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Morphology

What	is	morphology?	
▶ Commonly	denotes	a	branch	of	biology	that	deals	with	the	form	and	structure	of	

animals	and	plants	

What	is	mathema:cal	morphology?	
▶ A	tool	for	extrac:ng	image	components	that	are	useful	in	the		

- representa:on	and	descrip:on	of	region	shapes	(boundaries,	skeletons,	convex	hull,	…)	
- pre-	or	post-processing	(morphological	filtering,	thinning,	and	pruning)	

▶ Mathema:cal	morphology	deals	with	set	theory	

When	is	it	useful?	
▶ pre-processing	(noise	filtering,	shape	simplifica:on,	boundaries	smoothing,	…)	

▶ enhancing	object	structure	(skeletoniza:on,	convex	hull,	…)	

▶ segmenta:on	(watershed,	…)	

▶ quan:ta:ve	descrip:on	(area,	perimeter,	…)
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What	is	a	set?	
▶ Collec6on	of	dis:nct	objects	(e.g.	for	images	collec:on	of	pixels)	

Basic	set	opera:ons

Recall	mathema6cal	tools

AB

Subset
A ✓ B

A B

Union
A
S
B

A B

Intersec:on
A
T
B

A B

Complement
Ac = {w | w /2 A}

A
B

Disjoint
A
T
B = ;

AB

Difference
B \A = {w | w 2 B,w /2 A}
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Recall	mathema6cal	tools

Original	set 
 
 

Transla:on  
 
 

Reflec:on

B̂ = {w | w = �b, for b 2 B}

(B)z = {c | c = b+ z, for b 2 B}
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What	are	morphological	operators?

Local	pixel	transforma0on	for	processing	region	shapes	

Most	oTen	used	on	binary	images	

Logical	transforma:on	based	on	comparison	of	pixel	
neighbourhoods	with	a	specific	paVern	(structuring	element)	
▶ Erosion		

▶ Dila:on	

▶ Opening	

▶ Closing	

▶ Hit-or-miss	transforma:on
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Binary morphology
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Structuring	element	(SE)

Small	set	with	a	predefined	shape	to	probe	the	image	under	
study	
▶ simple	shape	

▶ binary	image	

▶ well	defined	origin	(usually	the	center	 
of	gravity	or	symmetry)	

It	is	useful	to	adapt	the	shape	to	be	rectangular
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How	we	use	SE?

We	compare	the	structuring	element	to	the	neighbourhood	of	
each	pixel	
▶ In	parallel	for	each	pixel	we	
- check	if	SE	is	“sa:sfied”	
- we	mark	the	pixels	that	sa:sfy	the	SE	and	then	we	perform	the	desired	
morphological	opera:on	(erosion,	dila:on,	…)	

Example
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FiDng,	hiDng	and	missing

Given	a	structuring	element	S	and	a	binary	image	I	

S	fits	I	at	x	if	

S	hits	I	at	x	if	

S	misses	I	at	x	if

{y | y = x+ s, s 2 S} ⇢ I

{y | y = x� s, s 2 S}
T

I 6= ;

{y | y = x� s, s 2 S}
T

I = ;
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Erosion	of	a	set	A	by	a	structuring	element	B	
▶ all	the	point	z	in	A	such	that	B	is	included	in	A	when	the	origin	of	B	coincides	with	z	

(i.e.	all	the	points	in	A	at	which	B	fits	A)

Erosion  

A B = {z | (B)z ✓ A} = {z | (B)z
\

Ac = ;}

= {z | z + b 2 A for every b 2 B} N.B.	Here	“white”	
means	that	the	
value	can	be	0	or	1
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Erosion	example	1
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Erosion	example	2
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Erosion	proper6es

it	shrinks	or	thins	objects	in	a	binary	images	
▶ acts	like	a	“filter”	

it	is	not	commuta:ve	
▶ 		

It	is	an	increasing	transforma:on	
▶ 	

A B 6= B  A

A ✓ C ) A B ✓ C  B
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Dila6on	

Dila:on	of	a	set	A	by	a	structuring	element	B	
▶ all	the	point	z	in	A	such	that	B	flipped	and	translated	by	z	has	non-empty	intersec:on	

with	A	(i.e.	all	the	points	in	A	at	which	flipped	B	hits	A)

