Introduzione alla proof
theory




(i) Equivalence of formulas: in fact what we call a formula is indeed an
equivalence class: we identify two formulas which differ only by the names
of their bound variables, precisely: 4 ~ 4; if A ~ A" and B ~ B’, then
A~ 1A, ANB~A'AB,AvVB~ANvB,A—-B~A - B .If4[x,]and
A'[x,] are formulas, let x, be a variable occurring neither in 4 nor in 4’; then, if
Alx,] ~ A'[x,] we have Vx, 4 [x,] ~Vx, A4 [x,] and Ix, 4 [x,] ~ Ix, A4 [x,]
An immediate consequence of the definition is that, given C, it is possible
to find D such that C~ D and

— no variable in D is both free and bound

— any bound variable in D occurs in the scope of only one occurrence
of a quantifier.

If one wants to substitute a term ¢ in the formula A4 [x,] for the variable
x,, one first chooses 4’ ~ 4 such that no free variable of ¢ occurs bound in
A’ [x,]; what we denote by A4[¢] is indeed (the equivalence class of) A’ [¢].
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2.1.1. - definition

A sequent is a formal expression I'- A where I' and A are finite se-
quences of formulas of L.
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(i) identity axioms

A A
(i) logical rules
conjunction
I'cA7 A A+-B' 11 A I'VATF A 1A I, BT A 19 A
ILA-AABT AT IAABT-A ILAABT-FA
disjunction
A7 A I'-B", A ' AT A A, B+ 11

rlv r2 v v

I'Av BT A I'Av BT A A, AV B A TI




negation

I'AT- A . F'-A7 A -
-4 A I I, A+ A
implication
I' AT+ BT A . F'rA7 A A, B'+11 =
I'4- B A IA,A—- B+ A 11
for all
IF'rA" A . LAt A
’ IV (o
Trvxara 'O T VxAp A VD)
there is
# T 4"
CrdlhA o AN

IF'-IxA[x], A ILixA™- A




(iii) structural rules

weakening
I'A I'-A
h W
reara W T, A’ A
exchange
I'-A', A", BT A" B I AT BN T"+ A IE
I'-A’, BT, AT, A" I"B, ATT"r A
contraction
I'vrA7, A7 A I',AT AT A
Trdia '€ TAvA €
(iv) Cut

F-A,A AL A1
ILARAIL

cur







2.1.5. - terminology

(i) The rules (i)-(ii)-(iii) are the cut-free rules; they are sometimes
styled the genetic rules, because they are closely related to the construction
of the formulas of the sequents. A cut-free proof is a proof using only the
cut-free rules.

(i) The essential part of the sequent calculus lies in the so-called logi-
cal rules 2.1.4. (ii). These rules are naturally divided into right and left rules;

right rules are sometimes styled introductions and left rules eliminations. A
rule is right iff its main formula (i.e. the formula labelled with # in the con-
clusion of the rule) (*) appears in the right part of the sequent; similarly for
left rules. The left part of the sequent is the antecedent while its right part is
the succedent.

(i11) The terminology introduced in (ii) for logical rules can also be used
for structural rules, except for exchange.

(iv) In the case of a cut, the formula 4" is called the cut-formula.




We see that, in proofs, eigenvariables are considered as bound va-
riables. The basic property is that given &, one can find n’ ~ 1 such that all
eigenvariables of rules (rV) or (/3) are distinct and different from the re-
maining variables occurring in .
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In practice, we shall very often forget the structural rules, especially
the trifling exchange rules. If we want to indicate the use of structural rules,

we shall use == instead of ; % means that I'+ A’ has

been obtained from I' - A by a finite number (possibly zero) of structural
I'-A
' A

one application of (r - ), have been used. For instance:

rules; r - means that finitely many structural rules, together with

4lyl+A4ly] ro
Alyl-Vx—4[x]vAlyl] ]
AlylrdyVxdixlvAlyD
FAlyLIyVxadixlvAlyD) Ly
FVYx 1 Ax], I ¥Vx 7 4[x]vA[y]) rlv
 FV¥x 0 Alx]vADbLIyVUx mA[x]vA[y])
o FIy(Ux—A4AxIvAIy]D,Iy¥x mA4[x] vA[ly])
FAy(Vx mA4A[x]vAly])

ri
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(i) Sequent calculus: the distinction between free and bound variables
can be naturally extended to sequent calculus. Since the formulas in a sequ-

ent are equivalence classes, it follows that the rules (V) and (/3) could be
written as well:

TrAllhA T, Ax]FA
Trvx A, a 70 T,3x,A4[x,]’FA

[3(%)

(see 2.1.4)), i.e. there is no identification between x, in Vx, 4 [x,] and the
eigenvariable of the rule, x,.
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2.7.2. - definition

A system of Post rules (or Post system) is a set of axioms in sequent cal-
culus, of the form

Pl) eeey Pk + Ql) seey Qm
with P, ..., P, O, ..., 0, atomic, and which is closed under substitution.

2.7.3. - examples

(i) The axioms for equality can be expressed by means of a Post sys-
tem, namely: all axioms

Ft=1t and
t=u, Pt} P[u] with P atomic.

(ii) The elementary axioms for arithmetic can be expressed by means
of a Post system, namely the axioms (i) for equality, and
Ft+o=t, rt+Su=S({t+u);, vt-0=0;, vt -Su=t-u+t, t<or;
Uu<tru<St, u=tru<St;u<Stru<tu=t, ru<tu=t t<u,
St=0+; St=S8Sur t=u.
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