ6OtP�7:JKDFIALH<>5aB8V6<Y=U<�B8V67HL
xk+1 = φ(xk)

d�I B8V ^ aH<EL¤4X7:I JqB
α = 1

O�3tD8DFG6=U<TB8VK@CB
xk
R:7\<EDB87Cd�@^5NL

α
@^JKL

φ′(α) = 0
Oyx�V6<>J�bqB8V6<z46; 7^Bg7^]

log10(|ek|)
bHfNV67\7qDFI J6Rh]�587:= B8V6<�^KR:G658<Q9X<>; 7Cdhb=S@[rM9X<

�
_�@qn

�
_�9Xn

�
_�fEn

�
_�@qn�7:5W_�fEn

Ì��6O�x�V6<�ÔQ<>d�B87:Jh=U<�B8V67HLhVK@:DlB8V6<�@^9KDF7:; GHB8<yZC@^; G6<w7^]\B8V6<w<>58587:5 |e5| = 10−6
]�7:5�B8V6<�f�7:=U46GHBN@CB8I 7:J7^]wB8V6<j587\7^Bz7^]

ex + x = 0
Oh3tD8DFG6=UI J6R
@TG6J6I BN@^58rÅ@:DFr\=U4HB87^B8IAfW<>58587:5zf�7:JKDsBN@^JqBEbXdg<j<NaH4X<EfmB

|e6|
<2\qGK@^;ADgB87S@^9X7:GHB

� 10−6
� 10−8

� 10−10
� 10−12

Ì:Ì:O�x�V6<MÔQ<>d�B87:J'=U<�B8V67HLp]�7:5¸B8V6<SDF7:; GHB8I 7:J
ξ
7^]g<2\qGK@CB8I 7:J

f(x) = 0
R:I Z:<ED |x6 − x5| = 10−3@^JKL |x7 − x6| = 2 · 10−6 Owx�V6<h<EDsB8I =S@CB8I 7:J
7^]ÐB8V6<W@^9KDF7:; GHB8<¸ZC@^; G6<h7^]ÐB8V6<h<>58587:5 |e7|

IAD
� 10−12

� 4 · 10−12
� 8 · 10−12

Ì[ÉHO�x�V6<pJ\G6=a9X<>5
7^]hI B8<>5N@CB8I 7:JKDM58<2\qG6I 58<EL B87�B8V6<'ÔQ<>d�B87:J,=U<�B8V67HL¡B87�f�7:=U46GHB8<¹B8V6<p587\7^BT7^]
3x − 2 = 0

d�I B8VÅ@^J
<>58587:5�J67^BQR:58<E@CB8<>5�B8V6<>J
10−6
@^JKLYDsBN@^5FB8I J6RU@CB

x0 = 2.0
@^58<

� 1 � 14 � 35 � 68

ÌEÊ6O�x�V6<
<2\qGK@CB8I 7:J
f(x) = 0

VK@:Dj@¹G6J6IS\qG6<
587\7^B
ξ
I J

(0, 1)
O�3tD8DFG6=U<TB8VK@CB

f ′(x) > 0
@^JKL

f ′′(x) < 0
I J

[0, 1]
OWoqBN@^5FB8I J6RM]�587:=

x0 = 0
blB8V6<UDF<2\qG6<>JKf�<

xk
46587HLHGKf�<EL¹9\rYB8V6<UÔQ<>d�B87:J=U<�B8V67HLT]�G6; ^K; ;AD

� xk < xk+1 � xk > xk+1 � xk > ξÌ>ÍKO�x�V6<WDF4X<EfmB85N@^;�5N@:LHI GKD�7^]ÐB8V6<h=S@CB858I a




2 2 0
0 −3 1
0 0 −4





IAD
� − 4 � 2 � 4 � 24Ì �HO�x�V6<tJ\G6=a9X<>5g7^]�@^58I B8V6=U<�B8IAfQ7:4X<>5N@CB8I 7:JKDw58<2\qG6I 58<ELaB87WB8V6<t9K@:f7_\d�@^5NLUDFG69KDsB8I B8GHB8I 7:JT@^; R:7:58I B8V6=B87MDF7:; Z:<¸@^J
G6464X<>5�B858IA@^J6R:G6;A@^5�; I J6<E@^5QDFrHDsB8<>=1IAD�@^9X7:GHB

� n � n2
� n3

�
2n3

3ÌEÒ6O�x�V6<h=S@CB858I a
U
7^]uB8V6<

LU
]�@:fmB87:58I 0E@CB8I 7:JT7^]ÐB8V6<h=S@CB858I a

A

A =

(
2 1
1 2

)

IAD
�

(
2 1
0 1/2

)

�

(
2 1
0 1

)

�

(
2 1
0 3/2

)

�

(
2 1
0 2

)



�f� �� �Z��) �
#=���
������ Ë:Ñ
Ì �\O � @:fNV¹DI\qGK@^58<h=S@CB858I a

A
=S@[r
9X<Wd�58I BFB8<>Jp@:D

A = L · U d�V6<>58< L
IADt; 7Cdg<>5�B858IA@^J6R:G6;A@^5�d�I B8VG6J6I BN@^58rM<>; <>=U<>JqBND�7:JTB8V6<h=S@^I JYLHIA@^R:7:JK@^;�@^JKL

U
IAD�G6464X<>5�B858IA@^J6R:G6;A@^5

�
xÐ58G6<

�
Õ @^;ADF<

ÌEË6O�x�V6<W=S@CB858I a
A
VK@:DQ@^J

LU
]�@:fmB87:58I 0E@CB8I 7:J
d�I B8V
B8V6<aLH<�B8<>58=UI JK@^JqBQ7^]

U
<2\qGK@^;lB87 |U | = −2

Ox�V6<WLH<�B8<>58=UI JK@^JqB�7^]
A3
IAD

� − 8 � − 1/8 � 3

�
dg<hf>@^J6J67^BQf�7:=U46GHB8<WDFI JKf�<¸dg<¸J67^BQVK@[Z:<

AÌEÑ6OQP�7:JKDFIALH<>5�B8V6<h; I J6<E@^5QDFrHDsB8<>=
Ax = b

d�V6<>58<
A =

(
2 1
1 2

)

, b =

(
3
3

)

� ‖A‖F = 10 �
, o
f�7:J\Z:<>58R:<ED

� A
IAD�DFI J6R:G6;A@^5

� ρ(A) < 1É �6O�x�V6<Wf�7:JKLHI B8I 7:J
J\G6=a9X<>5
K2(A)

7^]ÐB8V6<h=S@CB858I a
A
7^]uB8V6<h4658<>Z\I 7:GKDgI B8<>=?IAD

� 1 � 2 � 3 � 4

ÉHÌ:O�x�V6<¸]�7:; ; 7Cd�I J6R Æ @CB8;A@^9Åf�7HLH<
��� �����	��
	������
�	� �����������������	�

�
IAD�d�587:J6RjI JY; I J6<aÉ

� A =

(
2 5 8
3 6 9

)

� A =

(
2 5 8
3 5 8

)

� A =

(
2 5 8
2 5 9

)

É:ÉHOQP�7:JKDFIALH<>5�B8V6<¸]�7:; ; 7Cd�I J6R Æ @CB8;A@^9Yf�7HLH<
��� ������� ���� "!�#%$'& ��()���(+*�,-�
�	� ./��� $�103254�&6� �87 $'& ��9;:<�=,>,-�

x�V6<hZC@^58IA@^96; < . IAD
� 2 � 3 � [2 2] �

[
2
2

]

É^Ê6OQP�7:JKDFIALH<>5�B8V6<¸]�7:; ; 7Cd�I J6R Æ @CB8;A@^9Yf�7HLH<
��� ?>����
�	� @ ��
>A �B���DC

	� ?E��?>� A �
CF� ?E���/:G?��
*	� $��H

3gB�B8V6<h<>JKL
7^]ÐB8V6<h; 7\7:4�bHB8V6<hZC@^58IA@^96; < ? IAD�<2\qGK@^;lB87
� 0 � 6 � 26 � 52
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ÉCÍKO Ö V6IAfNVYIAD��
@CB�B8V6<h<>JKL
7^]uB8V6< Æ @CB8;A@^9Yf�7HLH<
��� ����� ����
�� C�*��5�	�
�	� � �E� & �5(�������, ���%���

�

(
1 2
4 5

)

�

(
1 4
16 25

)

�

(
2 3
4 5

)

�

(
9 12
24 33

)

É �HO Ö V6IAfNVYIAD�B8V6<hZC@^; G6<¸7^] � @CB�B8V6<h<>JKL
7^]ÐB8V6< Æ @CB8;A@^9Åf�7HLH<
��� � ����
�	� . 4 �%� $'& ��� �1
�,

	� � � � �����
CF� �8@ �	� �EC
*	� � � ��
 �B�
�	� $��H
�	� $��H

� 3 � 4 � 5 � 6

�U���Zr 	-nu�Z��o2piqMr
�Ö 58I B8<hf�; <E@^58; rT@^; ;lB8V6<W@^JKDFdg<>5NDgI J
B8V6<¸<Na6@^= � D�9X7\7�_\; <�BEO
Ì:Oh_ ���U��qMpir�o2� n-]t<ED8f�58I 9X<wB8V6<�96IADF<EfmB8I 7:Jh=U<�B8V67HL�Ocx�V6<>J�bC@^4646; r¸I BÐB87�B8V6<w]�G6JKfmB8I 7:J

f(x) = x−1d�I B8VYDsBN@^5FB8I J6RaI JqB8<>58ZC@^;
[a0, b0] = [0, 1.9]

OwP�7:=U46GHB8<
x0
b
x1
@^JKLSB8V6<¸f�7:5858<EDF4X7:JKLHI J6RW<>58587:5ND@^JKL �sGKDsB8I ]�rMB8V6<h7:9HBN@^I J6<ELT58<EDFG6; BEO

ÉHOh_ ���'��qMpir�o2� n�P�7:JKDFIALH<>5�B8V6<WÔQ<>d�B87:J
=U<�B8V67HLT]�7:5�B8V6<W@^4646587faHI =S@CB8I 7:JM7^]uB8V6<h587\7^B
ξ = 1
7^]B8V6<¸]�G6JKfmB8I 7:J

f(x) = x2 − 1
Oy3tD8DFG6=U<¸B8V6<WDsBN@^5FB8I J6Rj4X7:I JqB�B87S9X<

x0 = 2
O

_�@qnÅP�7:=U46GHB8<UB8V6< ^K5NDsB¸Bsdg7ÅI B8<>5N@CB8I 7:JKD¸7^]gB8V6<MÔQ<>d�B87:Ji=U<�B8V67HL�@^JKLpB8V6<Mf�7:5858<EDF4X7:JKLHI J6R@^9KDF7:; GHB8<¸ZC@^; G6<¸7^]uB8V6<h<>58587:5ND>O_�9XnYoZ_:<�BNfNV¹@ º�®K³C« ¨`£�³C£µ¨`¶C¦ R:5N@^46VY7^]
log10 ( | ek | )

@:Dt@U]�G6JKfmB8I 7:Jp7^]cB8V6<aI B8<>5N@CB8I 7:JÅJ\G6=a9X<>5
k
O� :GKDsB8I ]�rMr:7:G65Q@^JKDFdg<>5EO_�fEn Ö VK@CBQVK@^464X<>JKD�I ]cdg<WfNV67\7qDF<¸@:D�J6<>dvDsBN@^5FB8I J6Rj4X7:I JqB

x0 = 0
+# :GKDsB8I ]�rTr:7:G65�@^JKDFdg<>5EO_�LKn Ö 58I B8<
@*^ aH<EL�4X7:I JqBU=U<�B8V67HL�7^]Q7:5NLH<>5

p = 2
]�7:5WB8V6<Yf�7:=U46GHBN@CB8I 7:J¤7^]�B8V6<T587\7^B

ξ
O

 :GKDsB8I ]�rTr:7:G65�@^JKDFdg<>5EO
Ê6Oh_ j �'��qMpir�o2� n�P�7:JKDFIALH<>5gB8V6<hG6464X<>5�B858IA@^J6R:G6;A@^5�; I J6<E@^5QDFrHDsB8<>=

Ux = b
O

_�@qnYo\V67CdhbHd�I B8VÅ@^; ;lB8V6<h=S@CB8V6<>=S@CB8IAf>@^;�LH<�BN@^I ;AD>bHB8V6<h9K@:f7_\d�@^5NLMDFG69KDsB8I B8GHB8I 7:JY=U<�B8V67HL�O_�9XnYo\V67CdhbHd�I B8VÅ@^; ;�LH<�BN@^I ;AD>bHB8V6<Wf�7:=U46GHBN@CB8I 7:JK@^;�f�7qDsBQ7^]ÐB8V6<h=U<�B8V67HL�O_�fEn Ö 58I B8<¸B8V6< Æ @CB8;A@^9Yf�7HLH<zB87MDF7:; Z:<¸DFGKfNVY@j; I J6<E@^5QDFrHDsB8<>=?GKDFI J6RjB8V6<¸]�7:5�; 7\7:4�O
ÍKOh_ j �'��qMpir�o2� n�P�7:JKDFIALH<>5gB8V6<h; I J6<E@^5QDFrHDsB8<>=

