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Summary

- Rotations

- Forward Kinematics

- Denavit-Hartenberg parameters
- Inverse Kinematics
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ElementaryRotations
r{atati{:nll"nz_h ) Ry (ﬁ)
rotation Y C;) Rm (7)

cosB 0 sinfg |

—sinf3 0 cosf
10 0

0 1 0

0 cosy —sinvy

0 siny  cosy

R, (—Y) = R;, (V)

- p’=R)p’

R) = R'R;
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Rotation (Fixed Reference)

orientamento
iniziale

¢z =90°

zZ

¢y = 90°

equivale al fatto che w
NON é un differenziale esatto

y= z
X 0 = 90°
./

(I'integrale di w dipende dal
cammino di integrazione!)

—-

»
>

y

Z F 3
y:
X
7 ¢, = 90°
y:
X

orientamenti finali
differenti

Courtesy of Prof. Alessandro De Luca
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Rotations (mobile reference)
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Rotations — Euler Angles

z A z'
z!' z"
"
Y
>
W
X x x! YiU v
Figure 2.8 Representation of Euler angles ZYZ.
R(¢p) = R.(p)Ry (V)R (V)

SpCYCy + CpSy  —SpCySy + CpCy  SpSy
—SyCy SY Sy Cy
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Rotations — R to Euler Ang

R(¢) = R.(p) Ry (V)R (¥)

= | SpCYCy T CupSyy  —SpCySqy T CuCy
i —SYCqy SPSy
QY = At&IIQ(T‘Qg, T13) R =

¥ = Atan?2 (\/?‘%3 + T‘§3, ?"33)

) = Atan?(?”gg, —?"31).

les
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Rotations — RPY 2’

W

&

Figure 2.9 Representation of Roll-Pitch—Yaw angles.

R(¢) = R.(p) Ry () Ro(¥)
-C(pCﬁ CpS9Sy — SpCyy  CpSYCyy + SpSy ]
= | SpCYy SpSPSy T CpCyy  SpSYCyy — CpSyp
— 89 CY Sy CyCqpy
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Exercise
» Three links
manipulator
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Denavit-Hartenberg Parameters

A YT A ~ A O \('§'1'1
ASBE ASSE ASSE

S '

GIUNTO 1—1 GIUNTO 2 GIUNTO 1+1
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\\ -g\‘l:i;;\-\‘.—‘ \.\

(Li\ ‘0 1-1 GIUNTO 1 GIUNTO 1+1

Denavit-Hartenberg

e sisceglie I’asse z; giacente lungo ’asse del giunto ¢ + 1
e si individua O; all’intersezione dell’asse z; con la normale
comune agli assi z;_1 e zj, e con O; si indica |’intersezione

della normale comune con z;_1

e si assume l’asse x; diretto lungo la normale comune agli
assl z;_1 € 2; con verso positivo dal giunto ¢ al giunto ¢ + 1

e si sceglie I’asse y; in modo da completare una terna levogira
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Denavit-Hartenberg Parameters

; distanza di O; da O};

, coordinata su z; 1 di O};

Al A ST
ASSE ASS

GIUNTO 1—-1 GIUNT

; angolo intorno all’asse x; tra ’asse z;_1 ¢ I’asse z; valutato

positivo in senso antiorario;

; angolo intorno all’asse z;_1 tra I’asse x;_1 e I’asse x; valutato

positivo in senso antiorario.
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Denavit-Hartenberg

e Definizione non univoca della terna:

* con riferimento alla terna 0, per la quale la sola direzione
dell’asse zp risulta specificata: si possono quindi scegliere
arbitrariamente O ed x

* con riferimento alla terna n, per la quale il solo asse x,, ri-
sulta soggetto a vincolo (deve essere normale all’asse z,,—1):
infatti non vi € giunto n + 1, per cui non ¢ definito z,, € lo
s1 puo scegliere arbitrariamente

* quando due assi consecutivi sono paralleli, in quanto la
normale comune tra di essi non € univocamente definita