�

A�B =
n
z | (B̂)z

\
A 6= ;

o
=

n
z |

h
(B̂)z

\
A
i
✓ A

o

= {z | z = a+ b, a 2 A and b 2 B}
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Dila6on	example	1
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Dila6on	example	2
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Dila6on	proper6es

it	grows	or	thickens	objects	in	a	binary	images	
▶ acts	like	a	“spa:al	convolu:on”	using	the	SE	as	convolu:on	mask	

it	is	commuta:ve	
▶ 		

it	is	associa:ve	
▶ 		

It	is	an	increasing	transforma:on	
▶ 	

A�B = B �A

A� (B � C) = (A�B)� C

A ✓ C ) A�B ✓ C �B
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Erosion	vs	Dila6on

Erosion	
▶ Removal	of	structures	of	certain	shape	and	size	given	by	the	SE	

Dila:on	
▶ Filling	of	holes	or	adding	borders	of	certain	shape	and	size	given	by	the	SE	

Erosion	and	dila:on	are	dual	opera:ons	
▶ 		

▶ 			

If	B	is	symmetric	with	respect	to	its	origin,	we	can	obtain	the	erosion	of	
the	image	A	by	B	simply	by	dila:ng	the	background	of	the	image	with	

the	same	B	and	complemen:ng	the	result.

(A B)c = Ac � B̂

(A�B)c = Ac  B̂
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Duality	example

A

B

B̂

Ac

A B

Ac � B̂
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Combining	erosion	and	dila6on

Why?	
▶ To	remove	structures	and/or	fill	holes	without	affec:ng	the	remaining	parts	

How?	
▶ by	combining	erosion	and	dila:on	using	the	same	structuring	element
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Opening	

Opening	of	a	set	A	by	the	structuring	element	B		
▶ erosion	of	A	by	B	followed	by	a	dila:on	of	the	result	by	B	

Proper:es	
▶ smoothes	the	contour	

▶ breaks	narrow	isthmuses		

▶ eliminates	protrusions

�

A�B = (A B)�B
A�B
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Closing	

Closing	of	a	set	A	by	the	structuring	element	B		
▶ dila:on	of	A	by	B	followed	by	an	erosion	of	the	result	by	B	

Proper:es	
▶ smoothes	sec:ons	of	the	contour	

▶ fuses	narrow	breaks	and	long	thin	gulfs		

▶ eliminates	small	holes	

▶ fills	gaps	in	contour

A•B = (A�B) B

•
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Opening/Closing	example	1
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Opening/Closing	example	2

Closing

Opening

Structuring	element
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Proper6es

Opening	
▶ 															is	a	subset	(subimage)	of	A		

▶ It	is	an	increasing	func:on	

▶ It	is	idempotent,	i.e.	

Closing	
▶ A	is	a	subset	(subimage)	of		

▶ It	is	an	increasing	func:on	

▶ It	is	idempotent,	i.e.		

Opening	and	closing	are	dual	opera:ons	
▶ 			

A•B
C ✓ D ) C•B ✓ D•B

(A•B)•B = A•B

A�B

C ✓ D ) C �B ✓ D �B

(A�B)�B = A�B

(A•B)c = (Ac � B̂)
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Morphological	filtering

To	remove	holes	in	the	
foreground	and	islands	in	the	
background	
▶ do	both	opening	and	closing	

The	size	and	shape	of	the	
structuring	element	
determines	which	feature	will	
survive	aTer	the	filtering	

In	the	absence	of	knowledge	
about	the	shape	of	the	features	
to	remove,	use	a	circular	SE
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Morphological	filtering	example

Close	and	then	open

Open	and	then	close

Structuring	element
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Hit-or-Miss	Transforma6on

Searches	for	an	exact	match	of	the	structuring	element	

Given	a	structuring	element	B=(B1	U	B2),	the	match	of	B	in	A	is	

▶ 					finds	a	match	in								(hit)	

▶ 					finds	a	match	in							(miss)

~

A~B = (A B1)
T
(Ac  B2)

B1

B2

A

Ac
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Hit-or-Miss	Transforma6on	example	1
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Hit-or-Miss	Transforma6on	example	2

B = (S1, S2)

B = (S2, S3)

B = (S4, S5)
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Applications
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Why	do	we	use	morphological	operators?

