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Important: These notes will be updated on a regular basis during the course.
In the second part, many proofs are omitted or just sketched.

The complete arguments will be explained in the lectures!
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1 RINGS

1.1 Reminder on rings

Recall that a ring (R, +,+,0,1) is given by a set R together with two binary operations, an
addition (4) and a multiplication (-), and two elements 0 # 1 of R, such that (R, +,0) is
an abelian group, (R, -, 1) is a monoid (i.e., a semigroup with unity 1), and multiplication
is left and right distributive over addition. A ring whose multiplicative structure is abelian
is called a commutative ring.

Given two rings R, S, a map ¢ : R — S is a ring homomorphism if for any two elements
a,b € R we have p(a +b) = p(a) + ¢(b),p(a-b) = p(a) - ¢(b), and p(1g) = 1s.

Examples:
1. Z, Q, R, C are commutative rings.

2. Let k be a field; the ring k[zy, ..., z,]| of polynomials in the variables x1,...,z, is a
commutative ring.

3. Let k be a field; consider the ring R = M, (k) of n X n-matrices with coefficients in
k with the usual "rows times columns” product. Then R is a non-commutative ring.

4. Given an abelian group (G, +), the group homomorphisms f : G — G form a ring
End G, called the endomorphism ring of G, with respect to the natural operations
given by pointwise addition f+ ¢ : G — G, a — f(a) + g(a) and composition
of maps go f : G — G, a — ¢g(f(a)). The unity is given by the identity map
lg: G — G, awa.

5. Given a ring R, the opposite ring R’ has the same additive structure as R and
opposite multiplication (%) given by a b =10 a.

1.2 Finite dimensional algebras

Definition: Let k be a field. A k-algebra A is a ring with a map k x A — A, (a, a) — aa,
such that A is a k-vector space and a(ab) = a(ab) = (ab)a for any o € k and a,b € A. A
is finite dimensional if dimy(A) < co.

In other words, a k-algebra is a ring with a further structure of k-vector space, compatible
with the ring structure.

Remark: An element o € k can be identified with an element of A by means of the
embedding k — A, a +— « - 1. Thanks to this identification, we get that k£ < A.
Examples: Let k£ be a field.

1. The ring M, (k) is a finite dimensional k-algebra with dimy(M,(k)) = n?. Any
element o € k is identified with the diagonal matrix with o on the diagonal elements.
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2. The ring k[z] is a k-algebra, it is not finite dimensional.

3. Given a finite group G = {g1,...,9.}, let kG be the k-vector space with basis

{91, ., 9n} and multiplication given by (31, cuigi) - (37—, Big5) = D7 =1 @ilBigig;-
Then kG is a finite dimensional k-algebra, called the group algebra of G over k.

1.3 Quivers and path algebras

Definition. A quiver Q) = {Qo, @1} is an oriented graph where @)y is the set of vertices
and Q) is the set of arrows i = j between the vertices. If Qy and Q; are finite sets, then
@ is called a finite quiver.

. . a1 (%) An—1 N
Examples: An.:—>;—>§...o—>0, or ¢ )Ja , or e_<e

Definition. Let @ = {Qo, @1} be a finite quiver.

(1) An ordered sequence of arrows ¢ =% ¢ % o... ® 2% e denoted by (i|ay, ..., a,lj),
7 J
is called a path in Q. A path (i|aq, ..., a,li) starting and ending in the same vertex is

called an oriented cycle. For each vertex ¢ there is the trivial (or lazy) path e; = (i||7).

(2) For a field k, let kQ be the k-vector space having the paths of @ as k-basis. We now
define an algebra structure on kQ. Hereby, the multiplication of two paths p and p/
with the end point of p’ coinciding with the starting point of p will correspond to the
composition of arrows.

For paths p’ = (k|B1, ..., Bu|l), and p = (i|aq, ..., a,|7) of @ we set

/ (klﬁb'"7ﬁm7a17--'704n‘j> ifl=1
b-p =
0 else.

In particular, the trivial paths satisfy p-e; =¢; - p = p and

€; ej =
0 else

and the unity is given by 1zo = Z e;. The algebra k() is called the path algebra of

1€Qo
Q over k. It is finite dimensional if and only if () has no oriented cycles.

We simplify the notation and write a,, ...y = (i|aq, ..., a,l7).



Examples:

(1) kA, is isomorphic to | : ,
In fact, the only paths in A, are the trivial paths and the paths o;_1...q; =
(i | gy ... aj_q | 7) for 1 < i < j <mn. So, if Ej; is the n x n-matrix with 1 in the
i-th entry of the j-th row and zero elsewhere, we obtain the desired isomorphism by
mapping e; — Ej;, and oj_1...a; = Ej for 1 <i<j <n.

(2) The path algebra of the quiver Qoz is isomorphic to k[z] via the assignment
er — 1, and o — .

(3) The path algebra of the quiver o%) e is called Kronecker algebra.
B

It is isomorphic to the triangular matrix ring ( ) via the assignment

k* Kk

elH((l) 8)’62H<8 (1))’a'_>((1?0) 8)’BH((0?1) 8)

2 MODULES

2.1 Left and right modules

Definition: A left R-module is an abelian group M together with a map R x M — M,
(r,m) +— rm, such that for any r,s € R and any =,y € M

(L1) lz =«

(12) (rs)a = r(sa)

(L3) r(x +y) =rz+ry

(L4) (r+ s)z =rz+ sx

We write gk M to express that M is a left R-module.

Examples:

1. Any abelian group G is a left Z-module by defining nx =z +--- + z for x € G and
—_——

n times

n > 0, and correspondingly for n < 0.
2. Given a field k, any vector space V over k is a left k-module.

3. Any ring R is a left R-module, by using the left multiplication of R on itself. It is
called the reqular module.
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4. Consider the zero element of the ring R. Then the abelian group {0} is trivially a
left R-module.

Remark. Consider M an abelian group with endomorphism ring End M. Every ring
homomorphism A\ : R — End M, r +— A(r) gives a structure of left R-module on M.
Indeed, from the properties of ring homomorphisms it follows that for any r,s € R and
r,ye M

A)(z) =

2. A(rs) (@) = A(r)(A(s)(x))

3. Alr)(z +y) = Ar) (@) + A(r)(y)
4 AMr +s)(x) = A(r) (@) + Als) (@)

in other words, we can consider A(r) acting on the elements of M as a left multiplication
by the element r € R, and we can define rz := A(r)(z). Conversely, to any left R-module
M, we can associate a ring homomorphism A : R — End M by defining A\(r) : M —
M, x — rx.

Similarly, we define right R-modules:

Definition: A right R-module is an abelian group M together with a map M x R — M,
(m,r) — mr, such that for any r,s € R and any x,y € M

R1

R2) z(rs) = (ar)s

(x+y)r=ar+yr

(R1)
(R2)
(R3)
(R4)

R4) x(r+s) =ar +xs

We write My to express that M is a right R-module.