Ax = b
d�V6<>58<

A =





3 1 1
1 3 1
1 1 3



 b =





5
5
5







�f� � � �Z��) �
#=���
����� � Ñ6Ì
_�@qn'_ ���'��qMpir�o2� ngÎw587CZ:<zB8VK@CBQB8V6<h=S@CB858I a

A
IAD�4X7qDFI B8I Z:<WLH<N^KJ6I B8<:bXf�7:=U46GHB8<¸B8V6<UP�V67:; <EDC_\r]�@:fmB87:58I 0E@CB8I 7:J¹@^JKLpDF7:; Z:<hB8V6<U; I J6<E@^5¸DFrHDsB8<>=YOaP�V6<Ef7_Y7:GHBzB8VK@CBzB8V6<j7:9HBN@^I J6<ELpDF7:; GHB8I 7:JIAD�f�7:5858<EfmBEO_�9Xn'_ j
��qMpir�o2� ncÎw587CZ:<�B8VK@CB�B8V6<= q@:f�7:96IK=U<�B8V67HLMf�7:J\Z:<>58R:<EDÐB87WB8V6<zDF7:; GHB8I 7:JMDsBN@^5FB8I J6R¸]�587:=

x0 = [0 0 0]T
O_�fEn'_ �¹��qMpir�o2� ngP�7:=U46GHB8<zB8V6<�^K5NDsBgBsdg7aI B8<>5N@CB8I 7:JKD�7^]�B8V6< , @^GKD8DsÈso\<>IALH<>;X=U<�B8V67HL
DsBN@^5FB8I J6R]�587:=

x0 = [0 0 0]T
O

�U|�� �S�>� �
���¸�u��~W� �

�'nu��o2p��c���Vw �
qMpiw:� 	-nu�Z��o2piqMr
�
��<E@:LYf>@^58<�]�G6; ; r B8V6<¸B8<Na\BQ7^]c<E@:fNVV\qG6<EDsB8I 7:JY@^JKLT=S@^5I_SB8V6<h9X7faTd�I B8V
B8V6<h9X<EDsBt@^JKDFdg<>5EO
Ì:O�x�V6<Q=S@XaHI =aG6= �K7q@CB8I J6Rh4X7:I JqBwJ\G6=a9X<>5

xmax
@^JKLaB8V6<Q=S@:fNV6I J6<Q4658<Ef�IADFI 7:J $  �� 7^]lB8V6<��K7q@CBFÈI J6RS4X7:I JqBQDFrHDsB8<>=

F(10, 2,−1, 1)
@^58<

� xmax = 9.9
$  ��

= 0.05
� xmax = 9.0

$  ��
= 0.10

� xmax = 9.9
$  ��

= 0.05
� xmax = 9.0

$  ��
= 0.10

~ ¢6§m½�¦�²>¿ x�V6< �K7q@CB8I J6RÅ4X7:I JqBjDFrHDsB8<>=�VK@:D
β = 10

b
t = 2
b
L = −1

b
U = 1

OYx�V\GKD>bÐB8V6<=S@XaHI =aG6=?J\G6=a9X<>5Q@^JKLMB8V6<h=S@:fNV6I J6<¸4658<Ef�IADFI 7:JY@^58<
xmax = βU ·

(
1 − β−t

)
= 101 ·

(
1 − 10−2

)
= 9.9

<>4KD
=

β1−t

2
=

101−2

2
= 0.05

ÉHOtP�7:JKDFIALH<>5hB8V6<R^ aH<EL'4X7:I JqBaI B8<>5N@CB8I 7:JKD¸R:I Z:<>Ji9\r
xk+1 = xk/2 + 1

O Ó <�B
α
9X<SB8V6<MG6J6IS\qG6<

^ aH<ELi4X7:I JqBEO¹oqBN@^5FB8I J6Rp@CB
x0 = 1

bÐB8V6<
@^9KDF7:; GHB8<SZC@^; G6<M7^]�B8V6<M<>58587:5
e2 = α − x2

7^]�B8V6<DF<Ef�7:JKLTI B8<>5N@CB8I 7:J
x2
IAD

� 0.25 � 0.50 � 1.0 � 1.5

~ ¢6§m½�¦�²>¿ x�V6<¹I B8<>5N@CB8I 7:J�]�G6JKfmB8I 7:J¡IAD
φ(x) = x

2 + 1 b I BND ^ aH<EL�4X7:I JqBNDT@^58<pDF7:; GHB8I 7:JKDS7^]
x = φ(x)

O Ö <UR:<�B
x = 2

@^JKL'DF7
φ
VK@:DzB8V6<SG6J6IS\qG6< ^ aH<EL'4X7:I JqB

α = 2
OMoqBN@^5FB8I J6R
]�587:=

x0 = 1
b\B8V6< ^K5NDsB�Bsdg7UI B8<>5N@CB8I 7:JKD�@^58<

x1 = φ(x0) =
x0

2
+ 1 =

1

2
+ 1 =

3

2
.

x2 = φ(x1) =
x1

2
+ 1 =

3/2

2
+ 1 =

7

4
.o\7Kb6dg<¸VK@[Z:<

| e2 | = | α − x2 | = | 2 − 7

4
| =

1

4
.

Ê6O�x�V6<�7:5NLH<>5y7^]lf�7:J\Z:<>58R:<>JKf�<g7^]XB8V6<�^ aH<ELj4X7:I JqBw=U<�B8V67HL
xk+1 = 2−2xk +x2

k

d�V6<>J
x0 = 0.5IAD

� 1 � 2 � 3 � 4
~ ¢6§m½�¦�²>¿ x�V6<zI B8<>5N@CB8I 7:JS]�G6JKfmB8I 7:J
IAD

φ(x) = 2− 2x + x2
Oyx�V6<¸f�7:5858<EDF4X7:JKLHI J6RW^ aH<ELM4X7:I JqBND@^58<hDF7:; GHB8I 7:JKD�7^]

x = φ(x)
O Ö <hVK@[Z:<

x = φ(x) ⇔ x = 2 − 2x + x2 ⇔ x2 − 3x + 2 = 0d�V6IAfNVMVK@:DyBsdg7WDF7:; GHB8I 7:JKD
x1 = 1

@^JKL
x2 = 2

Ocx�V\GKD>b:B8V6<Q]�G6JKfmB8I 7:J
φ
VK@:DyBsdg7W^ aH<ELU4X7:I JqBND�+

α1 = 1
@^JKL

α2 = 2
Oyo\7Kb�^K5NDsBg7^]Ð@^; ;µbqdg<tVK@[Z:<�B87W^KJKLSB87Cd�@^5NLjd�V6IAfNVM7:J6<Q7^]�B8V6<QBsdg7aR:7hB8V6<



ÑqÉ ���������
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^ aH<ELU4X7:I JqB�I B8<>5N@CB8I 7:JKDyd�V6<>JUdg<tDsBN@^5FB�@CB
x0 = 0.5

OcxÐ7¸B8V6IAD�@^I =Yb:I B�IADwGKDF<�]�G6;6B8V6<QR:<>7:=U<�B858IAfI JqB8<>584658<�BN@CB8I 7:J�O

Õ 587:=�B8V6< ^KR:G658<:b�DFI JKf�<
x0 = 0.5

Oadg<UDF<><aB8VK@CB¸B8V6<SI B8<>5N@CB8I 7:JKDtR:7TB87Cd�@^5NL
α = 1

OUo\7Kb�B87
^KJKLTB8V6<h7:5NLH<>5�dg<hVK@[Z:<tB87U; 7\7�_TLH<>58I ZC@CB8I Z:<ED�7^]

φ
I J

α1 = 1
O Ö <hVK@[Z:<

φ′(x) = 2x − 2 ⇒ φ′(1) = 0
φ′′(x) = 2 ⇒ φ′′(1) 6= 0x�V\GKD>bXB8V6<j7:5NLH<>5t7^]wB8V6<a=U<�B8V67HL¹IAD

p = 2
DFI JKf�<WB8V6<�^K5NDsBzJ67:J 0><>587
LH<>58I ZC@CB8I Z:<T_�<>ZC@^; GK@CB8<ELI J

α1 = 1
ng7^]

φ
VK@:D�7:5NLH<>5

p = 2
O

ÍKO�x�V6<Y7:5NLH<>5j7^]¸f�7:J\Z:<>58R:<>JKf�<M7^]QB8V6<ÅÔQ<>d�B87:J =U<�B8V67HL¤]�7:5jB8V6<ÅDF7:; GHB8I 7:J�7^]QB8V6<YJ67:J ; I J6<E@^5<2\qGK@CB8I 7:J
ex = 2 − x

IAD
� 0.5 � 1 � 2 �

=U7:58<zB8V6<>J¹É
~ ¢6§m½�¦�²>¿ x�V6<¸<2\qGK@CB8I 7:JTVK@:D�7:J6; rS7:J6<¸587\7^B�DFI JKf�<¸R:5N@^46VKD

y = ex
@^JKL

y = 2− x
I JqB8<>5NDF<EfmBND

�sGKDsBQ7:JKf�<:O Æ 7:58<>7CZ:<>5Eb:B8V6<h587\7^B�IAD�4X7qDFI B8I Z:<:O

o\<�BFB8I J6R
f(x) = ex + x − 2

b6dg<¸VK@[Z:<
f ′(x) = ex + 1

@^JKL
f ′′(x) = ex

Owx�V\GKD>b6dg<¸VK@[Z:<
• f ′(ξ) = eξ + 1 > 0

Owo\7Kb\dg<tVK@[Z:<
f ′(ξ) 6= 0

+uB8V6IADg=U<E@^JKDyB8VK@CBgB8V6<z587\7^BgIADgDFI =U46; <U_�7:5EbI BQVK@:D�=aG6; B8I 46; IAf�I BsrpÌ[ng@^JKLYDF7jB8V6<h7:5NLH<>5
p
7^]uB8V6<h=U<�B8V67HLYD8@CB8IAD�^K<ED

p ≥ 2 b
• f ′′(ξ) > 0

O�o\7KbHdg<¸VK@[Z:<
f ′′(ξ) 6= 0

+w@:D�@Uf�7:JKDF<2\qG6<>JKf�<:bqB8V6<h7:5NLH<>5�I a
<Na6@:fmB8; r
p = 2
O

o\7KbHB8V6<WÔQ<>d�B87:J
=U<�B8V67HLT]�7:5Q@^4646587faHI =S@CB8I J6RaB8V6<h587\7^B
ξ

xk+1 = xk − f(xk)

f ′(xk)
= xk − exk + 1

exk
= xk − 1 − e−xk

VK@:D�7:5NLH<>5�7^]yf�7:J\Z:<>58R:<>JKf�<
p = 2

46587CZ\IALHI J6RaB8V6<aDsBN@^5FB8I J6RU4X7:I JqB
x0
IADQDFG *Mf�I <>JqB8; rTJ6<E@^5�B8V6<587\7^B

ξ
O Ö <Wf>@^JYDF<><zB8V6IAD�9X<>VK@[Z\I 7:5gBN@`_\I J6R

x0 = 1.0 b dg<¸VK@[Z:<:bq]�7:5�B8V6<h<>58587:5ND
k 0 1 2 3 4

|ek| 5.5 · 10−1 9.5 · 10−2 2.8 · 10−3 2.3 · 10−6 1.6 · 10−12



�f� � � �Z��) �
#=���
����� � Ñ:Ê
�HO�x�V6<h7:5NLH<>5�7^]yf�7:J\Z:<>58R:<>JKf�<t7^]ÐB8V6<WÔQ<>d�B87:JY=U<�B8V67HL
IAD�@^; d�@[rHDg; <ED8D�7:5�<2\qGK@^;lB87MÉ

�
xÐ58G6<

�
Õ @^;ADF<

~ ¢6§m½�¦�²>¿ �¼B�� D¸]�@^;ADF<:O Õ 7:5W<Na6@^=U46; <:bÐI ]
f(x) = 0

VK@:DzB8V6<M587\7^B
ξ
d�I B8V

f ′(ξ) 6= 0
_�@^JKL�DF7

p ≥ 2
nw@^JKL

f ′′(ξ) = 0
B8V6<z7:5NLH<>5wIAD

p ≥ 3
O�P�7:JKDFIALH<>5

f(x) = x3 +x
d�V6IAfNVMVK@:DyB8V6<zG6J6IS\qG6<587\7^B

ξ = 0
OwoqBN@^5FB8I J6Rj]�587:=

x0 = 1
b\B8V6<h9X<>VK@[Z\I 7:5�7^]uB8V6<h<>58587:5NDg@^58<

k 0 1 2 3 4 5

|ek| 1.0 0.5 0.14 5.5 · 10−3 3.3 · 10−7 7.7 · 10−20

Ò6O�x�V6< 2QI ; 9X<>5FBQ=S@CB858IAf�<ED�@^58<¸@^JY<Na6@^=U46; <¸7^]udg<>; ;Ðf�7:JKLHI B8I 7:J6<ELT=S@CB858IAf�<ED
�
xÐ58G6<