* quando due assi consecutivi si intersecano, in quanto il verso

* quando il giunto ¢ & prismatico, nel qual caso la sola dire-
zione dell’asse z;_1 € determinata
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Denavit-Hartenberg Parameters

GIUNTO 1-1 GIUNTO 1+1
e — Ai-t— [0 o 00
‘ i _ 0 0 0 1.
\, i" i i
\ - ) i
’ 0 Sa; Coy O
0 0 0 1
) 619?, _8’19?; Ca?; 819%'8013' a”&c’ﬁ% ]
A’i—l(q.) — A1 47 — $9;  C9,Cq; —CY;Sa; @Sy,
. i) = A, . =
¢ ’ ‘ 0 Sev; Cov; d;
_ 0 0 0 I _
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Exercise

- Three links
manipulator

N = N ™M
R[22
=< |lo oo
S|lo oo
o — N ™M
SIS~
2

Sl & en
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Exercise

C; —S; 0 a;C;
i—1ray _ | Si ¢ 0 ais;
Aé (Vi) = 0 0 1 0
0 0 0 1
"c123 —S123 0 aje; + ascie + azceioz
0 0 Al A2 S123 c123 0 a1s81 + ass12 + assio3
T;(q) = AJA Az =
0 0 1 0
0 0 0 1 _
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Exercise oy

ii't-g
- A
t dg
.
Yz
| . 7 T
Fissare x,, yo equivale a -~ _ﬂ —
sceglere un offset su 6y —
.-ffx__.-__.-" "K"-’{H__.-
. f"f.,,
Link @; a d; T |
o —— x/_,f’
1 0 —T / 2 0 th o
2 0 w / 2 dg 192
3 0 0 ds 0
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Exercise

Computation of the direct kinematics function as in (2.45) yields

T3 (q) = A A A3 =

o O O

Aj(ds) =

!
0
0

L0

— 81
C1
0
0

Andrea Calanca - Altair Lab

S = O

0

Ay (02) =

o= OO

O - OO

c182ds — s1da T
8182d3 + c1ds
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Exercise

Link a; O d; Y,

1 0o | #/2 | 0 | ¥
2 as 0 0 192
3 as 0 0 '193
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Exercise
T Cq 0
s1 0O
L0 0
“C;  —S8;
AT 0 =1
0 0

S1 07
—C1 0
0 0
0 1.
0 a;c
0 a;s;
1 0
0 1
[ C1C23
§1C23
523

0
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1 =2,3
—C1523 S1
—S51823 —C1

Co3 0
0 0

c1(azcy + ageas)
s1(azca + agcas)
A28 1+ 3523
1
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Exercise
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Exercise

Link a; Y di ’195
4 0 —7/2 0 U4
5) 0 ™ / 2 0 s
6 0 0 de | Vs
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Exercise

[ Cy 0 — 84

S 0 c

i = | O
L0 0 0
Ag(Y6) =

Andrea Calanca - Altair Lab

_—o O O

Cé
S6
0

L 0

A5(95) =

—s¢ 0 07
Ce 0 0
0 1 dg

0O 0 1.

coP &K

o= OO

Computation of the direct kinematics function as in (2.45) yields

Ti(q) = AA;Ag =

i 0

[ C4C5C6 — S456
$4C5Cg + C4S¢
—S55C¢

—C4C5S¢ — S4Cg
—S4C5S¢ + C4Cg

5556
0

C455

5455

_o O O

1

c455dg T
5455dg
csdg
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c1(Cacy S5 + S2C5) — 515455

Exercise a® = | s1(cacass + sac5) + 1545

—89C4 S5 + Co2C5

T = TST; =

Carrying out the products yields

Clsgdg — Sldz + (Cl (626485 + 82(35) — 818485)d6
pO = | s5152d3 + c1d> + (81(020485 + 82(35) + 018485)d6 (2.64)
cods + (—826485 + CzC5)d6

for the end-effector position, and

C1 (62(040506 — 5456) — 828506) — s1(84C5¢6 + €456)
n =5 (62(64(3566 — 8486) — 8285C6) + 1 (8405(36 + 0486)
—52(cac506 — 5456) — C255C6

