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Pb 1. Let Cn =]2−n, 21−nλ[, n ≥ 1. For which λ > 1
2 it holds L1(

∪∞
n=1Cn) < 1?

Pb 2. Let (qn) a sequence having Q ∩ [0, 1] as image and let

A =

∞∪
n=1

]qn − 4−n, qn + 4−n[,

and let K = [0, 1] \A. Prove that K is compact, L1(K) > 0 and int(K) = ∅.

Pb 3. Let φ : R → R be a convex function, strictly increasing, with φ(1) = 1. Let f : [0, 1] → R
be integrable with

∫ 1
0 φ ◦ f ≤ 1. Justify the fact that

∫ 1
0 f ≤ 1 (Jensen inequality was stated).

Pb 4. Let f : E → R+ be integrable with
∫
E f ≤ 9. Show that L1({x ∈ E : f(x) ≥ 3}) ≤ 3.

Pb 5. Study the sequences of functions fn : R → R

fn(x) =

{
1 for n ≤ x ≤ n+ 1,
0 elsewhere,

fn(x) =


0 for x ≤ − 1

n ,
n+ n2x for − 1

n ≤ x ≤ 0,

n− n2x for 0 ≤ x ≤ 1
n ,

0 for x ≥ 1
n .

Pb 6. Let f, g : R → R be defined by
f(x) = −χ]−∞,0[(x), g(x) = χ]0,+∞[(x).

Prove that f, g are L1-integrable but the sum (f + g) is not.

Pb 7. Let fn : R → R be defined by
fn(x) = −χ]n,+∞[(x)

Prove that the sequence (fn) converges pointwise (increasing) to zero, but for every n ∈ N∫
R
fn(x)dx = −∞.

Compare this with the statement of the Monotone Convergence Theorem.

Pb 8. Let µ be an outer measure on Rn, (fn) a sequence of integrable functions from Rn to
R̄ such that fn ≤ fn+1 for all h ∈ N. Let f : Rn → R̄ denote the pointwise limit of (fn) and
assume that f0 is summable. Prove that

lim
n

∫
fndµ =

∫
fdµ
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