�
Õ @^;ADF<

~ ¢6§m½�¦�²>¿ �¼B�� D¸]�@^;ADF<:OMx�V6< 2QI ; 9X<>5FBa=S@CB858IAf�<ED>bÐ@:D¸dg<>; ;w@:DzB8V6< �w@^JKLH<>58=U7:JKLH<U=S@CB858IAf�<ED>bÐ@^58<<Na6@^=U46; <ED�7^]HI ; ;qf�7:JKLHI B8I 7:J6<EL¸=S@CB858IAf�<ED>O Õ 7:5�<Na6@^=U46; <:b>B8V6<�2QI ; 9X<>5FBÐ=S@CB858I a
H5
7^]\7:5NLH<>5

n = 5VK@:Dz@Tf�7:JKLHI B8I 7:J¹J\G6=a9X<>5
K2(H5) ≈ 5 · 105 O¸3QJ¹<Na6@^=U46; <a7^]wdg<>; ;cf�7:JKLHI B8I 7:J6<ELÅ=S@CB858I aÅIADB8V6<hIALH<>JqB8I BsrT=S@CB858I aTd�V6IAfNV
VK@:D�@Sf�7:JKLHI B8I 7:J
J\G6=a9X<>5�<2\qGK@^;lB87

1
b\B8V6<h; <ED8D�4X7qD8DFI 96; <¸ZC@^; G6<:O

�\O Ó <�B
A =

(
10 0
0 0.01

)

x�V6<Wf�7:JKLHI B8I 7:J
J\G6=a9X<>5
K2(A)

7^]ÐB8V6<h=S@CB858I a
A
IAD

� 0.01 � 10 � 100 � 1000

~ ¢6§m½�¦�²>¿ x�V6<�=S@CB858I a
A
IAD�@hLHIA@^R:7:JK@^;H=S@CB858I ajd�I B8VS4X7qDFI B8I Z:<�<>JqB858I <EDyI JUB8V6<Q=S@^I JSLHIA@^R:7:JK@^;µOo\7KblIAD¸@M4X7qDFI B8I Z:<aLH<N^KJ6I B8<j=S@CB858I a�b�DFI JKf�<j@^; ;ÐB8V6<j<>I R:<>J\ZC@^; G6<EDt@^58<a4X7qDFI B8I Z:<:O Õ 7:5z@M4X7qDFI B8I Z:<LH<N^KJ6I B8<j=S@CB858I a�bKdg<9_\J67Cd B8VK@CB

K2(A) = λmax/λmin
OQ��J¹7:G65zf>@:DF<:bKdg<aVK@[Z:<

λmax = 10@^JKL
λmin = 0.01

Owo\7Kb
K2(A) = 10/0.01 = 1000

O
Ë6O�x�V6<

LU
]�@:fmB87:58I 0E@CB8I 7:JT7^]ÐB8V6<h=S@CB858I a

A
R:I Z:<ED |U | = 4

Owx�V6<hLH<�B8<>58=UI JK@^JqBQ7^]
A−2
IAD

� 16 �
1

16
�

1

4
� 4

~ ¢6§m½�¦�²>¿yÖ <hVK@[Z:<:bHGKDFI J6RjB8V6< �gI J6<�B�]�7:58=aG6;A@U@^JKLMB8V6<h58<>;A@CB8I 7:J | A−1 | = 1/| A | b
| A−2 | = | ( A−1 )2 | = | A−1 |2 =

(
1

| A |

)2

=
1

| A |2 =
1

| U |2 =
1

42
=

1

16DFI JKf�<:bH]�587:=eB8V6< Ó Ç ]�@:fmB87:58I 0E@CB8I 7:JT7^]
A = LU

bHdg<¸VK@[Z:<
• L
IADÐ@�; 7Cdg<>5lB858IA@^J6R:G6;A@^5�=S@CB858I azd�I B8VW7:J6<ED�7:JzB8V6<w=S@^I JWLHIA@^R:7:JK@^;µOÐo\7KbEI BNDÐLH<�B8<>58=UI JK@^JqBEbd�V6IAfNV
IAD�B8V6<h46587HLHGKfmB�7^]y@^; ;lB8V6<h<>; <>=U<>JqBND�I J
B8V6<h=S@^I JÅLHIA@^R:7:JK@^;µb\IAD | L | = 1

O
• U
IADz@^J¹G6464X<>5zB858IA@^J6R:G6;A@^5Q=S@CB858I a�O¸x�V6<jLH<�B8<>58=UI JK@^JqBz7^]

U
IADz@^Rq@^I JYB8V6<j46587HLHGKfmBz7^]B8V6<T<>; <>=U<>JqBNDaI J�B8V6<
=S@^I J�LHIA@^R:7:JK@^;w96GHBUJ67Cd B8V6IADjZC@^; G6<EDa@^58<MJ67^B _\J67Cd�J�@Å4658I 7:58I_`B8V6<>r
LH<>4X<>JKL6D�7:JTB8V6<h=S@CB858I a

A
n

o\7KbK@^Rq@^I J�bq]�587:= �gI J6<�BEb6dg<¸VK@[Z:<
| A | = | L U | = | L | · | U | = 1 · | U | = | U |

Ñ6O�x�V6<
L
=S@CB858I aT7^]uB8V6<

LU
Èµ]�@:fmB87:58I 0E@CB8I 7:JM7^]ÐB8V6<h=S@CB858I a

A
R:I Z:<>J
9\r

A =





1 0 1
2 1 0
3 2 4







Ñ^Í ���������
	�� �f�%�Z��) �
#=���
�������

IAD
�





1 0 0
2 1 0
3 2 1



 �





1 0 0
−2 1 0
−3 −2 1





�





1 0 0
−2 1 0
3 −2 1



 �





1 0 0
2 1 0
−3 2 1





~ ¢6§m½�¦�²>¿ ÇtDFI J6RUB8V6< , @^GKD8D�@^; R:7:58I B8V6=1dg<�^KJKL

A =





1 0 1
2 1 0
3 2 4





(−2)
(−3)
−→





1 0 1
0 1 −2
0 2 1




(−2)
−→





1 0 1
0 1 −2
0 0 5





o\7KbK58<Ef>@^; ; I J6RUB8VK@CB
L
IADQ@S; 7Cdg<>5�B858IA@^J6R:G6;A@^5�=S@CB858I aY@^JKLYVK@:DQ@:D�<>JqB858I <ED�B8V6<W=aG6; B8I 46; IAf>@CB87:5ND_`B8V6<U<>; <>=U<>JqBND¸@^9X7CZ:<WB8V6<S@^58587CdQDNn�fNVK@^J6R:<ELÅI JiDFI R:J�b�@^JKLp7:J6<EDtI JpB8V6<j=S@^I JiLHIA@^R:7:JK@^;µbXdg<R:<�B

L =





1 0 0
2 1 0
3 2 1





Ì��6O , I Z:<>JYB8V6<aDF46; I BFB8I J6R
A = D − E − F

d�V6<>58<
E
IADQDsB858IAfmB8; r
; 7Cdg<>5�B858IA@^J6R:G6;A@^5Eb

F
IADQDsB858IAfmB8; rG6464X<>5�B858IA@^J6R:G6;A@^5�@^JKL

D
IAD�LHIA@^R:7:JK@^;µbqB8V6<hI B8<>5N@CB8I 7:J
=S@CB858I aM]�7:5�B8V6<  q@:f�7:96I�=U<�B8V67HL
IAD

� D−1(E + F ) � D(E + F )

� − D−1(E + F ) � − D(E + F )~ ¢6§m½�¦�²>¿�Õ 587:=?B8V6<hB8V6<>7:58r:b646587CZ\IALHI J6RUB8VK@CBQB8V6<W<>JqB858I <ED�7^]cB8V6<aLHIA@^R:7:JK@^;�7^]
D
@^58<W@^; ;�J67:JDFI J6R:G6;A@^5EbCdg<�_\J67Cd�B8VK@CBcB8V6<�I B8<>5N@CB8I 7:Jj=S@CB858I aW7^]KB8V6<h q@:f�7:96I\=U<�B8V67HLaIAD

BJ = D−1(E+F )
O��JKLH<><EL�b �sGKDsBQd�58I B8<

Ax = b ⇔ (D − E − F )x = b ⇔ Dx = (E + F )x + b ⇔Îw587CZ\IALHI J6RjB8VK@CB
D
IAD�I J\Z:<>5FB8I 96; <:bHdg<¸R:<�B

x = D−1(E + F )x + D−1b
@^JKLYDF7jdg<hR:<�B

xk+1 = D−1(E + F )xk + D−1bd�V6<>58<
BJ = D−1(E +F )

IADyB8V6<zI B8<>5N@CB8I 7:JS=S@CB858I a�O � a6@:fmB8; rUI JSB8V6<zD8@^=U<Qd�@[rjdg<tf>@^J ^KJKLB8V6<¸I B8<>5N@CB8I 7:JM=S@CB858I aM7^]�B8V6< , @^GKD8DsÈso\<>IALH<>;X=U<�B8V67HL-+ �sGKDsB�DsBN@^5FBg]�587:=
(D −E)x = Fx + b

O
Ì:Ì:O�oqBN@^5FB8I J6Rp]�587:=

x0 = (0, 0)T bwB8V6<YJ67:58= 7^]QB8V6<Y58<EDFIALHGK@^; r1 = b − Ax1
@C]`B8<>5jB8V6<[^K5NDsB

, @^GKD8DsÈso\<>IALH<>;�I B8<>5N@CB8I 7:JT]�7:5�B8V6<h; I J6<E@^5QDFrHDsB8<>=
Ax = b

R:I Z:<>J
9\r
A =

(
2 1
−1 3

)

, b =

(
3
2

)

IAD
�

√
130

6
�

7

6
0

[

−7

6
, 0

]T

~ ¢6§m½�¦�²>¿ o\<�BFB8I J6R
x = [x1 x2]

T bHB8V6<h; I J6<E@^5�DFrHDsB8<>=?IAD
{

2x1 + x2 = 3
−x1 + 3x2 = 2

⇒







x1 = 3−x2

2

x2 = 2+x1

3]t<>J67^B8I J6Rjd�I B8VY@aDFG64X<>5ND8f�58I 4HBgB8V6<zI JKLH<NaM7^]�B8V6<¸I B8<>5N@CB8I 7:J�b:B8V6< , @^GKD8DsÈso\<>IALH<>;XI B8<>5N@CB8I 7:JKDg@^58<
x

(k+1)
1 =

3 − x
(k)
2

2

x
(k+1)
2 =

2 + x
(k+1)
1

3



�f� � � �Z��) �
#=���
����� � Ñ �
o\7KbCDsBN@^5FB8I J6R�]�587:=

x0 = [0 0]T
_`B8VK@CBÐIAD>b

x
(0)
1 = 0

@^JKL
x

(0)
2 = 0

nXdg<wR:<�B�]�7:5
x1 = [x

(1)
1 x

(1)
2 ]T

x
(1)
1 =

3 − x
(0)
2

2
=

3 − 0

2
=

3

2

x
(1)
2 =

2 + x
(1)
1

3
=

2 + 3/2

3
=

7

6x�V6<Wf�7:5858<EDF4X7:JKLHI J6Ra58<EDFIALHGK@^;�Z:<EfmB87:5
r1
IAD

r1 = b−Ax
(1)
1 =

(
3
2

)

−
(

2 1
−1 3

)

·
(

3/2
7/6

)

=

(
3
2

)

−
(

25/6
2

)

=

(
−7/6

0

)

Õ I JK@^; ; r:b6B8V6<aI J;^KJ6I Bsr
J67:58=?7^]cB8V6<W58<EDFIALHGK@^;
r1
IADa_�dg<W7:9HBN@^I J
B8V6<aD8@^=U<W58<EDFG6; BQGKDFI J6RM7^B8V6<>5J67:58=SDNn

‖ r1 ‖∞ = max

{∣
∣
∣
∣
−7

6

∣
∣
∣
∣
, | 0 |

}

=
7

6
.