C1 (—Cz ((34(3586 + 8466) + 828586) — 81(—846586 + C466)
8° = | s1(—c2(cacsse + s4ce) + $28556) + c1(—sac586 + cacg) | (2.65)
S9(caC586 + 84C6) + 25556
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Inverse kinematics

¢ =V + Vs + V3

PWaz = Px — A3Cy = Q1C1 + A2C12

PWy = Dy — 359 = Q151 + Q2512

2 2 2 2
Pw —I—pwy =aj +as+ 2a1a9Cy

2 2 2 2
Pwa T Pw, — 01 —Q [
Co = We Wy ! 2 So = +4/1 — c%a Vo = AtaIIQ(Sg,Cg).
2&1&2
o — (a1 + azc2)pwy — A252PWa ¥ = Atan2(sy,cq)
1 —
P, + Py,
- (a1 + azc2)pwa + azs2pwy U5 = ¢ — 91 — Vs
1 —_—

Piva + Div.,
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Euler Angles & Angular Velocity

- w € un vettore, ovvero un elemento di uno spazio
vettoriale: si puo ottenere come somma dei contributi
wq , ..., Wy (IN qualsiasi ordine)

- viceversa, ® (e &) non & un elemento di uno spazio
vettoriale: la rappresentazione di rotazioni successive, In
generale, non si ottiene sommando gli angol
corrispondenti
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Angular Velocity from ZYZ

a

e asaresultof ¢:  [w, w, w.]T=¢[0 0 1]

o asaresult of :  [w, Wy wz]Tzf’[—s@ c, 0]F
]T T
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0 —s, cCusy | .
w= |0 ¢, S,89|¢=T()o. (3.60)
1 0 Co

The determinant of matrix T is —sy, which implies that the relationship cannot be
inverted for ¢ = 0, 7. This means that, even though all rotational velocities of the end-
effector frame can be expressed by means of a suitable angular velocity vector w, there
exist angular velocities which cannot be expressed by means of ¢ when the orientation
of the end-effector frame causes sy = 0. In fact, in this situation, the angular velocities
that can be described by ¢ shall have linearly dependent components in the directions
orthogonal to axis z (wg + wi = ¢?). An orientation for which the determinant of the
transformation matrix vanishes is termed representation singularity of ¢.

From a physical viewpoint, the meaning of w is more intuitive than that of ¢. The
three components of w represent the components of angular velocity with respect to
the base frame. Instead, the three elements of ¢ represent nonorthogonal components
of angular velocity defined with respect to the axes of a frame that varies as the end-
effector orientation varies. On the other hand, while the integral of qﬁ over time gives @,
the integral of w does not admit a clear physical interpretation, as can be seen in the
following example.
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Example 3.3

Consider an object whose orientation with respect to a reference frame is known at
time ¢t = 0. Assign the following time profiles to w:

w=[7/2 0 0]T 0<t<1 w=I[0 m/2 0]T 1<t<2,
w=I[0 w/2 0] 0<t<1 w=I[n/2 0 0]7 1<t<2.

The integral of w gives the same result in the two cases

/2wdt:[7r/2 /2 0]"

but the final object orientation corresponding to the second time law is clearly different
from the one obtained with the first time law (Figure 3.10).
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Analytic and Geometric Jacobian

Once the transformation T’ between w and ¢ is given, the analytical Jacobian can be
related to the geometric Jacobian as

I O |. :
v = lO T(qb)] x=Ty(p)x (3.61)

which, in view of (3.3) and (3.58), yields

J = Ta(p)J 4. (3.62)

For certain manipulator geometries, it 1s possible to establish a substantial equiv-
alence between J and J 4. In fact, when the degrees of mobility cause rotations of the
end effector all about the same fixed axis in space, the two Jacobians are essentially the
same. This 1s the case of the above three-link planar arm. Its geometric Jacobian (3.31)
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Angular Velocity from RPY