Remark (1) If R is a commutative ring, then left R-modules and right R-modules coin-
cide. Indeed, given a left R-module M with the map R x M — M (r,m) — rm, we can
define a map M x R — M (m,r) — mr := rm. This map satisfies the axioms (R1)—(R4)
and so M is also a right R-module. The crucial point is that, in the second axiom, since
R is commutative we have z(rs) = (rs)z = (sr)z = s(rx) = (rx)s = (ar)s.

(2) Consider M an abelian group with endomorphism ring End M. Every ring homo-
morphism p : R — (End M)?, r — p(r) gives a structure of right R-module on
M, and conversely, to any right R-module M, we can associate a ring homomorphism
p: R — (End M) by defining p(r) : M — M, x — axr (check!).

We will mainly deal with left modules. So, in the following, unless otherwise is stated,
with module we always mean left module.
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Remark. Given gM, for any x € M and r € R, we have
1.70=0

2.0 =0

2.2 Submodules and quotient modules

Definition: Let pM be a left R-module. A subset L of M is a submodule of M if L is
a subgroup of M and rz € L for any r € R and = € L (i.e. L is a left R-module under
operations inherited from M). We write L < M.

Examples:
1. Let G be a Z-module. The submodules of G are exactly the subgroups of G.

2. Let k£ a field and V' a k-module. The submodules of V' are exactly the k-subspaces
of V.

3. Let R aring. The submodules of the left R-module zR are the left ideals of R. The
submodules of the right R-module Ry are the right ideals of R.

Definition: Let g M be a left R-module and L < M. The quotient module M/L is the
quotient abelian group together with the map R x M/L — M/L given by (r,T) — 7T
(indeed, the map R x M/L — M/L given by (r,Z) — 7 is well-defined, since if T = 7
then © —y € L and hence rz —ry = r(z —y) € L, that is, 77 = 77).

2.3 Homomorphisms of modules

Definition: Let kM and gk N be R-modules. A map f : M — N is a homomorphism if
f(re+sy) =rf(x)+ sf(y) for any z,y € M and r,s € R.

Remarks: (1) From the definition it follows that f(0) = 0.

(2) Clearly if f and g are homomorphisms from M to N, also f + g is a homomorphism.
Since the zero map is obviously a homomorphism, the set Homg(M,N) ={f | f: M —
N is a homomorphism} is an abelian group.

(3)If f: M — N and g : N — L are homomorphisms, then gf : M — L is a homomor-
phism. Thus the abelian group Endg(M) = {f | f: M — M is a homomorphism} has
a natural structure of ring, called the endomorphism ring of M. The identity homomor-
phism idy; : M — M, m +— m, is the unity of the ring.
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Definition: Given a homomorphism f € Hompg(M, N), the kernel of f is the set Ker f =
{r e M | f(z)=0}. The image of fistheset Inf={ye N | y= f(z) forx € M}.
It is easy to verify that Ker f < M and Im f < N. Thus we can define the cokernel of f
as the quotient module Coker f = N/Im f.

A homomorphism f € Homg(M, N) is called a monomorphism if it is injective, that is,
Ker f = 0. It is called an epimorphism if it is surjective, that is, Coker f = 0. It is is
called an isomorphism if it is both a monomorphism and an epimorphism. If f is an
isomorphism we write M = N.

Remarks: (1) For any submodule L < M there is a canonical monomorphism i : L — M,
which is the usual inclusion, and a canonical epimorphism p : M — M /L, m — m which
is the usual quotient map.

(2) For any M the trivial map 0 — M, 0 — 0, is a monomorphism, and the trivial map
M — 0, m — 0, is an epimorphism.

(3) Of course, f € Hompg(M,N) is an isomorphism if and only if there exist g €
Hompg (N, M) such that gf = idy and fg = idy. In such a case g is unique, and we
usually denote it as f~L.

2.4 Homomorphism theorems

Proposition 2.4.1. (Factorization of homomorphisms) Given f € Hompg(M, N)
and a submodule L < M which is contained in Ker f, there is a unique homomorphism

f € Homgz(M/L,N) such that fp= f. We have Ker f = Ker f/L and Im f = Im f.

In particular, f induces an isomorphism M/ Ker f = Im f.

Proof. The induced map f : M/L — N, m + f(m) is a homomorphism. Moreover, when
L = Ker f it is clearly a monomorphism, inducing an isomorphism M/ Ker f — Im f. O

The usual isomorphism theorems which hold for groups hold also for homomorphisms of
modules.

Proposition 2.4.2. ( Isomorphism theorems) (1) If L < N < M, then
(M/L)/(N/L) = M/N.

(2) If L,N < M, denote by L+ N ={me M | m=1+n for | € L andn € N}. Then
L+ N is a submodule of M and

(L+N)/N=L/(NnL).
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2.5 Bimodules

Definition: Let R and S be rings. An abelian group M is an R-S-bimodule if M is
a left R-module and a right S-module such that the two scalar multiplications satisfy
r(zs) = (rz)s for any r € R, s € S, x € M. We write pMg.

Examples: Let g M be a left R-module. Then M is a right Endg(M )°P-module via the
multiplication mf = f(m) (check!) and we have a bimodule

RMEnd g (vyer -
Indeed (rm)f = f(rm) =rf(m) =r(mf) for any r € R, m € M and f € S.
Given a bimodule gMg and a left R-module N, the abelian group Hompg(M, N) is nat-
urally endowed with a structure of left S-module, by defining (sf)(z) := f(zs) for any

f € Hompg(M, N) and any x € M. (crucial point: (s1(sof))(z) = (saf(xs1)) = f(xs152) =

((s182)f)(x)).
Similarly, if g Ny is a left R- right T-bimodule and g M is a left R-module, then Homg (M, N)
is naturally endowed with a structure of right T-module, by defining (ft)(x) := f(z)t

(Check! crucial point: (f(t1t2))(x) = f(2)(tit2) = (f(2))t1)t2 = ((ft1)(@))t2 = ((ft1)t2)(@)).

Moreover, if pMg and g Nr are bimodules, we have an S-T-bimodule (check!)
s Homp(rMs, pN1)7-

Arguing in a similar way for right R-modules, if §Mgz and Ny are bimodules, we have
an T-S-bimodule

rHomp(s Mg, 7NRr)s
via (tf)(z) = t(f(x)) and (fs)(z) = f(sv).

2.6 Sums and products of modules

Let I be a set and {M,};cr a family of R-modules. The cartesian product
I

has a natural structure of left R-module, by defining the operations componentwise:
(zi)ier + Wi)ier = (Ti + Yi)ier,  7(Ti)ier = (1T4)icr.
This module is called the direct product of the modules M;. It contains a submodule

@Mi = {(z;) | z; € M; and z; = 0 for almost all € I}
T
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(recall that ”almost all” means ”except for a finite number”). The module @&;M; is called
the direct sum of the modules M;. Clearly if I is a finite set then [[, M; = {(x;) | z; €
M;} = @ M;. For any component j € I there are canonical homomorphisms

HMi_>Mj; (xi)iel'_)xj and Mj—>HMi,Q?jH(0,0,...,.Z'j,O,...,O)
I I

called the projection on the j*"-component and the injection of the j*"-component. They
are epimorphisms and monomorphisms, respectively, for any 7 € I. The same is true for
&1 M;.

