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Team exercises

Exercise 1. Let f1, fo : R® = RU {+0o0} be convex. Define

(f1 & fo)(2) := inf{fi(z1) + fa(x2) : 21 + 22 =z},
and suppose that (f1 ® f2)(z) > —oo for all z € R™. Prove that f1 @ f2 is convex. Calculate 9(f1 ® f2)(z)
for all € dom (f1 @ f2), and compute (f1 & f2)*.
Exercise 2. Let f: R" — RU {+oco} and assume that

fQz + (1= Ay) < max{f(z), f(y)},

for all ,y € R™, X €]0,1[. Prove that for every o € R the set {z : f(z) < a} is either empty or convex.
Can we conclude that f is convex? Give a proof or a counterexample.

Exercise 3. Let 1,3 be convex, closed, and nonempty subsets of a Banach space X. Suppose that
int Q1 # 0 and (int Q1) N Q2 = (. Then prove that there exist vi,v2 € X' such that at least one between
v1 and vz is nonzero, and a;, a2 € R such that

(1) (vi,x) <a;forallz e Q;,i=1,2,

(2) V1 +’l)2:0, a1 +az = 0.

Exercise 4. Show that C' is convex if and only if for o, 8 > 0 we have (a + 8)C = aC + SC, where the
sum of sets is Minkowski sum: A+ B={a+b: a€ A, b€ B}.

Exercise 5. Let h : [0,1] — [0,4o00[ be a concave function. Define a map f : R x R" — RU {400} by

setting
[v]?

flp,v) =4 hip)’
400, otherwise.
Compute f*, f**, 0f**, df", precising their domain.

if p € ]0,1] and h(p) # 0,

Exercise 6. Let A € Mat,x»(R) be a symmetric, positive definite n x n matrix with real entries, a,b €
R™\ {0}, a # b, a, 8 € R. We consider the problem of minimizing the map f(z) := (x, Az) on C1 N Cs
where C1 := {z € R" : (a,2) = a} and C2 := {z € R" : (b,z) = B}. Prove that the problem admits a
unique solution # and that there exists § € R such that # minimizes f(z) + &(a,z) on Cs.

Teams

Team 1: VR394480, VR389636, VR386856

Team 2: VR388559, VR388232, VR388607, VR388555

Team 3: VR388560, VR391980, VR390313, VR393747, F.V.*

Team 4: VR388432, VR394076, VR394042

Team 5: VR387938, VR393491, VR387762

Team 6: VR389710, VR392130, VR390987

*missing ID number, please communicate it as soon as possible.
Remarks

Each group must work strictly independently on the others.
Correctness, quality, rigor, and cleariness of the answers are more important than quantity.
Please return neatly written solutions before 20th November 2015.