RRPY (O('Xl Byl Yz) = RZY'X” (Yzl Byl OLx) TRPBK(B’Y)
z 1 cgcy -sy O a
w =|cfsy ¢y O &
o sp 0 1 Y
Y : X" y' oz
Py 1T
=y 1a col in 2a col in
B RZY'(erBy) RZ(YZ)
e - det Teoy (B,y) = CB =
X |a rey (BrY) =Cp =0
per p = £x /2
" (singolarita della

rappresentazione RPY)
N.B. la trattazione € analoga per gli altri 11 set di rappresentazioni minimali

Courtesy of Prof. Alessandro De Luca
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Jacobian of Typical Manipulator Structures

J(q) = Zo X (P—Po) z X (P—P1) 2z X(p—p2)
20 ~1 ~9

0 a1 Cy a1C1 + asCy2 ;
Po=1{0 P1 = | a15; P2 = | a151 + G2512 |
0 0 0 3

@1C1 + aoC12 + G3C1923 Oy

P = | a181 +a2812 + azsia3 | , Y,
0
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Jacobian of Typical Manipulator Structures:
J(q) = zo X (P —Po) z1 X (P—P1) 2 X(p—p2)
20 ~1 ~9

[ —a151 —a2812 — (35123
a1€1 + asCro + azci23
0

0
0
1

—a2S512 — A35123
a2C19 + A3C123
0

0
0
1

—a35123

a3C123
0

0
0
1
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Jacobian of Typical Manipulator Structures

X(p—po) 21 X(P—pP1) 2z2%x(p—p2)

J =
20 21 Z9
0 a2C1Co
Po=P1 = U P2 = | G281C2 N
(12892

c1(ases + azeas)
si(agce + ageas) |
289 + 3823

L R
™
'—I.
|
Y]
| )
|
I::JI':'“
&N =
(S
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Jacobian of
" —s1(azce + ageas)
c1(azco + ascas)
J = 0
0
0
| 1

Only three of the six rows of the Jacobian (3.33) are linearly independent. Having
three degrees of mobility only, it is worth considering the upper (3 x 3) block of the

Jacobian

—s1(asco + aseas)
c1(azcs + ascas)
0

Jp =

Andrea Calanca - Altair Lab

—ci(azs2 + azssg)
—51(ass2 + agsas)
2C2 + a3C23
51
—c1
0

—c1(asss + asgsag)
—s1(agse + agsay)

A2Co + a3Ca3

ypical Manipulator Structures

—3C1 823 ]
—@a351523
3C23
51
—cy
0 _

—a3C1523
—a3581523

(3Ca3
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J = zo X (p—po) z1 X (p—p1) 2o

Z(0) Z1 0
23X (p—p3) zaX(P—p1) 25 xX(p—ps)
<3 4 Z5

0 c152d3 — s1ds
po=p1= |0 P3 = Ps = P5 = | 5152d3 + c1da
0 ngg

c182d3 — s1dy + (Cl (e2c485 + s2¢5) — 81 5435)d6
p = | 818d3 + c1d> + (81 ((320485 -+ 32C5) —+ ¢ S485)d5
cods + (—826485 + CgC5)d6

0 —81 C1 89
0 = 0 Z1 = (8] 29 = 23 = 81892
1 0 C2

—S§1€284 + €14 s1(cacas5 + $205) + €15485
5954 —89€485 + CaCs

—C1€284 — S1C4 c1(cacsss + $205) — S15455
z4 = zZ5 =
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Inverse kinematics by Jacobian

Inverse Jacobian

Zq
+ Y
xd - & -+ -1 q q
—p(%—» K J, (q) ——* f >
x
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Inverse kinematics by Jacobian

Transpose Jacobian
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Inverse kinematics by Jacobian

1
- Proof by Lyapuanov function  V(e) = §eTKe

V(ie) >0 Ve#0 V(0)=0

Vie)=eTKixy— eT Kz
—el'Ki, e’ KJ,(q)q

g=J4(q)Ke

Vie)=eTKiy— eTKJs(q)J5(q)Ke