Ì[ÉHO�x�V6< Ó @^R:5N@^J6R:<c4X7:; r\J67:=UIA@^;ADuLH<>4X<>JKL6DÐ7:J6; r¸7:JhB8V6<gJ67HLH<EDÐ7^]HB8V6<g4X7:I JqBND
(xi, yi)

b
i = 0, . . . , n

�
xÐ58G6<

�
Õ @^;ADF<

~ ¢6§m½�¦�²>¿ �¼BhIADtB858G6<�+zI ]
xi
b
i = 0, . . . , n

@^58<aB8V6<UJ67HLH<ED>blB8V6<>JpB8V6< Ó @^R:5N@^J6R:<W4X7:; r\J67:=UIA@^;AD@^58<
li(x) =

n∏

k=0,k 6=i

(x − xk)

n∏

k=0,k 6=i

(xi − xk)

, i = 0, 1, . . . , n

ÌEÊ6O�x�V6<UDFG6= 7^]g@^; ;ÐB8V6< Ó @^R:5N@^J6R:<¸4X7:; r\J67:=UIA@^;ADzLH<>4X<>JKL6Dz7:JÅB8V6<jZC@^; G6<EDt7^]yB8V6<a]�G6JKfmB8I 7:J
f
I JB8V6<hI JqB8<>584X7:;A@CB8I J6RU4X7:I JqBND

�
xÐ58G6<

�
Õ @^;ADF<

~ ¢6§m½�¦�²>¿ �¼BjIADW]�@^;ADF<�+U]�587:= B8V6<MB8V6<>7:58r:byI BjIAD�_\J67Cd�J�B8VK@CBaB8V6<YDFG6=Ã7^]t@^; ;�B8V6< Ó @^R:5N@^J6R:<4X7:; r\J67:=UIA@^;ADQIADj_`B8V6<jf�7:JKDsBN@^JqBQ]�G6JKfmB8I 7:JXn
1
OtxÐ7M46587CZ:<:b��sGKDsBtBN@`_:<

f(x) = 1
bX@M4X7:; r\J67:=UIA@^;7^]yLH<>R:58<><=0><>587KOyx�V\GKD>b

f(x) = 1 =

n∑

i=0

f(xi)li(x) =

n∑

i=0

1 · li(x) =

n∑

i=0

li(x)

Ì>ÍKOg�¼]ydg<Wd�@^JqB�B87T@^4646587faHI =S@CB8<h@j]�G6JKfmB8I 7:JÅI J¹@^JYI JqB8<>58ZC@^;
[a, b]
GKDFI J6RS<2\qGK@^; ; r
DF4K@:f�<EL
J67HLH<ED>b@jV6I R:V6<>5�LH<>R:58<><tI JqB8<>584X7:;A@CB8I J6Rj4X7:; r\J67:=UIA@^;�@^; d�@[rHDwdg7:5I_HD�9X<�BFB8<>5�B8V6<>JÅ@a; 7Cdg<>5�LH<>R:58<><t7:J6<

�
xÐ58G6<

�
Õ @^;ADF<

~ ¢6§m½�¦�²>¿ �¼BÐIADl]�@^;ADF<�+ �sGKDsBÐ58<>=U<>=a9X<>5�B8V6<���G6J6R:<w<Na6@^=U46; <yd�V6<>58<uB8V6<w<>58587:5w_�@CB�B8V6<w<>JKLH4X7:I JqBND7^]uB8V6<hI JqB8<>58ZC@^;`n�I JKf�58<E@:DF<EDgd�I B8V
B8V6<WLH<>R:58<><¸7^]ÐB8V6<hI JqB8<>584X7:;A@CB8I J6RU4X7:; r\J67:=UIA@^;µO
Ì �HO�x�V6<h58<>R:58<ED8DFI 7:JM; I J6<¸]�7:5�B8V6<WDF<�B�7^]c4X7:I JqBND

xi −1 0 1 2
yi 0 2 3 3IAD

� y = x + 1.5 � y = 1.5x + 1

� y = x + 1 y = 1.5x + 1.5~ ¢6§m½�¦�²>¿ P�7\<@*Mf�I <>JqBND
a0
@^JKL

a1
7^]uB8V6<W58<>R:58<ED8DFI 7:JM; I J6<

y = a0 + a1x
@^58<hDF7:; GHB8I 7:J
7^]cB8V6<; I J6<E@^5QDFrHDsB8<>=





m + 1
∑m

k=0 xk

∑m
k=0 xk

∑m
k=0 x2

k





(
a0

a1

)

=





∑m
k=0 yk

∑m
k=0 xkyk







Ñ:Ò ���������
	�� �f�%�Z��) �
#=���
�������

d�V6<>58<
m + 1

IAD�B8V6<¸J\G6=a9X<>5�7^]Ð4X7:I JqBND>Oc��JTB8V6IAD�f>@:DF<
m + 1 = 4

@^JKLTDF7KbqGKDFI J6RaB8V6<hL6@CBN@aI JB8V6<¸BN@^96; <:b6dg<¸VK@[Z:<




4 2

2 6





(
a0

a1

)

=





8

9



 ⇔
{

4a0 + 2a1 = 8
2a0 + 6a1 = 9

Ö < ^KJKL
a0 = 3/2

@^JKL
a1 = 1

O Ö <Wf>@^JYDF<><zB8V6<h58<>R:58<ED8DFI 7:JM; I J6<hI J
B8V6<hJ6<Na\B�^KR:G658<:O

−2 −1 0 1 2 3
−1

0

1

2

3

4

x

y

data
regression line

ÌEÒ6O�x�V6<9\qGK@:LH5N@CB8G658<t]�7:58=aG6;A@
∫ 1

0

√
xf(x) ≈

3∑

i=0

αif(xi)

VK@:DgB8V6<h=S@XaHI =aG6= LH<>R:58<><z7^]c4658<Ef�IADFI 7:J�Ocx�V6<>J
B8V6<hJ\G6=a9X<>5
d =

∣
∣
∣
∣
∣

∫ 1

0

( √
x + x

√
x
)
dx −

3∑

i=0

αixi

∣
∣
∣
∣
∣IAD�<2\qGK@^;lB87

� 0 � 1/3 � 2/3 � 1
~ ¢6§m½�¦�²>¿ x�V6<�=S@XaHI =aG6=�LH<>R:58<><�7^]64658<Ef�IADFI 7:J67^]\B8V6<�\qGK@:LH5N@CB8G658<y]�7:58=aG6;A@�IAD

s = 2·3+1 = 7
Oo\I JKf�<¸B8V6<hI JqB8<>R:5N@^;lI J
B8V6<9\qGK@:LH5N@CB8G658<t]�7:58=aG6;A@jIAD�7^]uB8V6<¸Bsr\4X<

∫ 1

0

ω(x) f(x)dx

d�I B8V
ω(x) =

√
x
bKB8V6<9^XDsB¸DsB8<>4YB87
LH7MIAD�B87M58<>d�58I B8<hB8V6<aI JqB8<>R:5N@^;�I JKDFIALH<hB8V6<a<NaH4658<ED8DFI 7:JY7^]

d
I J
B8V6IAD�d�@[r:O Ö <h=S@[rSJ67^B8<¸B8VK@CB

√
x + x

√
x =

√
x (1 + x) ⇒ f(x) = 1 + xo\7Kb

f
IADh@T4X7:; r\J67:=UIA@^;c7^]�LH<>R:58<><

n = 1 < 7 = s
OUx�V\GKD>blB8V6< \qGK@:LH5N@CB8G658<W]�7:58=aG6;A@TR:I Z:<EDB8V6<h<Na6@:fmB�58<EDFG6; B�]�7:5�B8V6IADg]�G6JKfmB8I 7:J

f
bHIµO <:O b

∫ 1

0

( √
x + x

√
x
)
dx =

3∑

i=0

αi (1 + xi )

Ó 7\7�_\I J6RS@^Rq@^I JMB87
d
b6dg<hVK@[Z:<

d =

∣
∣
∣
∣
∣

∫ 1

0

( √
x + x

√
x
)
dx −

3∑

i=0

αixi

∣
∣
∣
∣
∣



�f� � � �Z��) �
#=���
����� � Ñ �

=

∣
∣
∣
∣
∣

∫ 1

0

( √
x + x

√
x
)
dx −

3∑

i=0

αi ( 1 + xi − 1)

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

{
∫ 1

0

( √
x + x

√
x
)
dx −

3∑

i=0

αi( 1 + xi )

}

−
3∑

i=0

αi

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

3∑

i=0

αi

∣
∣
∣
∣
∣

Ó <�B�� DQf�7:=U46GHB8<hB8V6<WDFG6= 7^]uB8V6<hdg<>I R:VqBND>O�xu@`_\I J6RUI JYB8V6<9\qGK@:LH5N@CB8G658<z]�7:58=aG6;A@
f(x) = 1

_�@4X7:; r\J67:=UIA@^;�7^]yLH<>R:58<><
n = 0 < s

@^JKLYDF7jB8V6<¸]�7:58=aG6;A@aIADQf�7:5858<EfmBmnwdg<¸VK@[Z:<
2

3
=

[
x3/2

3/2

]1

0

=

∫ 1

0

√
x dx =

3∑

i=0

αi

o\7Kb6dg<¸VK@[Z:<
d = 2/3

O
Ì �\O , I Z:<>JÅ@j4X7qDFI B8I Z:<

n
bHB8V6<hDFG6=?7^]y@^; ;uP�7^B8<ED�J\G6=a9X<>5ND

C
(n)
i

b
i = 0, . . . , n

IAD
� 1 � n �

√
n �

n

2
~ ¢6§m½�¦�²>¿yÕ 587:= B8V6<tB8V6<>7:58r:bqdg<�_\J67Cd B8VK@CBgB8V6<¸DFG6= 7^]Ð@^; ;KB8V6<WP�7^B8<ED�J\G6=a9X<>5NDwIAD

1
O ��<Ef>@^; ;B8VK@CBQdg<¸VK@[Z:<¸R:I Z:<>JMB8V6<¸]�7:; ; 7Cd�I J6RSLH<N^KJ6I B8I 7:JY7^]wP�7^B8<ED�J\G6=a9X<>5ND

C
(n)
i =

1

n

n∫

0

∏n
r=0,r 6=i(s − r)

∏n
r=0,r 6=i(i − r)

ds, i = 0, . . . , n

ÌEË6O�x�V6<h<>58587:5g]�7:5�B8V6<Wf�7:=U46GHBN@CB8I 7:J
7^]
∫ 100

0

(
x3 + 13254x

)
dx

GKDFI J6RUB8V6<aPg@[ZC@^; I <>58I Èso\I =U4KDF7:JM]�7:58=aG6;A@jIAD
� 10−3

� 10−2
� 10−1

� 0

~ ¢6§m½�¦�²>¿ x�V6<M<>58587:5
E
I J�B8V6<YPg@[ZC@^; I <>58I Èso\I =U4KDF7:J'IADa58<>;A@CB8<ELpB87

f (4)(x)
B8V6587:G6R:V67:GHBWB8V6<<2\qGK@CB8I 7:J

E = − (b − a)5

2880
f (4)(ξ)d�V6<>58<:bgI J�7:G65Mf>@:DF<:b

a = 0
b

b = 100
b

ξ ∈ [0, 100]
@^JKL

f(x) = x3 + 13254x
O¡o\I JKf�<

f (4)(x) = 0
]�7:5Q@^; ;

x
b6I BQIAD

f (4)(ξ) = 0
@^JKLYDF7jB8V6<¸<>58587:5�IADJ0><>587KO

ÌEÑ6O�x�V6<MDF<Ef�7:JKLpLH<>58I ZC@CB8I Z:<U7^]
f
LH7\<ED¸J67^BafNVK@^J6R:<j=aGKfNV'I JpB8V6<SI JqB8<>R:5N@CB8I 7:JpI JqB8<>58ZC@^;µOSx�V6<>J�bGKDFI J6RWB8V6<zf�7:=U4X7qDFI B8<QB85N@^4X<q0>7:IAL6@^;K58G6; <tdg<Q<NaH4X<EfmBgB8VK@CB�B8V6<t5N@CB8I 7W7^]�B8V6<z<>58587:5ND

E2m/Em
IAD

� 4 � 1/4 �
J6<E@^5

1/4

~ ¢6§m½�¦�²>¿wÕ 587:=eB8V6<¸B8V6<>7:58r:bHdg< _\J67Cd,B8VK@CB
E2m

Em
=

− (b−a)3

12(2m)3 f ′′(ξ2m)

− (b−a)3

12m3 f ′′(ξm)
=

f ′′(ξ2m)

4 · f ′′(ξm)
≈ 1

4
.

