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Pb 1. Let X and Y be normed spaces and T, Tn : X → Y linear functions. Let us set

A := {x ∈ X : Tnx 6→ Tx}.

Prove that either A is the empty set of A is dense in X .

Pb 2. Let c00 the space of sequences with finite support, endowed with the supremum norm.
Let (an) ⊂ R be a sequence and set

‖x‖a :=
∞∑
n=1

|an||xn|, x ∈ c00.

Prove that ‖ · ‖a is a norm if and only if an > 0 for every n ≥ 1. Morever, given (an) ⊂ R and
(bn) ⊂ R with an, bn > 0 for every n ≥ 1, prove that ‖ · ‖a and ‖ · ‖b are equivalent if and only
if 0 < infn∈N

|an|
|bn| ≤ supn∈N

|an|
|bn| < +∞.

Pb 3. Let X be a normed space and let x, y ∈ X . Prove that the function ϕ(t) = ‖x − ty‖
attains its infimum on R.

Pb 4. Let T : C([0, 1])→ C([0, 1]) be a linear function such that Tf ≥ 0 for every f ∈ C([0, 1]).
Prove that T is continuous and that ‖T‖ = T (1).

Pb 5. Let X,Y be two normed spaces with X 6= {0}. Assume that L(X,Y ) is a Banach space.
Prove that, in turn, Y is a Banach space.

Pb 6. Let 1 ≤ p <∞. Find an isometry T : `p → L(Lp([0, 1]), Lp([0, 1])).

Pb 7. Let 1 ≤ p <∞ and consider T : `p(N)→ Lp(R+) defined by

T (x)(y) :=
∞∑
n=1

xnχ[n−1,n](y), y ∈ R+, x ∈ `p(N).

Prove that T is an isometry.

Pb 8. Let Y = {P ∈ L2([0, 1]) : P is a polynomial, P (1) = 0}. Prove that Y is dense in L2.

Pb 9. Let ϕ : c0 → R defined by

ϕ(x) =

∞∑
n=1

xn
2n−1

, x ∈ c0.

Prove that ϕ ∈ (c0)
′ with ‖ϕ‖ = 2 and that ϕ does not achieve its norm on the unit disk of c0.



Pb 10. Prove that the set of functions in C1([0, 1]) such that

|f(0)| ≤ C1,

∫ 1

0
|f ′(σ)|2dσ ≤ C2

for some positive constants C1, C2 is relatively compact in C([0, 1]).
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