Representa:on	and	descrip:on	of	a	shape	
▶ extrac:ng	boundaries	

▶ extrac:ng	connected	components		

▶ extrac:ng	the	convex	hull	

▶ skeletonize	a	region	

Pre/Post-processing	steps	
▶ region	filling	

▶ region	thinning	

▶ region	thickening
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Boundary	extrac6on

Combining	erosion	by	a	structuring	element	B	and	difference	
between	sets

�(A) = A \ (A B)

\
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Boundary	extrac6on	example
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Holes	filling

Combining	set	dila:on,	complementa:on	and	intersec:on	
▶ A	hole	is	defined	as	a	background	region	surrounded	by	a	connected	border	of	

foreground	pixels	

Algorithm	
▶ Given	a	point	P	inside	a	hole	set		

▶ while																									do  
 
end	

▶ 		

We	call	this	condi0onal	dila0on

X0 = P

Xk 6= Xk�1

Xk = (Xk�1 �B)
T

Ac

XF = Xk
S
A
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Holes	filling	example
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Extrac6on	of	connected	components

Combining	set	dila:on	and	intersec:on	
▶ A	connected	component	S	is	defined	as	all	the	pixels	in	S	for	which	there	exists	a	path	

that	connect	them	consis:ng	en:rely	of	pixels	in	S	

Algorithm	
▶ Given	a	point	P	inside	A	set		

▶ while																									do  
 
end	

It	is	again	a	condi0onal	dila0on

Xk 6= Xk�1

Xk = (Xk�1 �B)
T

Ac

X0 = P
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Connected	components	example	1
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Combining	hit-or-miss	transforma:on	and	union	
▶ A	set	A	is	said	to	be	convex	if	the	straight	line	segment	joining	any	two	points	in	A	lies	

en0rely	within	A	

▶ The	convex	hull	C(A)	of	an	arbitrary	set	A	is	the	smallest	convex	set	containing	A	

Algorithm	
▶ Define	4	structuring	elements		

▶ Ini:alize		

▶ while																									do  
 
end	

▶ 	  

▶ To	get	the	smallest	convex	set	containing 
A	we	limit	growth	to	the	min	and	max	 
coordinates	of	A

N.B.	Here	“x”	  
means	that	the	value	
can	be	0	or	1

Convex	Hull

Xi
k = (Xi

k�1 ~Bi)
S
A

Bi i = 1, 2, 3, 4

Xi
0 = A i = 1, 2, 3, 4

Xi
k 6= Xi

k�1

C(A) =
4[

i=1

Xi
k
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Thinning

Combining	hit-or-miss	transforma:on	and	intersec:on	
▶ removes	pixels	from	the	set	A	using	a	structuring	element	B	un:l	only	a	narrow	set	

remains  

Algorithm	
▶ Given	a	sequence	of	n	SEs	

▶ Let																		and		

▶ while																			do  
 
 
 
 
end

⌦

A⌦B = A
T
(A~B)c

{B} = (B1, . . . , Bn)

Xn = A

Xn 6= Y

Y = X0 = 0N⇥M

Y = Xn

X0 = Xn

Xi = Xi�1

\
(Xi�1 ~Bi)c i = 1, . . . , n
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Thinning	example
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Thickening �

Hit-or-miss	transforma:on	and	union	
▶ is	the	morphological	dual	of	thinning	and	is	defined	by 

Algorithm	
▶ Compute		

▶ Perform	thinning	algorithm	of	 
using	the	sequence	of	n	SEs 

▶ Take	only	the	connected	 
component	containing	A

A�B = A
S
(A~B)

Ac

{B} = (B1, . . . , Bn)

A Ac

Thinning Complement	of	thinning

Thickening	results
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Skeletoniza6on

It	is	expressed	in	terms	of	erosions	and	openings	
▶ Maximum	disk:	largest	disk	included	in	A,	touching	the	boundary	of	A	at	two	or	more	

different	places	

▶ 	Skeleton:	set	of	centers	of	the	maximum	disks	

Algorithm	
▶ Using	e	structuring	element	B	

▶ The	k-th	skeleton	subset	is 

▶ The	skeleton	is	the	union	of	all	the	subsets 
 
 

▶ We	can	obtain	the	original	image	using	dila:on

S(A) =
K[

k=0

Sk(A)

Sk(A) = (A kB) \ (A kB)�B

K = max{k | (A \ kB) 6= ;}

A =
K[

k=0

(Sk(A)� kB)
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Skeleton	example	1
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Skeletoniza6on	example	2
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Applica6on	to	medical	imaging
Very	useful	in	medical	imaging	to	compare	pa:ents	and	healthy	
controls	brain	structures.

Tract-Based	Spa:al	Sta:s:cs 
TBSS