When M; = M for any ¢ € I, we use the following notations

[[Mi=M", @M=MD, andif I={1,... n}, &M=M"
I I

Let kM be a module and {M;};c; a family of submodules of M. We define the sum of
the M, as the module

ZMi :{sz | ; € M; and z; = 0 for almost all i € I}.
1

el

Clearly Y, M; < M and it is the smallest submodule of M containing all the M, (notice
that in the definition of ), M; we need almost all the components to be zero in order to
define properly the sum of elements of M).

Remark 2.6.1. Let g M be a module and { M, };c; a family of submodules of M. Following
the previous definitions we can construct both the module @;M; and module ), M,
(which is a submodule of M). We can define a homomorphism

o PM;, — M, (xi)iel — ZZEZ

i€l

Then Ima = >, M;. If a is a monomorphism, then ©&;M; = )", M; and we say that the
module ), M; is the (innner) direct sum of its submodules M;. Often we omit the word
7innner” and if M = ), M; and « is an isomorphism, we say that M is the direct sum
of the submodules M; and we write M = @&;M,;.

Similarly, given a family of modules {M;};c; with the (outer) direct sum M = &;M;, we
can identify the M; with their images under the injection in M and view M as an (inner)
direct sum of these submodules.
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2.7 Direct summands

Definition: (1) A submodule pL < grM is a direct summand of M if there exists a
submodule pN < pM such that M is the direct sum of L and N. Then N is called a
complement of L.

(2) A module M is said to be indecomposable if it only has the trivial direct summands
0 and M.

By the results in the previous section, if L is a direct summand of M and N a complement
of L, any m in M can be written in a unique way as m = [+ n with [ € L and n € N.

&)
We write M = L& N and L < M.

Remark 2.7.1. (1) Let gL,g N < gM. Then M = L@ N if and only if L+ N = M and
LNN=0.

(2) Let f € Hompg(L, M) and g € Homg(M, L) be homomorphisms such that gf = idy.
Then M = Im f & ker g.

Examples:
1. Consider the Z-module Z/6Z. Then Z/6Z = 3Z/6Z & 27 /6Z.
2. The regular module 77 is indecomposable.

3. Let k be a field and V' a k-module. Then, by a well-known result of linear algebra,
any L <V is a direct summand of V.

kE 0O
k k

sz{(g 2) | cek)

a 0

4.LetR:( b0

). Then R = P, @& P, where Plz{( ) | a,b €k} and

2.8 Representations of quivers

Definition. Let () be a finite quiver without oriented cycles, k a field, and let A = kQ.

(1) A (finite dimensional) representation V' of @) over k is given by a family of (finite
dimensional) k-vector spaces (V;)ieq, indexed by the vertices of @ and a family of

k-homomorphisms (f,: V; = Vj) indexed by the arrows of Q).

ii>j€Q1
(2) Given two representations V and V' of @) over k, a morphism h : V — V' is given by
a family of k-homomorphism (h;: V; — V/);cq, such that the diagram

ViV,

A

ViV
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commutes for all arrows i = j € Q.

Remark: Every representation of a quiver ) gives rise to a module over the path algebra
k@), and morphisms of representations give rise to module homomorphisms between the
corresponding modules.

Indeed, if ((Vi)ieqo, (fa: Vi = Vj), 2 e Ql) is a representation, we consider the vector space
=@
1€Qo

and we define a left kQ-module structure on it. For v = (v;)icq,, left multiplication
by the lazy path is given by e; - v = (0,...,v;,...,0) and multiplication by a path p =
(i, ..., ay]j) yields an element p - v with j-th entry f,, ... fa, (v;) and all other entries
Zero.

In other words, denoting by ¢; and 7; the canonical injections and projections in the j-th
and on the i-th component, respectively, we have for the lazy paths

e - v =1;m(v)
and for p = (i|aq, ..., aul7)
p-v=1jfan - farmi(v).
Multiplication with an arbitrary linear combination of paths is defined correspondingly.

Conversely, every k(@)-module gives rise to a representation, and module homomorphisms
give rise to morphisms between the corresponding representations.
Indeed, if M is a left kQ-module, we set

V;:eiM

to get a family of vector spaces indexed over QQy. Moreover, given an arrow i — j, we
define a linear map
fareiM — e; M, e;m — ejae;m.
In this way we obtain a representation ((V;)icq,, (fa: Vi = V})iiﬁeQ ) of Q.
1

The correspondence between modules and representations will be made more precise later.

Examples: (1) A representation of Ay : 1 2 2 has the form V4 i) V5 with k-vector
spaces Vi, V5 and a k-linear map f : V) — V5. The corresponding kAs-module is given by
the vector space M = V; @& V5, and the multiplication

e1 -+ (v1,v9) = (v1,0)

e+ (v, v2) = (0,v9)

a - (vg,v2) = (0, f(v1)).
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Every finite dimensional representation corresponds to a matrix A € £™*"™ where n; =
dimg(V;), and homomorphisms between two such representations, in terms of matrices A
and A’, are given by two matrices P, such that PA = A’Q). The representations are
thus isomorphic if and only if there are matrices P € GL,,(K) and @ € GL,,(K) such
that A’ = PAQ~".

o fo
2) A representation of the quiver e < @ has the form V; — V5 where V;, V5 are k-vectorspaces
q ¢ = p

B Is
and fy, fg : Vi — V4 are k-linear. In other words, every finite dimensional representation
(0%

of X e corresponds to a pair of matrices (A, B) with A, B € k"*™ and ny,n, € No.
B
Moreover, isomorphism of two representations, in terms of matrix pairs (A, B) and (A", B’)

corresponds to the existence of two invertible matrices P € GL,(K) and Q € GL,,(K)
such that A’ = PAQ~! and B’ = PBQ~!. So, the classification of the finite dimensional
representations of e e translates into the classification problem of “matrix pencils” con-
sidered by Kronecker in [?].

(3) A representation of @ : Qa is given as (V) f) with a vectorspace V' and a linear

map f. It corresponds to a module over the ring k[z]. Indeed, if M is a k[z]-module, then
we obtain a representation of () by setting V=M and f: M — M, m — xm.
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3 PROJECTIVE MODULES, INJECTIVE MODULES

3.1 Exact sequences

Definition: A sequence of homomorphisms of R-modules

"’—>Mi_1 fi—_; M1£M1+1 fi;

is called ezact if Ker f; = Im f;_; for any .
An exact sequence of the form 0 — M; — My — M3 — 0 is called a short exact sequence

Observe that if L < M, then the sequence 0 — L BN VRN M/L — 0, where i and p are
the canonical inclusion and quotient homomorphisms, is short exact (Check!). Conversely,

it 0 — M, EN My % Ms — 0 is a short exact sequence, then f is a monomorphism, g is
an epimorphism, and Mz = Coker f (check!).

