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FONDAMENTI:
LOGICA
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sintassi e semantica



2



3



basis: prove that P(0)

induction step: prove that

In order to prove that 

The Principle of Induction (IND)

Course-of-values induction (C-IND)

IND è equivalente a C-IND

(∀m ∈ ω.[(∀k < m.Q(k)) ⇒ Q(m)]) ⇒ ∀n ∈ ω.Q(n)
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Definition 1.1.1 The language of propositional logic has an alphabet consisting of

proposition symbols : At={p0, p1, p2, . . . } connectives :  v, ~, auxiliary 
symbols : ( , ).

Definition 1.1.2 The set PROP of propositions is the smallest set X with the 
properties
(i) pi ∈X(i∈N), ⊥∈X,
(ii) φ,ψ∈X⇒, (φvψ) ∈ X.
(iii) φ∈X⇒  (~φ) ∈ X.
Theorem 1.1.6 (Definition by Recursion) Let mappings 
Hv : A2 → A ;
H~ :A→A
Hat :At → A, 
then there exists exactly one mapping 
F : PROP → A such that
F (φ) = Hat(φ) for φ atomic,
F ((φ v ψ)) = Hv(F (φ), F (ψ))
F ((~φ)) = H~(F (φ))
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beginning mathematical logic

1)    ∀ x . tove(x) ⊃ slithy(x)
2)    ¬ slithy(Alice)
        ______________________
3)   ¬ tove(Alice)

1)    ∀ x . T(x) ⊃ S(x)
2)    ¬ S(a)
        ______________________
3)   ¬ T(a)

(3) is consequence of (1) & (2)
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We may say that (3) is a consequence of (1) and (2) by virtue of the form - as distinct from the 
matter - of these statements. In this connection the words "every" and "not" must be regarded as 
part of the form: if they are re-interpreted or replaced by other words, the inference may well 
become invalid

We need to construct artificial formal languages whose structure will be perfectly regular.

In dealing with a formal language L	  we must make a distinction between syntax and 
semantics.

First, there is the language that is being discussed; this is called the object language. Then there 
is the language in which the discussion takes place; this is called the metalanguage. The 
distinction between the two is extremely important and must be constantly borne in mind (even 
when the two languages happen to coincide )

Structure consists of the following ingredients: 
(1) A non-empty class, called the universe or domain of the structure.  The 
members of this universe are called the individuals of the structure. 
(2) Various operations on the universe. These are called the basic operations of 
the structure. (optional) 0-ary operations are  called its designated individuals. 
(3) Various relations on the universe. These are called the basic relations of the 
structure. 
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running example: Elementary arithmetic
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sentences
true

false
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false

true

satisfied if we assign to y and z the value 0
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BASIC SYNTAX
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priority order
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