DFI JKf�<:bCI ]
f ′′(x)

LH7\<EDÐJ67^BcfNVK@^J6R:<w=aGKfNVWI JhB8V6<�I JqB8<>R:5N@CB8I 7:JhI JqB8<>58ZC@^;µb[I BuIAD
f ′′(ξm) ≈ f ′′(ξ2m)

O
É �6O�x�V6<jPg@[ZC@^; I <>58I Èso\I =U4KDF7:JT@^4646587faHI =S@CB8I 7:JT7^]uB8V6<hI JqB8<>R:5N@^;

∫ 1

0

√
x dx



Ñ:Ë ���������
	�� �f�%�Z��) �
#=���
�������

IAD
�

2
√

2 + 1

6
�

2

3
�

1

6
� 1

~ ¢6§m½�¦�²>¿yÖ <hVK@[Z:<
x0 = a = 0, x1 =

a + b

2
=

1

2
, x2 = b = 1@^JKLYDF7jB8V6<jPg@[ZC@^; I <>58I Èso\I =U4KDF7:JM58G6; <¸R:I Z:<EDg]�7:5�B8V6<hI JqB8<>R:5N@^;

I

ICS =
b − a

2

[
1

3
f(x0) +

4

3
f(x1) +

1

3
f(x2)

]

=
1 − 0

2

[

1

3

√
0 +

4

3

√

1

2
+

1

3

√
1

]

=

√
2

3
+

1

6
=

2
√

2 + 1

6o\7Kb�dg<jVK@[Z:<
ICS = 0.638

d�V6IAfNVp=S@[rÅ9X<Sf�7:=U4K@^58<EL¹d�I B8VpB8V6<Sf�7:5858<EfmB¸ZC@^; G6<
I = 2/3 =

0.667
O

ÉHÌ:O�x�V6<WLHI Z\IALH<ELYLHI kl<>58<>JKf�<
f [x0, x1, x2]

7^]uB8V6<¸]�7:; ; 7Cd�I J6RaBN@^96; <
x0 = −1 2

x1 = 0 3
x2 = 1 6IAD

� 1 � 3 � − 1 � 36
~ ¢6§m½�¦�²>¿ P�7:=U46; <�B8I J6RjB8V6<¸BN@^96; <:b6dg<�^KJKL

x0 = −1 2
x1 = 0 3 f [x0, x1]
x2 = 1 6 f [x1, x2] f [x0, x1, x2]

7:5 x0 = −1 2
x1 = 0 3 1
x2 = 1 6 3 1DFI JKf�<hdg<¸VK@[Z:<

f [x0, x1] =
f(x1) − f(x0)

x1 − x0
=

3 − 2

0 − (−1)
= 1

f [x1, x2] =
f(x2) − f(x1)

x2 − x1
=

6 − 3

1 − 0
= 3

f [x0, x1, x2] =
f [x1, x2] − f [x0, x1]

x2 − x0
=

3 − 1

1 − (−1)
= 1

É:ÉHO Ó <�B
p(x)
9X<pB8V6<iÔQ<>d�B87:J�<NaH4658<ED8DFI 7:J¡7^]hB8V6<'I JqB8<>584X7:;A@CB8I J6R¤4X7:; r\J67:=UIA@^;t]�7:5TB8V6<'4X7:I JqBND

(xi, yi)
b
i = 0, . . . , n

OS�¼]�dg<M@:L6Li@
J6<>d 4X7:I JqB
(xn+1, yn+1)

d�I B8V
x0 < xn+1 < x1

dg<VK@[Z:<zB87U58<Ef�7:=U46GHB8<h@^; ;lB8V6<WLHI Z\IALH<ELYLHI kl<>58<>JKf�<¸BN@^96; <
�
xÐ58G6<

�
Õ @^;ADF<

~ ¢6§m½�¦�²>¿ �¼BaIAD¸]�@^;ADF<�+hB8V6<TLHI kl<>58<>JKf�<MLHI Z\IALH<EL�LH7\<EDhJ67^BaLH<>4X<>JKL6DW7:J'B8V6<M7:5NLH<>5h7^]�4X7:I JqBND>Oo\7KbHdg<¸f>@^JY@:L6LSB8V6<¸4X7:I JqB
(xn+1, yn+1)

@CB�B8V6<¸4658<>Z\I 7:GKDwBN@^96; <S_`B8V6<¸7:J6<¸dg<zVK@[Z:<z@^; 58<E@:LHrf�7:JKDsB858GKfmB8<ELid�I B8V�4X7:I JqBND
(xi, yi)

b
i = 0, . . . , n

nh@^JKLif�7:=U46GHB8< �sGKDsBaB8V6<M;A@:DsBW587Cd 7^]�B8V6<J6<>d�BN@^96; <:O
É^Ê6O�x�V6<Wf�7:=U4X7qDFI B8<zB85N@^4X<q0>7:IAL6@^;X]�7:58=aG6;A@jR:I Z:<ED�B8V6<h58<EDFG6; BND�7^]uB8V6<¸]�7:; ; 7Cd�I J6RaBN@^96; <

A0 A1 A2

1 0.875 0.844x�V6<h9X<EDsBt@^4646587faHI =S@CB8I 7:JM]�7:5�B8V6<hI JqB8<>R:5N@^;lIADgB8V6<>J
� 0.844 � 0.833 � 0.906 � 0.875



�f� � � �Z��) �
#=���
����� � Ñ:Ñ
~ ¢6§m½�¦�²>¿yÖ <Wf>@^JY@^4646; rMB8V6< ��7:=a9X<>58Rj=U<�B8V67HLTB87U7:9HBN@^I J

m

1 A0

2 A1 B1

4 A2 B2 C2

d�V6<>58<
B1 =

4A1 − A0

3
=

4 · 0.875− 1

3
= 0.833

B2 =
4A2 − A1

3
=

4 · 0.844− 0.875

3
= 0.8340.833

C2 =
16B2 − B1

15
=

16 · 0.834− 0.833

15
= 0.834

o\7KbHB8V6<h9X<EDsBt@^4646587faHI =S@CB8I 7:JS]�7:5�B8V6<hI JqB8<>R:5N@^;lIAD
0.834
O

ÉCÍKO Ö V6IAfNVYIAD�B8V6<hZC@^; G6<¸7^] � @CB�B8V6<h<>JKL
7^]ÐB8V6< Æ @CB8;A@^9Åf�7HLH<
��� 2 � �3�<���������
�	� � ��*��

	� . 4 �%� $'& �� � � �<2 � �3��� � � �>�/,
CF� � � � 
 ���
*	� $��H

� 0 � 1 � 2 � 3É �HOQP�7:JKDFIALH<>5�B8V6<¸]�7:; ; 7Cd�I J6R Æ @CB8;A@^9Yf�7HLH<
��� ?>��*��

�	� @ ��
>A �B����


	� �8@ A � �1

CF� ?E��?�: A �
*	� $ � �%$
�	� ?E��? 
�A �
�	� $��H
*	� $��H

3gB�B8V6<h<>JKL
7^]ÐB8V6<h; 7\7:4�bHB8V6<hZC@^58IA@^96; < ? IAD�<2\qGK@^;lB87
� 1 � 4 � 6 � 9

É^Ò6O�3�]`B8<>5�B8V6<h<NaH<Ef�GHB8I 7:J
7^]uB8V6<¸]�7:; ; 7Cd�I J6R Æ @CB8;A@^9Åf�7HLH<:b\B8V6<hZC@^58IA@^96; < 
 IAD�<2\qGK@^;lB87
��� ��� H � !%0	&�H � !%0	& � �����6
GC1� ,>,-�
�	� 
 � $ � 0	& �=,-�

� [1 4]T � [1 2]T � 4 � 1É �\O�3�]`B8<>5�B8V6<h<NaH<Ef�GHB8I 7:J
7^]uB8V6<¸]�7:; ; 7Cd�I J6R Æ @CB8;A@^9Åf�7HLH<:b\B8V6<hZC@^58IA@^96; < � IAD�<2\qGK@^;lB87



Ì�� � ���������
	�� �f�%�Z��) �
#=���
�������

��� ����� ����� & 
	�DCF����C/, � $�103254�& ���DC , �	�
�	� ���E�F���%���

� [441 16] � 7056 � 4 � [21 4]É^Ë6O , I Z:<>J
B8V6< Æ @CB8;A@^9Yf�7HLH<
��� ����� � �>
���C�* ��� � ���E�	�
�	� ���E� & ��(�� �G
5� ,-�

R:I Z:<ED
� [5 6] � [4 5 6] � [5 8]T � [2 5]TÉ^Ñ6O�xÐ7
46; 7^Bh@S]�G6JKfmB8I 7:J'd�I B8V¹B8V6<Uf�7:=U=S@^JKL  � �%2	&�� (���, bHB8V6<jZ:<EfmB87:5 � @^JKL � =aGKDsB¸VK@[Z:<WB8V6<D8@^=U<hDFI 0><

�
xÐ58G6<

�
Õ @^;ADF<

�
�¼BtLH<>4X<>JKL6D�7:J
B8V6<¸]�G6JKfmB8I 7:J

Ê �6O�x�V6<Uf�7:=U=S@^JKL # � $3!�
>! �3� =S@`_:<EDQB8V6<jf�7:=U=S@^JKL Ö I JKLH7Cd�f�; <E@^5t96GHBhLH7\<EDtJ67^B¸f�; <E@^5tB8V6<ZC@^58IA@^96; <ED�I JTB8V6< Ö 7:5I_HDF4K@:f�<
�
xÐ58G6<

�
Õ @^;ADF<

�U���Zr 	-nu�Z��o2piqMr
�Ö 58I B8<hf�; <E@^58; rT@^; ;lB8V6<W@^JKDFdg<>5NDgI J
B8V6<¸<Na6@^= � D�9X7\7�_\; <�BEO
Ì:O�Îw587CZ:<¸B8VK@CBQB8V6<jf�7:JKLHI B8I 7:JÅJ\G6=a9X<>5

K(A)
]�G6; ^K; ;AD

K(A) ≥ 1
]�7:5Q<E@:fNVY=S@CB858I a

A
O , I Z:<W@^J<Na6@^=U46; <¸7^]cdg<>; ;�f�7:JKLHI B8I 7:J6<EL
=S@CB858I a
@^JKLT7:J6<¸7^]y@^J
I ; ;Ðf�7:JKLHI B8I 7:J6<ELT=S@CB858I a�O

~ ¢6§m½�¦�²>¿wÕ 587:=eB8V6<¸B8V6<>7:58r:bHdg<¸VK@[Z:<
1 = ‖In‖ =

∥
∥A · A−1

∥
∥ ≤ ‖A‖ ·

∥
∥A−1

∥
∥ = K(A).d�V6<>58<

In
IADzB8V6<SIALH<>JqB8I Bsrp=S@CB858I ap7^]�7:5NLH<>5

n
OMx�V6<
2QI ; 9X<>5FBW=S@CB858IAf�<EDh@^58<jI ; ;�f�7:JKLHI B8I 7:J6<ELd�V6<>58<E@:DgB8V6<hIALH<>JqB8I BsrM=S@CB858I aTIAD�dg<>; ;�f�7:JKLHI B8I 7:J6<EL�O

ÉHOtP�7:JKDFIALH<>5hB8V6<TI B8<>5N@CB8I Z:<S=U<�B8V67HL
xk+1 = Bxk + f

B87pDF7:; Z:<UB8V6<M; I J6<E@^5aDFrHDsB8<>=
Ax = b

OÎw587CZ:<tB8V6<h58<>;A@CB8I 7:JKDFV6I 4
ek = Bek−1

b
k = 1, 2, . . .

d�V6<>58<
ek = x− xk

IADgB8V6<h<>58587:5�@CB�B8V6<
k
ÈµB8VÅDsB8<>4�O , I Z:<zJ6<Ef�<ED8D8@^58rM@^JKL
DFG *Mf�I <>JqBQf�7:JKLHI B8I 7:JKD�7:JTB8V6<hI B8<>5N@CB8I 7:J
=S@CB858I a

B
I J
7:5NLH<>5B87TVK@[Z:<a@Tf�7:J\Z:<>58R:<>JqBtDF<2\qG6<>JKf�<h]�7:5z<E@:fNV¹DsBN@^5FB8I J6RM4X7:I JqB

x0
O Ö 58I B8<aB8V6<aI B8<>5N@CB8I 7:J¹=S@CB858I a]�7:5�B8V6<  q@:f�7:96I�=U<�B8V67HL�O

~ ¢6§m½�¦�²>¿ x�V6<wI B8<>5N@CB8I Z:<w=U<�B8V67HLWVK@:DÐDF7:; GHB8I 7:J
x
R:I Z:<>J¸9\r

x = Bx+f
]t<N^KJ6I J6R

ek = x−xk
b

k = 0, 1, . . .
bHdg<¸R:<�B

x− xk = Bx + f − ( Bxk + f ) ⇔ ek = Bek−1Õ 587:=eB8V6IAD�58<>;A@CB8I 7:J�bHI B8<>5N@CB8I J6RUdg<¸R:<�B
ek = Bke0

@^JKLYDF7
lim

k→+∞
ek = 0 ∀ e0 ⇔ lim

k→+∞
Bk = 0 ⇔ ρ(B) < 1.

x�V\GKD>b:B8V6<QI B8<>5N@CB8I 7:JU=U<�B8V67HLMf�7:J\Z:<>58R:<EDÐ]�7:5�@^; ;
x0
I ]�@^JKLU7:J6; raI ]