Example 3.1.1. (1) Consider the representations 0 RN K, K RN K, and K 20 of A,
together with the morphisms

and

[y
%
o

K——0

They correspond to modules M, My, M3 over kAy and to homomorphisms f : My — M,
and g : My — M3 giving rise to a short exact sequence 0 — M, EN My % My — 0.
(2) For any n > 2 consider the short exact sequence 0 — Z % Z — Z/nZ — 0.

The following result is very useful:

Proposition 3.1.2. Consider the commutative diagram with exact rows

0 Loy N 0
)
0 A T N/ 0

If a and 7y are monomorphisms (epimorphims, or isomorphisms, respectively), so is

Proof. (1) Suppose a and « are monomorphisms and let m such that g(m) = 0. Then
v(g(m)) = 0 and so m € Kerg = Im f. Hence m = f(l), l € L and B(m) = B(f(l)) =
f'(a(l)) = 0. Since f" and « are monomorphism, we conclude [ = 0 and so m = 0.
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(2) Suppose « and v are epimorphisms and let m’ € M’. Then ¢'(m') = ~v(g9(m)) =
g (B(m)); hence m’ — B(m) € Kerg’ = Im f" and so m' — g(m) = f'(I'), ' € L'. Let
[ € L such that I" = a(l): then m’ — B(m) = f'(a(l)) = B(f(l)) and so we conclude
= B(m — 11)) .

3.2 Split exact sequences

If L and N are R-modules, there is a short exact sequence
0= L5 LaeND N0, withig(l)=(0) v n)=n, foranyl€ LneN.

More generally:

Definition: A short exact sequence 0 — L LM% N = 0 is said to be split exact if
there is an isomorphism M = L & N such that the diagram

0Lt o — 2 N

0—>L—2La N sN—50

commutes. Then f is a split monomorphism and g a split epimorphism.

Proposition 3.2.1. The following properties of an exact sequence 0 — L ENS VNS YNy
are equivalent:

1. the sequence s split
2. there exists a homomorphism ¢ : M — L such that ¢f =idy,
3. there exists a homomorphism v : N — M such that g = idy
Under these conditions, L and N are isomorphic to direct summands of M.

Proof. 1 = 2. Since the sequence splits, then there exists « as in Definition [3.2] Let
¢ =mroa. So for any [ € L we have pf(l) = mpaf(l) =n.(1,0) = 1.

1 = 3 Similar (Check!)

2= 1. Define o : M — L& N, m+— (¢(m),g(m)). Since af(l) = (o(f(1)),q9(f(1))) =
(1,0) and mya(m) = g(m) we get that the diagram

0L o — % N~

0—>L— 2L NN —50

commutes. Finally, by Proposition [3.1.2] we conclude that « is an isomorphism.
2 = 3 Similar (check!) O

Example. The short exact sequence in Example [3.1.1]is not a split exact sequence.
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3.3 Free modules and finitely generated modules

Definition: A module g M is said to be generated by a family {z;}ic; of elements of M
if every € M can be written as x = ), r;z;, with r, € R for any 4 € I, and r; = 0
for almost every i € I. Then {x;}ics is called a set of generators of M and we write
M=<x;i €l >.

If the coefficients r; are uniquely determined by x, the set {z;};c; is called a basis of M.
The module M is said to be free if it admits a basis.

Proposition 3.3.1. A module gM is free if and only M = R for some set I.

Proof. The module RWU is free with basis (€;)ier, where e; is the canonical vector with all
components zero except for the i-th equal to 1.

Conversely if M is free with basis (x;);c;, then we can define a homomorphism a : R —
M, (ri)ier = >_;rix;. It is easy to show that « is an isomorphism, as a consequence of
the definition of a basis: indeed, it is clearly an epimorphism and if a(r;) = > rx; = 0,
since the r; are uniquely determined by 0, we conclude that r; = 0 for all 7, i.e. ais a
monomorphism. O

Given a free module M with basis (z;);, every homomorphism f : M — N is uniquely
determined by its value on the x;, and the elements f(x;) can be chosen arbitrarily in N.
Indeed, once we choose the f(z;), we define f on x = Y rx; € M as f(x) = Y rif(x;)
(which is well defined since (x;);cs is a basis - notice the analogy with vector spaces!).

Proposition 3.3.2. Any module is quotient of a free module.

Proof. Let M be an R-module. Since we can always choose I = M, the module M admits
a set of generators. Let (x;);c; a set of generators for M and define a homomorphism
a: RD — M, (r)icr = Y, rix;. Clearly ais an epimorphism and so M = RY) /Kera [

Definition: A module pM is finitely generated it there exists a finite set of generators
for M. A module is cyclic if it can be generated by a single element.

By Proposition [3.3.2] a module pM is finitely generated if and only if there exists an
epimorphism R" — M for some n € N. Similarly, g M is cyclic if and only if M = R/J
for a left ideal J < R.

Example 3.3.3. Let R be a ring.
1. The regular module gR is cyclic, generated by the unity element: Rk R =<1 >.

2. Let A be a finite dimensional k-algebra. Then a module A M is finitely generated if
and only if dim (M) < oco.

Indeed, assume dimg(A) = n, and let {ay,...,a,} be a k-basis of A.
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If {my,...,m,} is a set of generators of M as A-module, then one verifies that
{a;m; }‘lef; is a set of generators for M as k-module.

Conversely, if M is generated by {my,...,ms} as k-module, since k < A, one gets
that M is generated by {m1,...,ms} also as A-module.

Proposition 3.3.4. Let rL < gM.
1. If M s finitely generated, then M/L is finitely generated.
2. If L and M/L are finitely generated, so is M

Proof. (1) If {z1,...,x,} is a set of generators for M, then {71,...,T,} is a set of gener-
ators for M/L.

(2) Let < x1,...,2, >= L and < ¥y,...,7,, >= M/L, where x1,...,Zn,Y1,...,Ym €
M. Let x € M and consider 7 = »_,_, % in M/L. Then x — %7,  ry; € L
and so x — >, riyi = )y 7w Hence w =37, vy + 3, g, le.
{Z1,...,2n,y1 ..., Ym} is a finite set of generators of M. H

Notice that M finitely generated doesn’t imply that L is finitely generated. For example,
let R be the ring R = k[z;,i € N|, and consider the regular module g R with its submodule
L=<uz;,1€N>.

3.4 Projective modules

Definition: A module pP is projective if for any epimorphism M % N — 0 of left
R-modules, the homomorphism of abelian groups

Hompg (P, g) : Homg (P, M )— Hompg (P, N), ¢ — g

is surjective, that is, for any ¢ € Hompg(P, N) there exists ©» € Hompg(P, M) such that
gy = ¢.
M—>N-—=0

Examples: Any free module is projective. Indeed, let RY) a free R-module with (z;)e;
a basis. Given homomorphisms M <% N — 0 and ¢ : RY) — N, let m; € M such that
g(m;) = o(x;) for any i € I. Define ¢(x;) = m; and, for x = Y rx;, ¥(x) = > rim;.
We get that gi» = . It is clear from the construction that the homomorphism v is not
unique in general.

