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Signals as vectors

• Signals              Vectors
• The operations among signals can be easily interpreted as 

operations among vectors
• Component of a vector
• Inner product
• Norm
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Component of a vector
• Orthogonal projection: scalar product 

• Norm
• Orthogonality 
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Orthogonal projection
• The orthogonal projection of a vactor f over a vector x 

approximates f with its component along x with minimum 
error
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Component of a signal
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“Best approximation” criterion: energy of the error signal



Component of a signal
• By minimizing the energy of the error signal one can show 

that the optimal value of the constant c is given by

• Then the approximation is 
• In vector terminology:

• c x(t) is the projection of f(t) on x(t) 
• If c=0 then the vectors are orthogonal
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Component of a signal
• Based on such analogy

• Inner product of f(t) on x(t)

• Orthogonality

• For complex signals

• Orthogonality 

Neuroimaging Lab. - Dept. of Computer Science

Z t2

t1

f(t)x(t)dt

Z t2

t1

f(t)x(t)dt = 0



Energy of the sum of orthogonal signals
• The energy of the sum is the sum of the energies for both 

vectors and signals

• Proof
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Correlation coefficient: vectors
• The larger the value of c, the higher the resemblance. Thus, 

a suitable measure for vector similarity could be

Neuroimaging Lab. - Dept. of Computer Science



Correlation coefficient: signals
• Following the same line, we can define the similarity among 

signals as
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Best friends, worst enemies and complete strangers

f(t) = Kx(t) ! c = 1

f(t) = �Kx(t) ! c = �1

f(t) is orthogonal to x(t) ! c = 0
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Best friends

Worst enemies
Complete strangers

c=1c=1 c=-1

c=0.961 c=0.628 c=0



Correlation function
• Allows to measure the similarity among signals irrespectively 

of their time-shift
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Real signals Complex signals



Convolution and correlation
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f(t) ⇤ x(t) =
Z +1

�1
f(⌧)x(t� ⌧)d⌧

Convolution (zero—state response of LTIS)

Correlation (signal similarity)  (f, x)(t) = f(t) ⇤ g(�t)

f(t) · x(t) =
Z +1

�1
f(⌧)x(⌧ � t)d⌧



Autocorrelation function
• Correlation function of the signal with itself

• Examples
• Delta
• Box
• Sinusoid
• White noise
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Orthogonal vector space
• Extending to more than one dimension
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Orthogonal vector space
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Orthogonal vector space
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• Following the analogy, we can define a “signal basis” such 
that
• The signals xi(t) of the basis are mutually orthogonal
• Each signal f(t) can be expressed as a linear combination of the basis 

signals weighted by coefficients
• The coefficients are the correlation coefficients of the signal f(t) with 

each signal of the basis xi(t)



Orthogonal signal spaces
• Signal basis

• Orthogonality

• Unit norm

• Approximation of f(t) using the considered basis
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Signal approximation in an orthonormal basis
• Approximation error

• Coefficients of the summation
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Signal approximation in an orthonormal basis
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• The error decreases as the number of basis elements 
increases

• When the error goes to zero for N going to infinity the basis is 
said to be complete

• When the basis is complete the signal is approximated 
without error and the equality holds

f(t) =
+1X

n=0

cnxn(t) cn =

Z

T
f(t)xn(t)dt



Generalization to complex signals
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Ready for Fourier!
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Trigonometric Fourier series
• Consider a signal set

• The set is orthonormal over every interval 
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T0 = 2⇡/!0



Trigonometric Fourier series
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Trigonometric Fourier series
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Compact Trigonometric FS
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Example qui
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T0 = ⇡We choose



Periodicity
• The FS is a periodic function with period T0

• Consider the function
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�(t)



FS of periodic signals
• For periodic signals, the FS represents the signal over the 

whole time axis
• A periodic signal can be seen as the repetition of a signal 

segment over the entire temporal axis     the FS represents 
the periodic signal f(t) irrespectively of the time point chosen 
as starting point of the segment  

• Fourier coefficients
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Fourier spectrum
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Amplitude spectrum

Phase spectrum



The double signal identity

Neuroimaging Lab. - Dept. of Computer Science

Time-domain

Fourier domain



Other examples: box
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Other examples: triangle
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The effect of symmetry
• Signals with even symmetry can be expressed using 

cosinusoids only and
• Signals with odd symmetry can be expressed using sinusoids 

only
• In consequence, integration can be performed over half the 

period only
How to determine the fundamental frequency?
• For a periodic signal expressed as the sum of trigonometric 

functions is periodic if the ratio of their frequencies is a 
rational number

• Fundamental frequency: highest positive number of which all 
the other frequencies are multiples
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Examples

• Example: square pulse
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Example: square pulse
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Only cosines Alternating positive and negative signs



Example: square pulse
• The negative signes can be accommodated by a phase shift

• Fourier series in the compact trigonometric form
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� cosx = cos(x� ⇡)



Fourier series of the square pulse

Neuroimaging Lab. - Dept. of Computer Science



The effect of symmetry
• Even signals      cosines only
• Odd signals        sines only
• Proof
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Trigonometric vs exponential Fourier series
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Partial signal reconstruction

Neuroimaging Lab. - Dept. of Computer Science

Increasing 
the number 
of harmonic 
components

Gibbs phenomenon



Continuity and spectral decay
• If the first (k-1)-th derivatives of a signal f(t) are continuous 

and the k-th is discontinuous, the amplitude spectrum decays 
as 1/nk+1

• Square wave: the signal is discontinuous -> k=0
• Triangular signal: the first derivative is discontinuous -> k=1
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Exponential Fourier series
• The exponential series                                  is orthonormal 

over every interval of duration

• And it is a complete set, thus any signal f(t) can be expressed 
over a period of duration T0 as

•
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ejn!0t, n = 0,±1,±2 . . .

T0 = 2⇡/!0



Bandwidth of a signal
• Difference between the highest and the lowest frequencies of 

the spectral components of a signal
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Parseval’s theorem
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LTIC response to periodic inputs
• A periodic signal can be expressed as the superposition of 

everlasting complex exponentials (or sinusoids)
• The response of the system to an everlasting exponential is 

H(s) thus, due to linearity
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H(s)

F (s) = est Y (s) = H(s)

F (j!) = ej!t Y (j!) = H(j!t)ej!tH(j!t)



Limitations of the FS
• Can handle only periodic inputs       Continuous Time FT 
• Cannot manage easily unstable or marginally stable systems     

Laplace Transform              
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