ρ(B) < 1
O Õ 7:5yB8V6<� q@:f�7:96I=U<�B8V67HL¹dg<aGKDF<aB8V6<jDF46; I BFB8I J6R
7^]

A
R:I Z:<>J¹9\r

A = D − E − F
d�V6<>58< −E

IADQB8V6<UDsB858IAfmB8; r; 7Cdg<>5WB858IA@^J6R:G6;A@^5j4K@^5FBj7^]
A
b −F
IADUDsB858IAfmB8; riG6464X<>5jB858IA@^J6R:G6;A@^5a4K@^5FBU7^]

A
@^JKL

D
IADaB8V6<LHIA@^R:7:JK@^;l7^]

A
Owx�V\GKD>bHdg<hVK@[Z:<

Ax = b ⇔ (D−E−F )x = b ⇔ Dx = (E+F )x+b ⇔ x = D−1(E+F )x+D−1b



�f� � � �Z��) �
#=���
����� � Ì��6Ì
d�V6<>58<QB8V6<z;A@CBFB8<>5�DsB8<>4M58<2\qG6I 58<ED�@WJ67:JTDFI J6R:G6;A@^5

D
_�@^JKLTDF7hB8V6<z=S@^I JTLHIA@^R:7:JK@^;K7^]

A
VK@:D�@^; ;<>; <>=U<>JqBNDQLHI kl<>58<>JqBQ]�587:= 0><>587\nmO Õ 587:=1B8V6<W;A@CBFB8<>5�<2\qGK@CB8I 7:J�b6dg<h96G6I ;AL
B8V6<V q@:f�7:96I�I B8<>5N@CB8I Z:<=U<�B8V67HLYDF<�BFB8I J6R

x(k+1) = BJx(k) + f
d�V6<>58<

BJ = D−1(E + F ), f = D−1b

Ê6O , I Z:<>J
B8V6<WDF<�B�7^]c4X7:I JqBND
( xi, yi )

b
i = 0, . . . , 3

I J
B8V6<¸]�7:; ; 7Cd�I J6RjBN@^96; <
xi −2 0 1 2
yi 1 1 2 3d�58I B8<¸B8V6<hÔQ<>d�B87:JY<NaH4658<ED8DFI 7:JT7^]ÐB8V6<hI JqB8<>584X7:;A@CB8I 7:J
4X7:; r\J67:=UIA@^;µO�P�7:=U46GHB8<zB8V6<h=UI J6I =aG6=ZC@^; G6<h7^]ÐB8V6<¸]�G6JKfmB8I 7:J

S(m, q)

S(m, q) =
3∑

k=0

[ yi − mxi − q ]2

@^JKL
R:I Z:<tB8V6<hZC@^; G6<ED�7^]
m
@^JKL

q
]�7:5�d�V6IAfNVTB8V6IAD�=UI J6I =aG6=?IAD�58<E@:fNV6<EL�O

~ ¢6§m½�¦�²>¿yÖ <hJ6<><ELTB8V6<¸BN@^96; <¸7^]yLHI Z\IALH<ELYLHI kl<>58<>JKf�<ED"^K5NDsBEO
x0 = −2 f(x0) = 1

x1 = 0 f(x1) = 1 f [x0, x1] = 0
x2 = 1 f(x2) = 2 f [x1, x2] = 1 f [x0, x1, x2] = 1/3
x3 = 2 f(x3) = 3 f [x2, x3] = 1 f [x1, x2, x3] = 0 f [x0, x1, x2, x3] = −1/12o\7Kb6dg<¸VK@[Z:<

P (x) = f(x0) + f [x0, x1](x − x0) + f [x0, x1, x2](x − x0)(x − x1)

+ f [x0, x1, x2, x3](x − x0)(x − x1)(x − x2)

= 1 +
1

3
(x + 2)x − 1

12
(x + 2)x(x − 1)

x�V6<p=UI J6I =aG6=�ZC@^; G6<¹7^]hB8V6<pDFG6=
S(m, q)

IADM58<E@:fNV6<EL�]�7:5
m
@^JKL

q
@:D8DF7Hf�IA@CB8<EL�B87¤B8V6<58<>R:58<ED8DFI 7:JM; I J6<:Ogo\7KbHdg<¸R:<�B





m + 1
∑m

k=0 xk

∑m
k=0 xk

∑m
k=0 x2

k





(
q
m

)

=





∑m
k=0 yk

∑m
k=0 xkyk





Ö <pVK@[Z:<
m + 1 = 4

4X7:I JqBND b B8V6<p; I J6<E@^5
DFrHDsB8<>=�R:I Z:<EDUB8V6<'DF7:; GHB8I 7:J m = 17/35
@^JKL

q = 57/35
Ocx�V6<¸=UI J6I =aG6=?ZC@^; G6<h7^]ÐB8V6<WDFG6=?IADgB8V\GKD

S(17/35, 57/35) =

3∑

k=0

[

yi −
17

35
xi −

57

35

]2

≈ 0.6857

ÍKOQo\V67Cd�B8V6<Uf�7:=U4X7qDFI B8<aB85N@^4X<q0>7:IAL6@^;u58G6; <jGKDFI J6R
m
I JqB8<>58ZC@^;ADjO ��<Ef>@^; ; I J6RTB8VK@CBzB8V6<j<>58587:5Q]�7:5B8V6<¸B85N@^4X<q0>7:IAL6@^;�58G6; <¸IAD

E = − h3

12
f ′′(ξ)d�V6<>58<

h
IAD¸B8V6<T@^=U46; I B8GKLH<M7^]�B8V6<MI JqB8<>R:5N@CB8I 7:J'I JqB8<>58ZC@^;�@^JKL

ξ
IADa@ÅDFG6I BN@^96; <S4X7:I JqBaI JKDFIALH<B8V6<hI JqB8<>R:5N@CB8I 7:JTI JqB8<>58ZC@^;µb4^KJKLTB8V6<¸<NaH4658<ED8DFI 7:JM]�7:5�B8V6<¸<>58587:5gI J
B8V6<hf�7:=U4X7qDFI B8<zB85N@^4X<q0>7:IAL6@^;]�7:58=aG6;A@6O

~ ¢6§m½�¦�²>¿ o\<><¸B8V6<¸B8V6<>7:58r:O
�HO Ö 58I B8<¸@ Æ @CB8;A@^9Tf�7HLH<t]�7:5�B8V6<¸f�7:=U46GHBN@CB8I 7:JM7^]�B8V6<¸DFG6=e7^]Ð<>; <>=U<>JqBNDg7^]�B8V6<zZ:<EfmB87:5 � GKDFI J6R
�sGKDsBt@j]�7:5�; 7\7:4�O
~ ¢6§m½�¦�²>¿yÖ <h=S@[rMd�58I B8<:b\]�7:5�<Na6@^=U46; <:b



Ì��qÉ ���������
	�� �f�%�Z��) �
#=���
�������

��� @ � ��#82 � ���� � ����� � $%232	& � ,
�	� � ?������ ����� ����� � @ $ � $ ��$�12 � � @E� $�#82 ��


	� � ��� $�103254�&�� ,-�
CF� � ����
*	� @ ��
EA ����� �
�	� � � � � �	&�A ,-�
�	� $��H

�U|%$ &('M�a� ~W� � �
� � ��� �
	M{ �
"�� � ��� � � � � �'nu��o2p��c���Vw �
qMpiw:� 	-nu�Z��o2piqMr
�

��<E@:L w:�;dC�Ztvnu���	� B8V6<¸B8<Na\BQ7^]c<E@:fNV[\qG6<EDsB8I 7:JÅ@^JKLTd�58I B8<¸I J
B8V6<h9X7\7�_\; <�B�B8V6<h; <�BFB8<>5Qd�V6IAfNVf�7:5858<EDF4X7:JKL6D�B87jB8V6<h9X<EDsBt@^JKDFdg<>5EO
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OÐx�V6<�=S@XaHI =aG6= �K7q@CB8I J6R¸4X7:I JqByJ\G6=a9X<>5

xmax
@^JKLTB8V6<hJ\G6=a9X<>5�7^]u<>; <>=U<>JqBND�"

Nel
7^]

F
@^58<

3
xmax = 3.75 Nel = 80

�
xmax = 3.75 Nel = 81
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xmax = 4.00 Nel = 80
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xmax = 4.00 Nel = 81
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ξ
7^]�B8V6<M<2\qGK@CB8I 7:J

x − 1 = 0DsBN@^5FB8I J6Rj]�587:=1B8V6<hI JqB8<>58ZC@^;
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@^JKL
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IAD

3
0

�
0.1
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xk+1 = x2
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IAD
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Ò6O�x�V6<tJ\G6=a9X<>5g7^]�I B8<>5N@CB8I 7:JKDwJ6<><ELH<ELS9\rjB8V6<zÔQ<>d�B87:JM=U<�B8V67HLSB879^KJKLUB8V6<¸@^4646587faHI =S@CB8I 7:J
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ξ
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2x − 3 = 0
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x0 = 2
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ξ = 1

7^]�B8V6<T<2\qGK@CB8I 7:J
(x −

1)2 ln(x) = 0
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p
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1
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A = L U

B8V6<
LU
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A
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@^JKL

U
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Ax = bk, k = 1, . . . , MIADQ@^9X7:GHB
3

n2 �
M n2 P

2M n2 ] J67:J6<¸7^]c4658<>Z\I 7:GKD�@^JKDFdg<>5ND�@^58<hf�7:5858<EfmB
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A
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A = H HT

7^]
A
+

3 �w<ED � ÔQ7
Ì[ÉHO�x�V6< , @^GKD8DsÈso\<>IALH<>;�I B8<>5N@CB8I 7:JT=S@CB858I a

BGS
]�7:5�B8V6<h; I J6<E@^5QDFrHDsB8<>=

Ax = b
d�I B8V

A =

(
2 1
0 3

)

b =

(
3
3

)

IAD
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0 1/2
0 −1/4

) � (
0 −1/2
0 1/4
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0 1/2
0 0
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0 −1/2
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)
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k=1

ak · bk

IADQ@^9X7:GHB 3
n
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P
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k nÌ>ÍKO�x�V6<M=S@CB858I a
A
VK@:D¸B8V6<

LU
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Ax = b

d�I B8V
A =

(
4 1

−1 2

)

b =

(
6
4

)

DsBN@^5FB8I J6R
]�587:=
x0 = ( 0 0 )T

OMx�V6<TÉ[È¼J67:58=�7^]�B8V6<S58<EDFIALHGK@^;
r1 = b − Ax1

7^]�B8V6<R^K5NDsBI B8<>5N@CB8<
x1
IAD
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1
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ÌEÒ6O�x�V6<hI B8<>5N@CB8I Z:<¸=U<�B8V67HL
xk+1 = B xk + f

b
k = 0, 1, . . .

d�I B8V
B =

(
1/2 1
0 −1/4

)

, f =

(
3/2

−1/4

)

IADQf�7:J\Z:<>58R:<>JqB�]�7:5�<E@:fNVYDsBN@^5FB8I J6Rj4X7:I JqB
x03 xÐ58G6< � Õ @^;ADF<

Ì �\O�x�V6< Ó @^R:5N@^J6R:<t4X7:; r\J67:=UIA@^;AD�@:D8DF7Hf�IA@CB8<ELSB87jB8V6<¸B8V658<><hJ67HLH<ED
x0 = −1

b
x1 = 0

b
x2 = 1

@^58<
l0(x) =

1

2
(x2 − x) l1(x) = 1 − x2 l2(x) =

1

2
(x2 + x)

3 xÐ58G6< � Õ @^;ADF<
ÌEË6O Ó <�B

f(x) = x4 − x2 + 5
O?P�7:JKDFIALH<>5

n = 4
<2\qGK@^; ; r¡DF4K@:f�<EL¡J67HLH<ED

xi
b

i = 0, . . . , nI J¤B8V6<TI JqB8<>58ZC@^;
[−1, 1]

O Ó <�B
p(x)
9X<MB8V6<Yf�7:5858<EDF4X7:JKLHI J6RÅI JqB8<>584X7:;A@CB8I J6R¹4X7:; r\J67:=UIA@^;µbcIµO <:O

p(xi) = f(xi)
b

i = 0, . . . , n
O�x�V6<>J�bgB8V6<¹I JqB8<>584X7:;A@CB8I 7:J <>58587:5UI J

x0 = 0.5
LH<N^KJ6<EL¡@:D

E = f(x0) − p(x0)
IAD
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ÌEÑ6OQP�7:JKDFIALH<>5�B8V6<h4X7:I JqBND�I J
B8V6<¸]�7:; ; 7Cd�I J6RjBN@^96; <

x0 = 0 1
x2 = 2 3
x3 = 3 −1x�V6<WLHI Z\IALH<ELYLHI kl<>58<>JKf�<

f [ x0, x1, x2 ]
IAD
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f
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É:ÉHO�x�V6<W@^9KDF7:; GHB8<zZC@^; G6<¸7^]ÐB8V6<h<>58587:5gI J
B8V6<jPg@[ZC@^; I <>58I Èso\I =U4KDF7:JS]�7:58=aG6;A@W]�7:5�B8V6<hf�7:=U46GHBN@CB8I 7:J7^] ∫ b

a f(x)dx
IAD

E =
| b − a |3

12
| f ′′(ξ) | d�V6<>58<

ξ ∈ [a, b]