Proposition 3.4.1. Let P be a left R-module. The following are equivalent:
1. P s projective

2. P is a direct summand of a free module
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3. every exact sequence O — L EN SNy BN splits.

Proof. 1 = 3 Let 0 — L LM % P = 0 be an exact sequence and consider the
homorphism 1p : P — P. Since P is projective there exists ¢ : P — M such that
gy = 1p. By Proposition |3.2.1] we conclude that the sequence splits.

3 = 2 The module P is a quotient of a free module, so there exist an exact sequence
0 KL RD %P 0, which is split.

2= 11If RY = P L, then Homg(RY, N) = Homg(P, N) @ Homg(L, N) for any zrN.
So let us consider the homorphisms

M-4%~N—~0 and M-2-N 0
k
T«p ;\ R T(“"’O)
P R®

where (¢,0)(p +1) = ¢(p) + 0(l) = p(p) for any p € P and | € L and « exists since
RY is projective. Then o = (v, B), with 1 € Homg(P, N) and 8 € Hompg(L, N), where

a(p+1) =1(p) + B(l) for any p € P and | € L. Hence g(¢(p)) = g(a(p)) = ¢(p) for any
p € P. So we conclude that P is projective. O]

Examples:

1. Let R be a principal ideal domain (for instance, R = Z). Then any projective module
is free. In particular, free abelian groups and projective abelian groups coincide.

2. Let R = Z/6Z. Then Z/6Z = 3Z/6Z @ 27, /6Z. The ideals 3Z/6Z and 27 /6Z are
projective R-modules, but not free R-modules. The elements e = 3 and f = 4 are
orthogonal idempotents (see Definition below) corresponding to this decomposition.

Definition. An element e € R is said to be idempotent if €2 = e. Two idempotents
e, f € R are said to be orthogonal if ef = fe = 0.

Remark 3.4.2. (1) If e is idempotent, then (1 — e) is idempotent and
R=Re® R(1—e)

where Re and R(1—e) denote the cyclic modules generated by e and (1 — e), respectively.
Conversely, if R = I & J, with I and J left ideals of R, then there exist orthogonal
idempotents e and f such that 1 = e+ f, I = Re and J = Rf.

(2) More generally, if e1,...,e, € R are pairwise orthogonal idempotent elements such
that 1 =e; +...¢,, then
R=Re; ®...® Re,,

and every direct sum decomposition of the regular module zR arises in this way.

(3) If k is a field and A = kQ is the path algebra of a quiver @ with |Qo| = n, the
lazy paths ey, ..., e, are orthogonal idempotent elements of A as above. For each vertex
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1 € Qo, the paths starting in ¢ form a k-basis of Ae;. The representation corresponding to
the module Ae; is given by the vector spaces V; = e;Ae; having as basis all paths starting
in ¢ and ending in 7, and by the linear maps f, corresponding to concatenation of paths
with the arrow «. Moreover, Endy Ae; = e;Ae; via f — f(e;) and if @ is acyclic, the
latter is isomorphic to ke; = k.

Example. (1) For A = kA3 the module Ae; corresponds to the representation
Key 3 Ka 2K Lo

which we write, up to isomorphism, as K - K — K.

[0}

(2) If A = kQ is the Kronecker algebra with ) : e e, then the representations corre-

B
sponding to Ae; are
Aey: K2 K2
B
Aey : 0 K.

Proposition 3.4.3. (Dual Basis Lemma) A module rP is projective if and only if
it has a dual basis, that is, a pair ((z;)ier, (¥i)icr ) consisting of elements (x;)ie; in P
and homomorphisms (;)icr in P* = Hompg(P, R) such that every element x € P can be

written as
r = Z i(x) z;
iel

with p;(x) =0 for almost all i € I.

Proof. Let P be projective and let RY) 2P S 0bea split epimorphism. Let (e;);c; be
the canonical basis of RY) and denote z; = B(e;). Observe that 8(Y, rie;) = >, riB(e;) =
>, riz;. By Proposition m, there exists ¢ : P — R such that By = idp, which
induces homomorphisms ¢; = m;¢ € P* where 7; is the projection on the i-th component.
Then ¢;(z) € R is zero for almost all ¢ € I, and p(z) = > ¢;(x)e;. Hence for any z € P
one has x = By(z) = B(O_, wi(x)e;) = D, wi(x)x;, 50 ((¢i)ier, (T:)ier) satisfies the stated
properties.

Conversely, let ((¢i)ier, (zi)ier) satisfy the statement. Define 5 : RY) — P by ¢;
x;. The homomorphism § is an epimorphism since the family (z;);c; generates P, and
B> rie;) = Sorixi. Set o : P — RY 1+ 3 p;(x)e;. Then for any z € P one gets
Bp(x) = B wi(x)e;) = > pi(x)r; = z. By Proposition we conclude that g is a
split epimorphism and so P is projective. O

Note that, from the results in the previous sections, the projective module gR plays a
crucial role, since for any module zM there exists an epimorphism RY) — M — 0, for
some set I. A module with such property is called a generator, and so R is a projective
generator.
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In particular, for any module pM there exists a short exact sequence 0 - K — Py —
M — 0, with Py projective. The same holds for the module K, and so, iterating the
argument, we can construct an exact sequence

o= P=-- =P =-F—=M=0

where all the P; are projective. Such a sequence is called a projective resolution of P. It
is clearly not unique.

It is natural to ask if, for a given module g M, there exists a projective module P and a
"minimal” epimorphism P — M — 0, in the sense that there is no proper direct summand
P’ of P with an epimorphism fjpr : P’ — M. More precisely, we define:

Definition: (1) A homomorphism f : M — N is right minimal if any g € Endg(M)
such that fg = f is an isomomorphism.

(2) A projective cover of M is a right minimal epimorphism Py, — M where P, is a
projective module.

Remark 3.4.4. Projective covers are “minimal” in the sense announced above. Indeed,
consider another epimorphism P — M where P is a projective module. Since both P,
and P are projective, there exist ¢ and 1 such that the diagram

commutes. Hence f¢ = g and gp = f, so fip = f and, since f is right minimal, ¢ is
an isomorphism. Then 6 : P — Py as 0 = ()14 satisfies Op = idp, so ¢ is a split
monomorphism and Py, is isomorphic to a direct summand of P (see Proposition .
More precisely, P = Im ¢ @ Ker § with Im ¢ = Py, and g(Ker §) = 0.

In particular, if g : P — M is also a projective cover of M, then we can see as above that
also 1) is an isomorphism, so ¢ = 1)~ ! and P, is isomorphic to P. We have shown that
the projective cover is unique (up to isomorphism).

Observe that, given a module g M, a projective cover for M need not exist. A ring over
which any finitely generated module admits a projective cover is called semiperfect. 1f all
modules admit a projective cover, then R is called perfect.

Definition. Suppose there exists a projective resolution of the module g M

Y - XL O YL N L O /)
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such that P, is a projective cover of M and P; is a projective cover of Ker f;_; for any
1 € N. Such a resolution is called a minimal projective resolution of M.