3 xÐ58G6< � Õ @^;ADF<
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m = 2
nQIADGKDF<ELTB87Sf�7:=U46GHB8<

∫ 1

−1

(
1 − x4

)
dx

x�V6<W@^4646587faHI =S@CB8I 7:JTR:I Z:<>JT9\rTV6<zB85N@^4X<q0>7:IAL6@^;�58G6; <¸IAD
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∫ b

a

ω(x) f(x)dx ≈
n∑

i=0

αif(xi)

d�V6<>58<
ω(x) > 0

I J
[a, b]
IAD

3
n

�
n + 1

P
2n

]
2n + 1

É �HO�x�V6<jPg@[ZC@^; I <>58I Èso\I =U4KDF7:JT@^4646587faHI =S@CB8I 7:JT7^]uB8V6<hI JqB8<>R:5N@^;
∫ 1

0

√
x dx

IADW_¼P�7^B8<ED�J\G6=a9X<>5ND�@^58<
C

(2)
0 = 1/6

b
C

(2)
1 = 4/6

b
C

(2)
2 = 1/6

n
3 2

√
2 + 1

6

� 2

3

P 1
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=aGKDsBQ9X<WDFV67:5FB @^JKLYf�; <E@^5 O

Ì:OtP�7:JKDFIALH<>5SB8V6<pÔQ<>d�B87:J¡=U<�B8V67HL ]�7:5MB8V6<p@^4646587faHI =S@CB8I 7:J 7^]zB8V6<p587\7^B
ξ
7^]zB8V6<p<2\qGK@CB8I 7:J

f(x) = 0
O

_�@qn
ÇtDFI J6RjB8V6<hR:<>7:=U<�B858IAfzI JqB8<>584658<�BN@CB8I 7:J�b4^KJKLTB8V6<h<2\qGK@CB8I 7:JT]�7:5�B8V6<hI B8<>5N@CB8<ED�R:I Z:<>J
9\r
xk+1 = xk − f(xk)

f ′(xk)
, k = 0, 1, · · ·

_�9XnYo\V67Cd�@�R:5N@^46V 7^]W@i]�G6JKfmB8I 7:J
f
d�V6<>58<ÅI B8<>5N@CB8I 7:JKD

xk
R:7�B87Cd�@^5NL¤B8V6<p587\7^B

ξ
I J,@=U7:J67^B87:J6IAf>@^; ; rU]�@:DFV6I 7:J
d�I B8V

xk < xk+1
b
k = 0, 1, . . .

O
_�fEnÅP�7:JKDFIALH<>5�<2\qGK@CB8I 7:JKDh_�I`n

ln(x) = 0
@^JKLi_�I I`n

(x − 1) ln(x) = 0
OgoZ_:<�BNfNV�b\]�7:5Q<E@:fNV
7:J6<:b@R\qGK@^; I BN@CB8I Z:<

log10(| ek |) 46; 7^BEO_�LKn , I Z:<h@^JY<Na6@^=U46; <¸d�V6<>58<zB8V6<WÔQ<>d�B87:J
=U<�B8V67HLYLH7\<ED�J67^Btf�7:J\Z:<>58R:<:O
ÉHOtP�7:JKDFIALH<>5�B8V6<h; I J6<E@^5QDFrHDsB8<>=

Ax = b
d�V6<>58<

A =

(
2 1
2 4

)

b =

(
3
6

)

_�@qnN :GKDsBg; 7\7�_\I J6RWB87
A
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_�9XnYo\<�BFB8I J6R
x(k) = [x

(k)
1 x

(k)
2 ]T
bld�58I B8<

x
(k+1)
1

@^JKL
x

(k+1)
2

]�7:5p q@:f�7:96Ic@^JKL , @^GKD8DsÈso\<>IALH<>;=U<�B8V67HL6DQ@^JKL|^KJKL�bH]�7:5�9X7^B8VY=U<�B8V67HL6D>b
x(1)
DsBN@^5FB8I J6Rj]�587:=

x(0) = [0 0]T
O

_�fEn Ó <�B
BJ
9X<¸B8V6<hI B8<>5N@CB8I 7:JT=S@CB858I aT7^]uB8V6<  q@:f�7:96Il=U<�B8V67HL�O�ÇtDFI J6RjB8V6<h58<>;A@CB8I 7:J

‖ ek ‖∞ ≤ ρ(BJ) ‖ ek−1 ‖∞<EDsB8I =S@CB8<zB8V6<hJ\G6=a9X<>5
k
7^]cI B8<>5N@CB8I 7:JKDgJ6<><ELH<ELTB87UVK@[Z:< ‖ ek ‖∞ / ‖ e0 ‖∞ ≤ 10−3

O
Ê6OtP�7:JKDFIALH<>5�B8V6<WDF<�B�7^]c4X7:I JqBND�I J
B8V6<¸]�7:; ; 7Cd�I J6RjBN@^96; <

xi −1 0 1 2
yi −4 0 1 4_�@qn Ö 58I B8<¸B8V6<WÔQ<>d�B87:J
<NaH4658<ED8DFI 7:J'_�@:D8DFG6=U<

x0 = −1
b
x1 = 0

b
x2 = 1

b
x3 = 2

n
P (x) = f(x0) + f [x0, x1](x − x0) + f [x0, x1, x2](x − x0)(x − x1)

+ f [x0, x1, x2, x3](x − x0)(x − x1)(x − x2)]�7:5tB8V6<jI JqB8<>584X7:;A@CB8I J6RT4X7:; r\J67:=UIA@^;µOho\V67CdvB8VK@CB
P
D8@CB8IAD�^K<EDQB8V6<jI JqB8<>584X7:;A@CB8I 7:Jpf�7:JKLHI ÈB8I 7:JKD

P (xi) = yi
]�7:5�B8V6<hR:I Z:<>J
DF<�BQ7^]u4X7:I JqBND>O

_�9Xn Õ I JKLSB8V6<z58<>R:58<ED8DFI 7:JU; I J6<
y = a1x + a0

@^JKLMLH5N@[d¡I B�@^=U7:J6RWd�I B8VT4X7:I JqBNDgI JMB8V6<¸D8@^=U<46;A@^J6<:O
ÍKOtP�7:JKDFIALH<>5�B8V6<Wf�7:=U4X7qDFI B8< B85N@^4X<q0>7:IAL6@^;X]�7:58=aG6;A@a]�7:5�B8V6<Wf�7:=U46GHBN@CB8I 7:J
7^]

I =

∫ b

a

f(x) dx



�f� � � 	�����) ��&%�Z	H���
	�) !"	�� ���Z � Ì�� �
_�@qn Ö 58I B8<�B8V6<�]�7:58=aG6;A@�]�7:5

m = 1
_`B85N@^4X<q0>7:IAL6@^;^]�7:58=aG6;A@qnmO , I Z:<wB8V6<gR:<>7:=U<�B858IAf>@^;:I JqB8<>584658<�ÈBN@CB8I 7:JT7^]�B8V6<t]�7:58=aG6;A@6O Ó <�B

IT
9X<tB8V6<h@^4646587faHI =S@CB8I 7:JS7^]

I
R:I Z:<>JM9\rUB8V6<tB85N@^4X<q0>7:IAL6@^;]�7:58=aG6;A@6OgoZ_:<�BNfNV
B8V658<><hR:5N@^46VKDg7^] o�=dC�\� LHI kl<>58<>JqB�]�G6JKfmB8I 7:JKD d�V6<>58<

IT < I
b
IT = I

b
IT > I

O_�9XnYoqBN@^5FB8I J6R
]�587:=�B8V6<M<2\qGK@CB8I 7:J'7^]
IT
b�^KJKLpB8V6<Mf�7:=U4X7qDFI B8<UB85N@^4X<q0>7:IAL6@^;u]�7:58=aG6;A@
d�V6<>JB8V6<hI JqB8<>58ZC@^;

[a, b]
IADQLHI Z\IALH<ELTI JqB87

m > 1
I JqB8<>58ZC@^;AD>O_�fEn , I Z:<>JTB8V6<h<>58587:5�I J
B8V6<Wf�7:=U4X7qDFI B8<zB85N@^4X<q0>7:IAL6@^;X]�7:58=aG6;A@jGKDFI J6R

m
I JqB8<>58ZC@^;AD�@:D

E
(m)
CT = − (b − a)3

12m2
f ′′(ξ)

d�V6<>58<
ξ ∈ [a, b]

IADa@¹DFG6I BN@^96; <M4X7:I JqBEbyDFV67Cd B8VK@CB
E

(2m)
CT /E

(m)
CT ≈ 1/4

@^JKLiGKDF<SB8V6IAD58<EDFG6; B�B87S46587CZ:<tB8V6< ��IAfNVK@^5NL6DF7:JT<Na\B85N@^4X7:;A@CB8I 7:JT]�7:58=aG6;A@6O
�U|�� &('M�a� ~W� �S���T�u�Q�Ã�'��� �
	M{ �

"�� � ��� � � � � �'nu��o2p��c���Vw �
qMpiw:� 	-nu�Z��o2piqMr
�
��<E@:L w:�;dC�Ztvnu���	� B8V6<¸B8<Na\BQ7^]c<E@:fNV[\qG6<EDsB8I 7:JÅ@^JKLTd�58I B8<¸I J
B8V6<h9X7\7�_\; <�B�B8V6<h; <�BFB8<>5Qd�V6IAfNVf�7:5858<EDF4X7:JKL6D�B87jB8V6<h9X<EDsBt@^JKDFdg<>5EO
Ì:OtP�7:JKDFIALH<>5�B8V6< �K7q@CB8I J6RS4X7:I JqB¸DFrHDsB8<>=

F(10, 2,−3, 3)
O�x�V6<W=UI J6I =aG6= J67:58=S@^; I 0><ELT4X7qDFI B8I Z:<

�K7q@CB8I J6RU4X7:I JqBQJ\G6=a9X<>5
xmin
@^JKLMB8V6<h=S@:fNV6I J6<¸4658<Ef�IADFI 7:J

ε
7^]

F
@^58<

3
xmin = 10−4 ε = 0.05

�
xmin = 10−4 ε = 0.5

P
xmin = 10−5 ε = 0.05

]
xmin = 10−5 ε = 0.5

ÉHOtP�7:JKDFIALH<>5aB8V6<Yf�7:=U46GHBN@CB8I 7:J¤7^]
f(x) =

√
x2 + 1 − x

]�7:5j;A@^58R:<:bc4X7qDFI B8I Z:<:byZC@^; G6<EDa7^]
x ∈

F(10, 2,−4, 4)
O Ö V6IAfNVY7^]uB8V6<¸]�7:; ; 7Cd�I J6Rj<NaH4658<ED8DFI 7:JKD�@^58<hDsBN@^96; <;+

_�I`n
f(x) =

√

1 + x2−x
_�I I`n

f(x) =
1√

1 + x2 + x

_�I I I`n
f(x) =

√

1 + x2−
√

x2

3 _�I`n � _�I I`n P _�I I I`n ] _�I`n�@^JKLi_�I I I`n
Ê6O�x�V6<Q96IADF<EfmB8I 7:JU=U<�B8V67HLUIADyGKDF<ELaB87a@^4646587faHI =S@CB8<�B8V6<Q587\7^B

ξ = 1
7^]XB8V6<Q<2\qGK@CB8I 7:J

x2−1 = 0DsBN@^5FB8I J6Rj]�587:=1B8V6<hI JqB8<>58ZC@^;
[ a0, b0 ] = [ 0.6, 1.6 ]

O�]t<>J67^B8I J6RS9\r
x0
@^JKL

x1
B8V6< ^K5NDsB�Bsdg7I B8<>5N@CB8<ED>b\B8V6<W@^9KDF7:; GHB8<¸ZC@^; G6<¸7^]uB8V6<h<>58587:5

e1 = ξ − x1
IAD

3
0

�
0.10

P
0.15

]
0.20ÍKOh2Q7Cd�=S@^J\r ^ aH<EL
4X7:I JqBND�VK@:DgB8V6<¸]�G6JKfmB8I 7:J

f(x) = 1 − x3
+

3
0

�
1

P
2

]
4

�HOtP�7:JKDFIALH<>5aB8V6<Y=U<�B8V67HL
xk+1 = φ(xk)

d�I B8V ^ aH<EL¤4X7:I JqB
α = 1

O�3tD8DFG6=U<TB8VK@CB
xk
R:7\<EDB87Cd�@^5NL

α
@^JKL

φ′(α) = 0
Oyx�V6<>J�bqB8V6<z46; 7^Bg7^]

log10(|ek|)
bHfNV67\7qDFI J6Rh]�587:= B8V6<�^KR:G658<Q9X<>; 7Cdhb=S@[rM9X<

3 _�@qn � _�9Xn P _�@qng7:5W_�LKn ] _�fEng7:5W_�LKn
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Ò6O�x�V6<Y7:5NLH<>5j7^]¸f�7:J\Z:<>58R:<>JKf�<M7^]QB8V6<ÅÔQ<>d�B87:J =U<�B8V67HL¤]�7:5jB8V6<ÅDF7:; GHB8I 7:J�7^]QB8V6<YJ67:J ; I J6<E@^5<2\qGK@CB8I 7:J
ex = 3 − 2x

IAD
3

1
�

2
P

3
] B8V6<h=U<�B8V67HLYLH7\<ED�J67^Btf�7:J\Z:<>58R:<

�\O�x�V6<�ÔQ<>d�B87:Jh=U<�B8V67HLhVK@:DlB8V6<�@^9KDF7:; GHB8<yZC@^; G6<w7^]\B8V6<w<>58587:5 |e5| = 10−6
]�7:5�B8V6<�f�7:=U46GHBN@CB8I 7:J7^]wB8V6<j587\7^Bz7^]

ex + x = 0
Oh3tD8DFG6=UI J6R
@TG6J6I BN@^58rÅ@:DFr\=U4HB87^B8IAfW<>58587:5zf�7:JKDsBN@^JqBEbXdg<j<NaH4X<EfmB

|e6|
<2\qGK@^;ADgB87S@^9X7:GHB
3

10−6 �
10−8 P

10−10 ]
10−12

Ë6O�x�V6<
<2\qGK@CB8I 7:J
f(x) = 0

VK@:Dj@¹G6J6IS\qG6<
587\7^B
ξ
I J

(0, 1)
O�3tD8DFG6=U<TB8VK@CB

f ′(x) < 0
@^JKL

f ′′(x) < 0
I J

[0, 1]
OWoqBN@^5FB8I J6RM]�587:=

x0 = 1
blB8V6<UDF<2\qG6<>JKf�<

xk
46587HLHGKf�<EL¹9\rYB8V6<UÔQ<>d�B87:J=U<�B8V67HLT]�G6; ^K; ;AD

3
xk < xk+1

�
xk > xk+1

P
xk < ξ, k = 1, 2, . . .

] J67:J6<¸7^]ÐB8V6<h4658<>Z\I 7:GKD
Ñ6O Õ I JKLTB8V6<WDF4X<EfmB85N@^;�5N@:LHI GKD�7^]uB8V6<h=S@CB858I a





2 0 0
2 −1 0
0 0 −4





3 − 1
�

2
P

4
]

8Ì��6O Õ I JKLTB8V6<Wf�7:JKLHI B8I 7:JYJ\G6=a9X<>5
K2(A)

7^]

A =





10 0 0
0 0.1 0
0 0 0.01





3
0.01

�
0.1

P
10

]
1000Ì:Ì:O Õ I JKLYB8V6<W; 7Cdg<>5�B858IA@^J6R:G6;A@^5Q=S@CB858I a

L
7^]cB8V6< Ó Çv]�@:fmB87:58I 0E@CB8I 7:J
7^]cB8V6<h]�7:; ; 7Cd�I J6RS=S@CB858I a

A_�58<Ef>@^; ; +
L
VK@:DgB8V6<h=S@^I JYLHIA@^R:7:JK@^;l7^]y@^; ;�7:J6<EDNn

A =

(
4 1
3 3

)

3 (
1 0

1/3 1

) � (
1 0

−1/4 1

) P (
1 0

1/4 1

) ] (
1 0

−1/3 1

)

Ì[ÉHO�oqBN@^5FB8I J6R
]�587:=
x0 = [ 0 , 0 ]T

b�B8V6<UJ67:58=17^]ÐB8V6<h58<EDFIALHGK@^;
r1 = b − Ax1

@C]`B8<>5zB8V6< ^K5NDsB
, @^GKD8DsÈso\<>IALH<>;�I B8<>5N@CB8I 7:JT]�7:5�B8V6<h; I J6<E@^5QDFrHDsB8<>=

Ax = b
R:I Z:<>J
9\r

A =

(
2 1
−1 3

)

, b =

(
3
2

)

IAD
3 √

130

6

� 7

6

P
0

] [

−7

6
, 0

]T

ÌEÊ6O�x�V6<hI B8<>5N@CB8I Z:<¸=U<�B8V67HL
xk+1 = B xk + f

b
k = 0, 1, . . .

d�I B8V
B =

(
1/3 1
0 −1/9

)

, f =

(
3/2

−1/4

)

IADQf�7:J\Z:<>58R:<>JqB�]�7:5�<E@:fNVYDsBN@^5FB8I J6Rj4X7:I JqB
x0 ∈ R2

3 xÐ58G6< � Õ @^;ADF<



�f� � � 	�����) ��&%�Z	H���
	�) !"	�� ���Z � Ì��:Ñ
Ì>ÍKO�x�V6< , @^GKD8DsÈso\<>IALH<>;�=U<�B8V67HLYf�7:J\Z:<>58R:<ED�I ]uB8V6<h=S@CB858I a

A
IAD

B =





1 1 2
1 2 0
2 0 9



 3 xÐ58G6< � Õ @^;ADF<
Ì �HO�x�V6< Ó @^R:5N@^J6R:<c4X7:; r\J67:=UIA@^;ADuLH<>4X<>JKL6DÐ7:J6; r¸7:JhB8V6<gJ67HLH<EDÐ7^]HB8V6<g4X7:I JqBND

(xi, yi)
b
i = 0, . . . , n

3 xÐ58G6< � Õ @^;ADF<
ÌEÒ6O�x�V6< Ó @^R:5N@^J6R:<t4X7:; r\J67:=UIA@^;AD�@:D8DF7Hf�IA@CB8<ELSB87jB8V6<¸B8V658<><hJ67HLH<ED

x0 = 0
b
x1 = 1

b
x2 = 2

@^58<
l0(x) =

1

2
(x2 − 3x + 2) l1(x) = 2x − x2 l2(x) =

1

2
(x2 − x)

3 xÐ58G6< � Õ @^;ADF<
Ì �\OQP�V6<>9\rHDFV6<>Z�J67HLH<EDS@:D8DF7Hf�IA@CB8<EL¤B87iB8V6<ÅI JqB8<>58ZC@^;

[−5, 5]
@^58<YJ6<E@^58<>5UI J�B8V6<Å=UIAL6LH; <¹7^]zB8V6<I JqB8<>58ZC@^;lB8V6<>JÅ@CB�B8V6<h<>JKLH4X7:I JqBND

3 xÐ58G6< � Õ @^;ADF<
ÌEË6O Õ I JKLTB8V6<WLHI Z\IALH<ELYLHI kl<>58<>JKf�<

f [x0, x1, x2]
7^]ÐB8V6<¸]�7:; ; 7Cd�I J6RjBN@^96; <

x0 = 1 2
x1 = 2 3
x2 = 3 6

3
1

�
3

P −1
] −3

ÌEÑ6O , I Z:<>JUB8V6<tDF<�B�7^]�4X7:I JqBND
xk = k

b
k = 0, 1, 2, 3

@^JKLaB8V6<�]�G6JKfmB8I 7:J
f(x) = eP (x) d�V6<>58< P (x)IADQ@jR:I Z:<>J
4X7:; r\J67:=UIA@^;�7^]cLH<>R:58<><

n = 5
b\B8V6<hJ\G6=a9X<>5

ξ
LH<N^KJ6<ELY@:D

ξ = ( f [x0, x1, x2, x3] − f [x1, x0, x3, x2] − 1 )
3

IAD�<2\qGK@^;lB87
3

1
�

0
P − 1

] I =U4X7qD8DFI 96; <zB87Sf�7:=U46GHB8<
É �6O Õ I JKLTB8V6<h58<>R:58<ED8DFI 7:JT; I J6<z]�7:5�B8V6<WDF<�BQ7^]u4X7:I JqBND

xi −1 0 1 2
yi 0 2 3 3

3
y = x + 1.5

�
y = 1.5x + 1

P
y = x + 1

]
y = 1.5x + 1.5ÉHÌ:O�x�V6<W@^9KDF7:; GHB8<¸ZC@^; G6<¸7^]uB8V6<h<>58587:5

ECS = I − ICS
]�7:5�B8V6<hf�7:=U46GHBN@CB8I 7:JY7^]

I =

∫ 2

0

x4 dx

GKDFI J6RUB8V6<aPg@[ZC@^; I <>58I Èso\I =U4KDF7:JM]�7:58=aG6;A@Y_�d�V6IAfNV
R:I Z:<EDgB8V6<h58<EDFG6; B
ICS
ngIAD

3 2

15

� 3

15

P 4

15

]
0

É:ÉHO�x�V6<S]�7:G65FB8V�LH<>58I ZC@CB8I Z:<S7^]
f
LH7\<EDhJ67^BjfNVK@^J6R:<U=aGKfNViI JiB8V6<MI JqB8<>R:5N@CB8I 7:J'I JqB8<>58ZC@^;µO
x�V6<>J�bGKDFI J6RSB8V6<jf�7:=U4X7qDFI B8<UPg@[ZC@^; I <>58I Èso\I =U4KDF7:JT]�7:58=aG6;A@6bKdg<h<NaH4X<EfmBtB8VK@CBtB8V6<W5N@CB8I 7

E2m/Em
7^]B8V6<W@^9KDF7:; GHB8<¸ZC@^; G6<h7^]u<>58587:5ND�GKDFI J6R

2m
@^JKL

m
I JqB8<>58ZC@^;ADgIAD

3 1

4

� J6<E@^5 1

4

P J6<E@^5 1

16

] 1

16
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É^Ê6O�x�V6<Uf�7:=U4X7qDFI B8<WB85N@^4X<q0>7:IAL6@^;�]�7:58=aG6;A@Sd�I B8V
m = 2

I JqB8<>58ZC@^;ADt@^4646; I <ELYB87TB8V6<jf�7:=U46GHBN@CB8I 7:J7^]uB8V6<hI JqB8<>R:5N@^;
I =

∫ 2

0

√
x dxR:I Z:<ED

3 √
2

3

�
1

P
1 +

1√
2

] √
2

ÉCÍKO Õ I JKLTB8V6<h=S@XaHI =aG6= LH<>R:58<><z7^]c4658<Ef�IADFI 7:JT7^]uB8V6<9\qGK@:LH5N@CB8G658<t]�7:58=aG6;A@
∫ 1

0

e−x f(x)dx ≈
n∑

i=0

αif(xi)

3
n

�
2n − 1

P
2n

]
2n + 1É �HO�x�V6<WJ\G6=a9X<>5t7^]w@^58I B8V6=U<�B8IAfh7:4X<>5N@CB8I 7:JKD�J6<><ELH<EL
B87Tf�7:=U46GHB8<hB8V6<WI J6J6<>5t46587HLHGKfmB��h9X<�Bsdg<><>JBsdg7UZ:<EfmB87:5NDg7^]c; <>J6R^B8V

n
IAD�@^9X7:GHB

3
n

�
2n−1

P
3n

] J67:J6<¸7^]uB8V6<h4658<>Z\I 7:GKD�@^JKDFdg<>5ND
É^Ò6O Ö V6IAfNVYIAD�B8V6<hZC@^; G6<¸7^] . @CB�B8V6<h<>JKL
7^]ÐB8V6< Æ @CB8;A@^9Åf�7HLH<

��� � ��
��
�	� ������� � �

 ./�>7 $�
 ���-& � ( �E,-�
CF� @ ��
>A � � � 
 �����
*	� . &�A , �E� & ��
�A �B�%, �%���
�	� $��H

3
[
� C��

]T
�

[
�GC �

]T
P

[
>>

]T
]

[
� �>


]TÉ �\O�3�]`B8<>5�B8V6<h<NaH<Ef�GHB8I 7:J
7^]uB8V6<¸]�7:; ; 7Cd�I J6R Æ @CB8;A@^9Åf�7HLH<:b\B8V6<hZC@^58IA@^96; < 
 IAD�<2\qGK@^;lB87
��� ��� H � !%0	&�H � !%0	& � �����6
GC1� ,>,-�
�	� 
 � $ � 0	& �=,-�

3
[1 4]T

�
[1 2]T

P
4

]
1É^Ë6O�x�V6<Uf�7:=U=S@^JKL # � $3!�
>! �3� =S@`_:<EDQB8V6<jf�7:=U=S@^JKL Ö I JKLH7Cd�f�; <E@^5t96GHBhLH7\<EDtJ67^B¸f�; <E@^5tB8V6<ZC@^58IA@^96; <ED�I JTB8V6< Ö 7:5I_HDF4K@:f�<
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x = [x1, . . . , xn ]
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xk+1 = φ(xk)
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ln(x) dx