Examples. (1) The canonical epimorphism Z — Z/2Z is not right minimal, and the
Z-module Z/2Z has no projective cover.

(2) The exact sequence in Example is a minimal projective resolution of Mjs. Indeed,
by Example [3.4.2(4) we can rewrite the sequence as

0—>A62£A€1i>M3%0

where the first two terms are projective modules with endomorphism ring k. It follows
that ¢ is right minimal, thus a projective cover.

3.5 Injective modules

We now turn to the dual notion of an injective module. Observe that many results will
be dual to those proved for projective modules.

Definition: A module rFE is injective if for any monomorphism 0 — L L M of
left R-modules, the homomorphism of abelian groups Homg(f, E) : Homg(M, E) —
Hompg (L, E) is an epimorphism, that is for any ¢ € Homg(L, F) there exists ¢ €
Hompg (M, E) such that ¢ f = .

Any module is quotient of a projective module. Does the dual property hold? That is,
is it true that every module M embeds in a injective R-module? In the sequel we will
answer this crucial question.

An abelian group G is divisible if, for any n € Z and for any g € G, there exists t € G
such that g = nt. We are going to show that an abelian group is injective if and only if it
is divisible. We need the following useful criterion to check whether a module is injective.

Lemma 3.5.1. (Baer’s Criterion) A module E is injective if and only if for any left
ideal I of R and for any ¢ € Homg(I, E) there exists v € Homg(R, E) such that vi = ¢,

where i is the canonical inclusion 0 — I - R.

The lemma states that it suffices to check the extending property only for the left ideals
of the ring. In particular, it says that E is injective if and only if for any g/ < rR and
for any h € Hompg(I, F) there exists y € E such that h(a) = ay for any a € I.

Proposition 3.5.2. An Z-module G is injective if and only if it is divisible.
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Proof. Let us assume G injective, consider n € Z and g € GG and the commutative diagram

0—>7Zn—>7

J{ s
o 7

O

G

where ¢(sn) = sg for any s € Z and v exists since G is injective. Let t = ¢(1), t € G.
Then p(n) = ¥ (i(n)) implies g = nt and we conclude that G is divisible.
Conversely, suppose G divisible and apply Baer’s Criterion. The ideals of Z are of the
form Zn for n € 7Z, so we have to verify that for any ¢ € Homy(Zn,G) there exists ¢
such that
0—Zn ——Z
I
e

G
commutes. Let g € G such that p(n) = g. Since Z is a free Z-module, we can define v
by setting ¥ (1) =t where g = nt, so ¢(r) = rt for any r € Z. Hence ¢(sn) = sg = snt =
w(i(sn)). O

The result stated in the previous proposition holds for any Principal Ideal Domain R.

Examples: (1) The Z-module Q is injective.

(2) Let p € N be a prime number and M = {# €EQ | a€Z,neN} ThenZ < M <Q,
and Zy~ = M/Z is a divisible group, see Exercise ?7.

One can show that Q and Z,~, p prime, are representatives of the indecomposable injective
Z-modules, up to isomorphism.

Remark 3.5.3. Any abelian group G embeds in an injective abelian group. Indeed,
consider a short exact sequence 0 — K — ZU) — G — 0 and the canonical inclusion
0 — Z — Q. One easily check that Q)/K is divisible (check!) and so injective. Then
we get the induced monomorphism 0 — G = Z0 /K — QU /K.

Proposition 3.5.4. Let R be a ring. If D is an injective Z-module, then Homy(R, D) is
an injective left R-module

Proof. First notice that, since zRp is a bimodule, Homgz (R, D) is naturally endowed with
a structure of left R-module. In order to verify that it is injective, we apply Baer’s
Criterion: let gl < gR and h : I — Homg(R, D) be an R-homomorphism. We have to
find an element y € Homy(R, D) such that h(a) = ay for any a € I. Notice that h defines
a Z-homomorphism v : I — D, a + h(a)(1) and, since D is an injective abelian group,
there exists 7 : R — D which extends 7. Now we have, for any a € [ and r € R,

(a7)(r) = 7(ra) = ~(ra) = [h(ra)l(1) = [rh(a)](1) = [A(a)](r)

so the element 7 € Homy(R, D) satisfies h(a) = a7 for any a € I, proving the claim. [
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Corollary 3.5.5. Fvery module gM embeds in an injective R-module.

Proof. As an abelian group, M embeds in an injective abelian group D by Remark [3.5.3]
In other words, there is a monomorphism of Z-modules 0 — M 2% D, from which we
obtain a monomorphism of R-modules 0 — Homgz(Rgr, M) — Homgz(Rg, D) given by
f = gf. Now E := Homg(Rg, D) is an injective left R-module by Proposition m
Moreover, there is an isomorphism of R-modules ¢ : Homg(R, M) — M, f +— f(1) (see
Exercise ?7) yielding

rM = HOIHR(RR, M) < HomZ(RR, M) —F = HomZ(RR, D)
which is the desired monomorphism. O

Since any module M embeds in an injective one, it is natural to ask whether there exists
a "minimal” injective module containing M.

Definition: (1) A homomorphism f : M — N is left minimal if any g € Endg(N) such
that gf = f is an isomomorphism.

(2) An injective envelope of M is a left minimal monomorphism M — FE); where E); is
an injective module.

Remark 3.5.6. Consider a diagram

where g : M — FE is another monomorphism where E is an injective module. Since Fj,
and I are both injective, there exist ¢ and ¢ such that the diagram commutes. Hence
vg = fand of = g, so Ypf = f and, since f is left minimal, we conclude that ¢y
is an isomorphism. Then ¢ is a split monomorphism, and Fj; is isomorphic to a direct
summand of F.

In particular, if also g is an injective envelope of M, also ¢t is an isomorphism, so ¢ is
an isomorphism and FE); is isomorphic to £. We have shown that the injective envelope
is unique (up to isomorphisms).

We state a characterization of injective envelopes, for which we need the following notions.
Definition. (1) A submodule gkN < rM is essential if for any submodule L < M,
LN N =0 implies L = 0.

(2) A monomorphism 0 — L Ly M is essential if Tm f is essential in M. Equivalently:
every g € Hompg (M, N) with the property that gf is a monomorphism is itself a monomor-
phism (see Exercise 77).
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Theorem 3.5.7. Let E be an injective module. Then 0 — M L E is an imjective
envelope of M if and only if f is an essential monomorphism.

Proof. Let 0 = M 4, Ebe an injective envelope and pick L < F such that LNIm f = 0.
Then Im f & L < E, and we can consider the commutative diagram

0—M—LimfolLl -E
(id,0) T

! i - %

E*T
where ¢ is the canonical inclusion of Im f & L in E and ¢ exists since E is injective. Then
of = f, and ¢ is an isomorphism, so L = 0.
Conversely, let Im f be essential in M and let g € Endg(F) such that gf = f. Since f
is an essential monomorphism, ¢ is a monomorphism, hence a split monomorphism (see

®
3.5.9). Further, the direct summand Im g < E of F contains the essential submodule Im f,

so it must have a trivial complement, that is, Img = E and ¢ is an isomorphism. O]
Not every module has a projective cover. Thus the next result is especially remarkable
Theorem 3.5.8. Every module has an injective envelope.

Proof. Let gM be a module; by Corollary there exists an injective module ) such
that 0 — M — Q. Consider the set {E' | M < E' <@ and M essential in E’}. One
easily checks that it is an inductive set, and by Zorn’s Lemma, it contains a maximal
element E. Let us show that E is injective by verifying that it is a direct summand of
@ (see Exercise 77). To this end, consider the set {F' | F' < @ and F'NE = 0}. It is
inductive so, again by Zorn’s Lemma, it contains a maximal element /. We claim that
E® F = Q. Notice that there exists an obvious monomorphism g : (E & F)/F = E < Q;
further (F & F')/F < Q/F is an essential inclusion by the maximality of F' (check!). We
obtain the diagram

0—=(E®F)/FL ~Q/F

[

where j is the canonical inclusion, ¢ exists since @) is injective, and moreover, ¢ is a
monomorphism since ¢j = ¢ is a monomorphism and j is an essential monomorphism.
Then also F = Img = o(E @ F/F) is essential in Im . Since M is essential in £, we
conclude that M is essential in Im ¢, and by the maximality of E, it follows E = Im .
Hence o(E @ F/F) = ¢(Q/F). Since ¢ is a monomorphism we conclude G F = Q. O

Proposition 3.5.9. Let gE be a module. The following are equivalent:

1. FE is injective
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2. every exact sequence 0 — E LME N0 splits.

Proof. 1 = 2 Consider the commutative diagram

0—>E—Tonr

where @ exists since F is injective. Since ¢ f = idg, by Proposition we conclude that
f is a split monomorphism.

2 = 1 By Corollary there exists an exact sequence 0 — F — F — N — 0, where F
is an injective module. Since the sequence splits, we get that E is a direct summand of a
injective module, and so E is injective (see Exercise 77). O

Comparing the previous proposition with the analogous one for projective modules (Propo-
sition , there is an evident difference. For projective modules, we saw that a special
role is played by the projective generator rR. Does a module with the dual property
exist? We will see in 7?7 that such a module always exists.

Dually to the projective case, for any module zpM there exists a long exact sequence
0> M f# E f# E fi FEy — ..., where the E; are injective. This is called an injective
coresolution of M. If Ej is an injective envelope of M and E; in an injective envelope of
Ker f; for any ¢ > 1, then the sequence is called a minimal injective coresolution of M.
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4 ON THE LATTICE OF SUBMODULES OF M

Let R be a ring.

4.1 Simple modules

For a left R-module M, we consider the partially ordered set £y = {L | L < M}.
Observe that L, is a complete lattice, where for any N, L € L, the join is given by
sup{N, L} = L + N and the meet by inf{N, L} = L N N. The greatest element of L), is
M and the smallest if {0}.

Moreover, Ly satisfies the Modular Law: Given gA,r B,r C' < rM with B < C,

(A+ B)nC =(ANnC)+ B.

It is natural to ask whether £ has minimal or maximal elements. They are exactly the
maximal submodules of M and the simple submodules of M, respectively. More precisely:

Definition: A module S is simple if L < S implies L = {0} or L = S.
Given a module rM, a proper submodule kN < rM is a maximal submodule of M if
N <L < M implies L= N or L =M.

Examples:
1. Let k£ be a field. Then k£ is the unique simple k-module up to isomorphism.

2. Any abelian group Z/Zp with p prime is a simple Z-module. So there are infinitely
many simple Z-modules.

3. The regular module Z does not contain any simple submodule, since any ideal of Z
is of the form Zn and Zm < Zn whenever n divides m.

4. The Z-module Q has no maximal submodules, see Exercise 77.

5. Let p be a prime number. The lattice of the subgroups of Z,~ is a well-ordered chain,
and Zp~ has no maximal submodules, see Exercise 77.

We have just seen that in general, it is not true that any module contains a simple or a
maximal submodule. Nevertheless, we have the following important result.

Proposition 4.1.1. Let R be a ring and rl < rR a proper left ideal. There exists a
maximal left ideal m of R such that I < m < R. In particular R admits mazximal left
tdeals.

More generally, if M is a finitely generated left R-module, then every proper submodule
of M s contained in a maximal submodule.

Proof. Let F = {L | I < L < R}. The set F is inductive since, given a sequence
Ly < Ly < ..., the left ideal | J L; contains all the L; and it is a proper ideal of R. Indeed,
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if |JL; = R, there would exist an index j € N such that 1 € L; and so L; = R. So by
Zorn’s Lemma, F has a maximal element, which is clearly a maximal left ideal of R.
For the second statement, see Exercise 77. O

Examples: Consider the regular module Z. Then Zp is a maximal submodule of Z for
any prime number p. Moreover the ideal Zn is contained in Zp for any p such that p|n.

Remark 4.1.2. Let m < R be a maximal left ideal of R. Clearly R/m is a simple
R-module, and this shows that simple modules always exist over any ring R.

Conversely, if S is a simple module, any nonzero element x € S satisfies S = Rx, and
Anng(x) = {r € R | ro = 0} is the kernel of the epimorphism ¢ : R — S, 1 — x. Hence
Anng(x) is a maximal left ideal of R and S = R/Anng(x).

Proposition 4.1.3. The following statements are equivalent for a module g M :
1. There is a family of simple submodules (S;)icr of M such that M =Y., S;.
2. M s a direct sum of simple submodules.

3. Bvery submodule gL < rM is a direct summand.

Under these conditions, M is said to be semisimple.

Proof. Let us sketch the proof. In order to see that (1) implies (2) and (3), one uses Zorn’s
Lemma to show that for any gL <r M there is a subset J C [ such that M = L@@iej S;.
(3)=(1): Using the Modular Law, we see that every submodule kN < prM satisfies
condition (3), that is, every submodule gL < gN is a direct summand of N. Furthermore,
if we consider a non-zero element x € M and choose N = Rz, then N contains a maximal
submodule N’ by Proposition [4.1.1} which then must be a direct summand of N. Since
the complement of N’ in N is simple, we conclude that Rx contains a simple submodule.
Now consider the submodule L =}, _; S; defined as the sum of all simple submodules of
M. We know that M = L @& L’ for some submodule L’. But by the discussion above L’
cannot contain any nonzero element, hence L' = 0 and the claim is proven. O

4.2 Socle and radical
Definition: Let M be a left R-module. The socle of M is the submodule

Soc(M) = Z{S | S is a simple submodule of M}.
The radical of M is the submodule

Rad(M) = (J{N | N is a maximal submodule of M}.

In particular, if M does not contain any simple module, Soc(M) = 0, and if M does not
contain any maximal submodule, Rad(M) = M.
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Remark 4.2.1. (1) Soc(M) is the largest semisimple submodule of M.

This follows immediately from Proposition

(2) Rad(M) ={zx € M | ¢(x)=0 for every ¢ : M — S with S simple}.

Indeed, notice that the kernel of any homomorphism ¢ : M — S with S simple is a
maximal submodule of M. Conversely, if N is a maximal submodule of M, then consider
m: M — M/N, keeping in mind that M/N is simple.

In order to study Rad M, we need the following notion, which also leads to a characteri-
zation of projective covers dual to Theorem [3.5.7|

Definition. A submodule gk N < rM is superfluous if for any submodule L < M,
L+ N = M implies L = M.

Theorem 4.2.2. Let P a projective module. Then P LM =0isa projective cover of
M if and only if Ker f is a superfluous submodule of P.

It follows from Proposition that Rad(M) is a superfluous submodule of M whenever
M is finitely generated. We collect some further properties of the socle and of the radical
of a module in the proposition below.

Proposition 4.2.3. Let M be a left R-module.
1. Soc(M) = (L | L is an essential submodule of M}.
2. Rad(M) = > _{U | U is a superfluous submodule of M}.
3. f(Soc(M)) < Soc(N) and f(Rad(M)) < Rad(N) for any f € Homg(M, N).
4. If M = @xeaMy, then Soc(M) = @, Soc(My) and Rad(M) = @, ., Rad(M)).
5. Rad(M/Rad(M)) = 0 and Soc(Soc(M)) = Soc(M).
A crucial role is played by the radical of the regular module g R.

Proposition 4.2.4. (1) Rad(gR) = ({Anng(S) | S is a simple left R-module }.
(2) Rad(grR) = {r € R | 1 —ar has a (left) inverse for any x € R}.
(3) Rad(rR) = Rad(Rg) is a two-sided ideal.

Proof. (1) For any simple module S, consider Anng(S) = (,cg Anng(z) of R, which is
a two-sided ideal by Exercise ?7. The intersection of all annihilators Anng(S) of simple
left R-modules coincides with Rad(zR) by Remarks [4.1.2/ and |4.2.1}

(2) is Exercise ??. In fact, one can even show that the elements 1 — xr are invertible:
taking r € Rad(gR) and = € R, we have s = xr € Rad(gR), and if a is a left inverse of
1 — s, that is, a(1 — s) = 1, then a = 1 + as = 1 — (—a)s has again a left inverse, which
must coincide with its right inverse 1 — s, showing that @ and 1 — s are mutually inverse.
(3) It follows from (1) that Rad(gR) is a two-sided ideal of R. So, if r € Rad(gR), and
x € R, then rz € Rad(gR), and the element 1 — rz has a (right) inverse by (2). From
the right version of statement (2) we infer » € Rad(Rg). So Rad(grR) C Rad(Rg), and
the other inclusion follows by symmetric arguments. ]




4.3 Local rings 27

Definition: Let R be a ring. The ideal
J(R) = Rad(rR) = Rad(RRg)
is called Jacobson radical of R.

Lemma 4.2.5. (1) For every module rRM we have J(R)M < Rad(M).
(2) (Nakayama’s Lemma) Let M be a finitely generated R-module. If L is a submodule
of M such that L + J(R)M = M, then L = M.

Proof. (1) Since J(R) annihilates any simple module S, all homomorphisms ¢ : M — S
vanish on J(R)M, so J(R)M < Rad(M) by Remark [£.2.1]

(2) L+ J(R)M = M implies L + Rad(M) = M and since Rad(M) is superfluous in M
by Remark {.2.1] we get L = M. O
Example 4.2.6. (1) J(Z) =, jime PZ = 0.

(2) Let A = kQ be the path algebra of a finite acyclic quiver over a field k.

(i) The Jacobson radical J(A) is the ideal of A generated by all arrows. Hence, as a
k-vectorspace, A = (@jeq,ke;) ® J(A). Moreover, A/J(A) = kl%l as k-algebras.

ii) Let 7 € 0 be a vertex, and denote by A, ...,04 the arrows 7 e —)ak ® .k of which
J
start in ¢. Then

t t
Rad Ae; = Je; = @Aejkozk = @Aejk
k=1 k=1
is the unique maximal submodule of Ae;, and it is a projective module.

(iii) Let i € Qo be a vertex. Then Ae;/Je; is simple. In particular, the projective module
Ae; is simple if and only if 7 is a sink of (), that is, there is no arrow starting in i.

Indeed, let i € )y be a vertex. Then the vector space generated by all paths of length
at least one starting in ¢ is the unique maximal submodule of Ae;, so it coincides with
Rad Ae;. Now use that A = B, Ae; by Remark , hence J(A) = D, Rad Ae; by
Proposition [4.2.3]

4.3 Local rings

Definition:
(1) A ring R is a skew field (or a division ring) if all non-zero elements are invertible.
(2) A ring R is local if it satisfies the equivalent conditions in the proposition below.

Proposition 4.3.1. The following statements are equivalent for a ring R with J = J(R).
(1) R/J is a skew field.

(2) x or 1 — x is invertible for any x € R.
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(3) R has a unique mazimal left ideal.
(3°) R has a unique mazimal right ideal.
(4) The non-invertible elements of R form a left (or right, or two-sided) ideal of R.

Proof. (1)=(2): If x € J, then 1 — x is invertible by Proposition If © ¢ J, then
Z # 0 is invertible in R/J, so there is ¥ € R/J such that 7y = yz = 1. Then 1 — xy and
1 — yx belong to J, hence zy and yz are invertible. But then x is invertible, because it
has a right inverse and a left inverse.

(2)=(3): Any maximal left ideal m contains J. Conversely, if » € m and x € R, then
xr € m can’t be invertible, so 1 — zr is invertible, and r € J by Proposition [4.2.4] Hence
m = J is the unique maximal left ideal.

(3)=-(1): Assume that R has a unique maximal left ideal m. Then m = J, and R/J is a
simple left module. Then every non-zero element T € R/J satisfies Rz = R/J, so there
is y € R such that 1 = yZ = yz. In other words, every non-zero element in R/J has a
left inverse, and therefore an inverse (because the left inverse of ¥ must coincide with its
right inverse T).

(1)<(3’) is shown symmetrically.

(3)=(4): J is the set of all non-invertible elements of R. Indeed, J is a maximal left
ideal and therefore it consists of non-invertible elements. Conversely, if € R has no left
inverse, then Rx is a proper left ideal of R and thus it is contained in the unique maximal
left ideal J. If x has no right inverse, use the equivalent condition (3’).

(4)=(2): otherwise 1 =z + (1 — x) would be non-invertible. O

Remark 4.3.2. Let R be a local ring.

(1) We have seen above that J is the ideal from conditions (3), (3’) and (4) above.

(2) S = R/ J(R) is the unique simple left (or right) R-module up to isomorphism, and
E(R/J(R)) is a minimal injective cogenerator.

(3) The unique idempotent elements in R are 0 and 1. Indeed, if e is idempotent, then
e(1 —e) = 0. So, either e is invertible, and then e = 1, or 1 — e is invertible, and then
e=0.

(4) rR is an indecomposable R-module by Remark [3.4.2]
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